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Abstract

The existence and uniqueness of solutions for linear and nonlinear fractional
differential equations (FDE) involving Miller-Ross sequential fractional derivatives (SFD) can
be established through mathematical analysis and specific conditions, which allows direct
applications with Riemann-Liouville fractional derivatives, the Caputo fractional derivatives
and the Grunwald Letnikov derivatives, which is a particular case of the Miller-Ross SFD.
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1. Introduction

The existence and uniqueness of solutions for linear and nonlinear FDE
depend on various factors, such as the specific form of the equation and the
conditions imposed. For linear fractional differential equations, under certain
conditions on the coefficients and initial values, solutions can exist and be
unique. Nonlinear FDE, on the other hand, may be more complicated.

2. Miller-Ross SFD and its Laplace Transform:

The Miller-Ross SFD is a type of fractional derivative that extends the
classical Caputo fractional derivative. Let us introduce the following notation
for the Miller-Ross SFD[5]:
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Now by Laplace transform of (2.1), the sequential derivative [8], we
obtained

£{ oD f©is}= s R () = g shink [ (DEFT A 22
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Where D¢ = D¢ nDe . ,,2)51

3. Fractional Derivative of Power Function (t — a)“:

To obtain the R-L fractional derivative ,,D? f (&) of the power function [4]
(&) = (¢ —n)?, where w is a real number, first we take R-L derivative [6]

dn (-

nDg f(©) = @{nﬂg(n PF©}in-1<p<n

Substituting ¢ =n —p and f(§) = ({6 —n)® in the above equating and
simplifying, we get

JDY(E —m®) = ,D;7(( —n)*} = (& —n)o? (D)

And the only restriction for f(&) = (¢ —n)® is its integrability, namely
w > -1

r(1+w)
rl1+w-p)

4. Linear Fractional Differential Equations:
To find the existence and uniqueness solutions of linear FDE, first we
consider the following problem [1]:

oDE" y(§) + TIip;(©) oDFY(©) +pa(©y() = FE); .. (4D
where, (0 < £ < T < o) and
[ Ong_ly(f)L:O =P; k=12,..,n
yDek = Y% DI D
Dt = Dget ez D 0 - (4.2)
G =2f10;0<¢;<1;kjEN
and £(§) € £,(0,T), i.e. [} |f(£)|d§ <oo
We assume f(§) = 0 for & > T, then p,(§) = 0,k =€ N.

Theorem 1: If f(§) € £L,(0,T), then the linear fractional differential equation
0D§” v(&) = f(&) has unique solution y(§) € L1(0,T), which satisfies the
initial conditions given in equation (4.2).

Proof: Given linear fractional differential equation is,

oDE" y(&) = £(©)
using Laplace transform, £ { 01);" y( )} =L{f(&)}
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Now by Laplace transform of the Miller-Ross SFD from equation (2.2), we
obtained
SZHY(S) Tl lsfn [ k{ Oann—k_ly({j)}E:O = F(S)‘ (43)

Where Y (s) and F (s) are Laplace transforms of y(¢) and f(§). Now from
(4.2), we find

Y(s) = sTnF(s) + XRZ3 Buows Sk .. (4.4)
Now taking inverse Laplace transforms gives,
§ In—1 n-1_Bn-k In-k—-1
(@) = G )f € - f(m)dr + Xk 0T, k)f .. (45)
and putting i = n — k,
—_ p— (Tl_l {l
¥(§) = o [y = D (DT + zk o - (46)
taking R-L fractional derivative (3.1), and using - (_m) =0,m=0,12, ..
We get,
Ce=Ck—1
Ji—1 é .
OD?( (i((-)) = {r(('i—fk) (k<D .. (47)
‘ 0, k>i
and
3e¢
§8k .
k-1 (652-1) _ )TG3’ (k<) (4.8)
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Where k,i € V. It is clear from (4.6) that y(§) € £,(0,T). From (4.7) and
(4.8), we find direct substitution of the function y(¢) which is define in (4.6)
with initial condition (4.2) shows that y(§) is one of the solutions of them, and
therefore, the existence of the solution is proved.

Remark: Let us suppose that given problem has two solutions such that y; (§)
and y, (%), then we define a new function z(&) = y;(§) — y,(§), which will

satisfy the equation OZDEC“Z(E) = 0, with no initial conditions such that the

Laplace transform of z(§) is Z(s) = 0, hence z(§) = 0 belongs to domain
(0, T), which gives unique solution.

