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1. Introduction and Preliminaries 
 Fast [1] and Schoenberg [2] separately introduced the idea of statistical 

convergence. Statistical convergence has been studied throughout history and 
under various names in the fields of number theory, ergodic theory, and Fourier 
analysis theory, Banach space. Statistical convergence is suggested using the 
idea of the natural density of subsets of  , the set of positive integers. 

For every subset      , the natural density   is represented by   (   and is 
defined as 

     (  ) =      
 
 |{       }| 

Mursaleen and Osama [3] developed the idea previously mentioned to 
encompass double sequences of scalars. Numerous fields, including 
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mathematics, science, engineering, and medicine, have been transformed by 
fuzzy logic. This idea was presented by Zadeh [4]. Fuzzy logic emerged as a 
significant field of study in many mathematical disciplines, like the theory of 
functions, metric and topological spaces, etc 

Atanassov [5] studied intuitionistic fuzzy sets, which are suitable in this 
kind of circumstance. The concept of an IFNS was first presented by Park [6]. 
Moreover, the concept of IFNS is provided by Saadati and Park [7]. The field of 
IFNS has advanced significantly since the studies of [8], [9], [10], [11], [12], 
and [13]. 

Kara and Başarir [14] used the Fibonacci sequence for the first time in their 
theory of sequence spaces. Then, using the Fibonacci sequence    for n in the 
range of 1, 2, 3, ...., Kara [15] specify the Fibonacci difference matrix  ̂ and 
provided the updated sequence spaces connected to matrix domain  ̂ .  

Many mathematicians [16], [17], [18], [19], [20], [21], [22], [23], [27], 
[29] have produced excellent papers on the Fibonacci matrix after [14] and [15]. 
Fibonacci type statistical convergence was defined by Kirişçi and Karaisa [24], 
who also looked into some fundamental characteristics. Kirişçi [25] then 
investigated the statistical convergence of Fibonacci on IFNS. The lacunary 
statistical convergence of the Fibonacci sequence on IFNS was studied by Ki ̀i 
[26], [28]. 

Definition 1.1: Let        and let   (   ) be the number of (   ) in   s.t. 
    and    .  Then, the lower asymptotic density of a set       is 
identifies with 

    ( )            
 (   )
    

We say that   has a double natural density and is defined by 

    ( )        
 (   )
   

if the sequence  (   )   has a limit in Pringsheim’s sense. 
For the sake of brevity, we substitute  ̅  for (   )  and  ̅  for (   ) 

throughout the paper, taking i, j, k, and l   (0, 1], unless otherwise noted. 
Moreover, we define 

 ̅   ̅              
 ̅   ̅              
 ̅   ̅              
 ̅  (   ]      (   ] 
 ̅  (   ]      (   ] 
 ̅              
 ̅              

 ̅                    
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Additionally in the next session, we write    ̅  to represent   
    and    ̅  to 

represent        The  ̅ – double density of the set       has now defined as       

    
 ̅(         

 (    
     

Definition 1.2: Let be given    (   ) is statistical convergent of double 
sequences to the number     if for each          . 

          
 
  |{(             |      |   }|    

Where the amount of elements in the enclosed set is indicated by the 
vertical bars. 

Definition 1.3: Let be given           and   ̅  (0, 1]. For every ϵ > 0, the 
sequence (   ) is considered statistically convergent of order  ̅ if there exists a 
complex number   . 

          
 

    |(             |      |   |    

Definition 1.4: The term Fibonacci numbers refers to the series of numbers (  ) 
for y = 1, 2, ... that are found by  
                   

The characteristics of Fibonacci number are given by 
        

    
  

   √ 
     (              

  ∑    
           (      

  ∑  
               

                                  
For   c       w    f     ̂ ( ̂  )  s      f        r x by  

   ̂   

{ 
 
  

     
  
      (      

  
         (    

   (                

 

Definition 1.5: A binary operation   :[0,1] [0,1] [   ]  When all of the 
following criteria are satisfied, the operation   is referred as a continuous t-
norm. 
                             [   ]               
   is continuous, 
          [   ]  
   is commutative and associative. 
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Definition 1.6: A binary operation   :[0,1] [0,1] [   ]  When all of the 
following criteria are satisfied, the operation   is referred as a continuous s-
norm. 
                             [   ]                 
    is continuous, 
          [   ]  
   is commutative and associative. 

Definition 1.7: [7]If Y is a vector space, ( ,  ) are fuzzy sets on Y (0,  ), ◦ is a 
continuous t-norm, and   is a continuous s-norm, that satisfy the following 
criteria, then the five tuples (Y, , ,◦, ) is known as IFNS (i.e intuitionistic 
fuzzy normed space) whenever  ,  > 0 and a, b   Y. 
  (      (       
  (       
  (       
  (              
  (              

  (       (   | |)             

  (       (   | |)             

  (      (      (         
  (      (      (         
  (     (     [   ] is continuous 
  (     (     [   ] is continuous 
         (                  (       
         (                  (     1 

Definition 1.8: Let (Y, , ,   ) be an IFNS. If for every   > 0     > 0 then the 
double Fibonacci sequence y = ( ̂   ) is statistically convergent to    in Y, then 

         
 
    |{         ( ̂        )          ( ̂        )  

 }|    
i.e.    ̅(       that is 

   {         ( ̂        )          ( ̂        )   } 

2. Main Result 
The Fibonacci statistical convergence of double sequences of order  ̅ in 

IFNS is defined in this section. Initially, the following definition of Fibonacci 
statistical convergence of double sequences of order  ̅ is given: 



FIBONACCI STATISTICAL CONVERGENCE  IN IFNS� 1821

Definition 2.1: Let  ̅  (   ]       ( ̂   )     be given. For every    , 
the sequence  ̂    is considered Fibonacci statistical convergence of order  ̅ if   
a complex number    

          
 
    |(             | ̂      |   |    

Example 2.2: Let (  ‖  ‖  be a normed space and for all     [   ],     
   and    =min{     }. For all     and every    . Consider  (     
 

  ‖ ‖       (     
‖ ‖
  ‖ ‖ . Then (Y,        ) is an IFNS. Define  ̂    

(      )  (              
Since                 and  ̂    (         then  ̂         

Consider    (     {       ( ̂     )           ( ̂     )    }  for 
  (      and for any      

When    become sufficiently large, the quantity   ( ̂     ) become less 
then     and similarly   ( ̂     ) become greater then    So for     and 
         ( ̂   )     

Lemma 2.3: Take (Y,       ) be an IFNS. The subsequent requirements are 
equivalent for each             
    ̅      ̂       

          
 
    |{         ( ̂         )     }|  

          
 
    |{         ( ̂         )   }|    

          
 
    |{         ( ̂         )  

   }|              
 
    |{         ( ̂         )   }|    

          
 
    |{         ( ̂         )     }|   

          
 
    |{         ( ̂         )   }|    

    ̅      ( ̂        )           ̅      ( ̂        )    

Theorem 2.4: Take (Y,       ) be an IFNS. Then    ̅      ̂       is unique, 
where the double Fibonacci sequence y = ( ̂   ) is statistically convergent in 
IFNS. 

Proof:  For         where            
Suppose that    ̅      ̂       and    ̅      ̂       . Select     

so that, for a given      (1- ) (          and      . Thus, describe 
the following set for any     as follows1: 

      (     {(          ( ̂        
 
 )     } 
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      (     {(          ( ̂        
 
 )     } 

      (     {(          ( ̂        
 
 )   } 

      (     {(          ( ̂        
 
 )   } 

Since    ̅      ̂       , by lemma (i) we have 

     ̅ (    (    )     ̅ (    (    )          

Let    (     [(    (      (    (     ]  [(    (      (    (     ]. 
Hence observed that  

   ̅(    (        
   ̅(    (    (        

If (a, b)     (    (     , then there are two scenarios that could 
occur: 

Case 1: (a, b)          (          (     and  

Case 2: (a, b)          (          (     
Firstly consider case (1), we have 

       (          ( ̂        
 
   ( ̂        

 
   (     (     

As (     (        , it follows that  (             
    where  >0        , we get  (            . From that           is 
observed. 

In other case, if (a, b)          (          (                    
   (            ( ̂        

 
 )   ( ̂        

 
       

W  s     a   (              By us  g fac         (           
  

Thus        .Hence we conclude that    ̅      ̂       is unique. 

Theorem 2.5: Take an IFNS (           and y = ( ̂   ) be an increasing 
sequence. If (         ̂       then    ̅      ̂       

Proof: Suppose (         ̂       then   a number           
                  . 

 ( ̂        )      
 ( ̂        )                 

Hence, there are only a limited number of terms in the set n 
{(          ( ̂        )           ( ̂      { }      } 
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Since the density of every finite      is zero and hence  
   ̅{(          ( ̂        )           ( ̂      { }      }    

   ̅      ̂       

Theorem 2.6: Take an IFNS (            A sequence y = ( ̂   ) is known as 
Fibonacci statistical Cauchy of order  ̅ of double sequences in IFN(   ) iff 
sequence is Fibonacci statistical convergent of order  ̅ of the double sequences 
in IFNS. 
Proof:    ̅(         ̂       if     select          

    (     (               
For    , we have  

   ̅( (    )     ̅{(         ( ̂       
 
 )           ( ̂       

 
 )

  }    

Which implies that 

   ̅(  (    )     ̅{(         ( ̂       
 
 )

          ( ̂       
 
 )   }    

Let     (   (    ). Then  ( ̂        )           ( ̂    
    )    

Now let  ( (    )  {(         ( ̂     ̂     )    
      ( ̂     ̂     )   } 

Required to prove  (      (     
Let    (      (          
 ( ̂     ̂     )           ( ̂       

 
 )      , in particular 

 ( ̂       
 
 )           

      ( ̂     ̂     )   ( ̂       
 
    ( ̂       

 
   (     

(         
Which is not possible  

 (      (     
By      ̅( (    )=0 
In light of this, y is statistically twice as Cauchy as Fibonacci in relation to 

the IFNS (   ). 

Definition 2.7: An IFNS (           is said to be  ̂   ̅           if every 
 ̂   ̅   Cauchy sequence with respect to the IFN(     is   ̂   ̅   convergent 
with respect to the IFN(     
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Theorem 2.8: Let y be a sequence defined by  ̂   . Then    ̅((    ) - 
completeness holds for all IFNS (            

Proof: Let a sequence y =  ̂   . For each                    ̅  is not 
convergent but Cauchy in IFN(     s.t.   

    (     (                
Now   

  ( ̂     ̂     )   ( ̂       
 
 )   ( ̂       

 
 )  (     

(         

  ( ̂     ̂     )   ( ̂       
 
 )   ( ̂       

 
 )        

Considering y is not    ̅(    -convergent. Thus,    ̅( (     =0, where 
 (     {(         ( ̂     ̂   )     } 

   ̅ (     =1 
W                            that y was Cauchy in IFNS by    ̅.Thus  in terms 
of the IFNS, y must be   ̅  convergent. Therefore,    ̅(    -completeness 
holds   IFNS (            

Theorem 2.9:      ̅  ̅  (   ]            ̅   ̅          ̅                  ̅̅ ̅    
  ̅         ̅   ̅                          

                   ̅  ̅  (   ]      ̅    ̅                     

   
    |{(             | ̂      |   }|  

 
     

|{(             | ̂      |   }| 
Consequently,    ̅                                               ’  

               ’                q          ̂             

  y =  ̂    {
           
                                  

               ̅      ̂             ̅       ̅  (     ] (                  
 
  

               ̅ ̂      ̅ (  
 
 ]                

           
 . By utilising 

 ̅    in this theorem, we can derive the subsequent outcome. 

Corollary 2.10: Let   ̅  ̅  (   ]                
   ̅     ̅       ̅    ̅   
   ̅            ̅     

Conclusion 
This paper provides a more comprehensive definition of the Fibonacci 

statistical convergence of double sequences of order  ̅  in comparison to the 
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concept of Fibonacci statisical convergence of double sequences, defined by 
KIŞI [30]. In terms of completeness and Cauchy convergence criteria, the idea is 
more broadly expressed. The classical findings regarding this kind of 
convergence also apply to double sequences.  
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