5. Non-Linear Fractional Differential Equations:

Now for nonlinear FDE in terms of the Miller-Ross SFD [2], we consider
the initial value problem,

oDy (@) = f(E ), G
[017{"_13/(6)] =P keN .. (52)
3 £=0

where,



1918 A. K. MENARIA
Sk — Pk Ple—1 1
2De = yDf* DI .. D
¢ 1 — (p P @
2D = D DI L DI - (5:3)
=Y 10;;0<g;<1;kjeN )

Let the function, f(¢,y) € G of (§,y), and R(h,K) € G , then it will
satisfy the following inequalities [7]:

-0y (E) — S, f

| SKi0<E<h.

Theorem 2: If f(&,y) € G be a real valued continuous function, satisfying the
Lipschitz condition with respect to y, i.e.,

If & y1) — FE )| < Alys — yal,
In—{1+1
Such that, |f(£,9)] < M < 00; V (£,) € G. Letalso, K > 20"
[(1+¢n)

Then show that there exists a continuous and unique solution y(&) of the
problem given in the equation (5.1) and (5.2) in the domain R (h, K).

Proof: To prove this theorem, firstly we reduce the problem (5.1) and (5.2) to an
equivalent fractional integral equation. Using (4.6) and the composition rule, we
obtain,

YE) = T s 4 s [ E - DT f(my@)dr L (54)

Here, if y(t) satisfies the problem (5.1) and (5.2), then it must satisfy the
equation (5.4). Now we define the sequence of functions

Y0(€),¥1(&),y3(&), ..., by the following relationship,

Yo(§) =Xk 1”5)6“ .. (5.5)

and for m € V', we have

Ym(f) L 1 r(()szgl T(ln )f (E - T)zn_l f(T Y- 1(T))dT (56)

Now we show that lim,,_, ¥, (&) exists and y(&) is the required solution
of the equation (5.4).

Firstly, by the principle of mathematical induction that for 0 < & < h we
have y,,,(§) € R(h, K) for all m.
61_(1ym(§) - ?:1 ﬁi

- -
E = e 2~ 0 (5 e )]
mESn—G1+1 < Mhén—G1+1

FrA+én) = T@A+n)
And for the same reasons we have the same inequality for y; (£):

_ ¢i—%1 MhrSn—S%1+1
£ () ~ S B | < e
Continuously, it can be obtained by induction that for all m,

. (5.7)
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MAm—lfmf‘n
I'(1+moy)

1% (§) = Y1 <

For m = 1, we have from equation (5 8):

Y1) = yo (D)l <

Let us suppose that

.. (5.8)

F(1+<') ;0<E<h ... (5.9)

2g(m=1)¢n
[Ym-1(8) = Y- z(E)I_W;0<§Sh ... (5.10)

Then, using (5.6), (5.10) and R-L fractional derivative (3.1), we get

| Y () = Y1 (O] < ﬁf € =D Ym-1(0) = Ym—2 (@ dt

M AT
T T(+(m=1)¢p) T($n) 7O
mam-1
T TA+m-1)¢p) oD 3
_ MA™T TA+(m-1),) EMDintin

T TA+m-1¢n)  TA+mM=1)8n+{n)

mAM—L gmén
= Tra+mdn
Which shows that the equation (5.8) true for all m.
Consider the following series:

Y () = im0 (§) = %0(§)) = 21 (7(§) = ¥-1() .. (5.12)

From (5.8), for 0 < & < h the absolute value of its terms is less than the
corresponding terms of the convergent series,

ff(f — 1)on=1gn=Dén gy

(nf(m 1én

(5.1

w MAIT1pion

MEf T = T {Eg,a (AR7) — 1) .. (5.13)
Where Ej;,(z) is Mittag-Leffler function [3], and the series (5.12)
converges uniformly. Obviously, each term (yj(f) — yj_l(E)) of (5.12) is a
continuous in the interval 0 < & < h. Hence, the summation of series (5.12),
y*(&) is a continuous for 0 < & < h, and y(§) = lim, o V(&) = yo (&) +
y*(&) is a continuous for 0 < & < h.
Now, for uniqueness of the solution, let the equation (5.4) has one more
solution i. e.y (&), continuous in the interval 0 < & < h.Then from the equation

(5.4), we define a new function z(§) = y(&) —J(§), which satisfies the
equation

z(§) = e )f (¢ =) 1f (1,2(1) )dr, ... (5.14)

When é - 0 = z(t) = 0. Therefore, z(¢) is continuous in the interval
0 < & < h. Then we can write | z(§)| < B, for 0 < & < h, here B is constant,
and from equation (5.14), we find

| 2()] <

ABé&Sn
r(1+4¢,) ’

;0<E<h ... (5.15)
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By repeating this process j times, gives

Al B &ién .
1z < F(;) SJEN ... (5.16)
The general term of the Mittag-Leffer function Eqn_l(Af{"), for all
S; lim- A—j fj{n =
B N (6

Taking the limit of (5.16) as j — oo, we summarize that z(¢) = 0, and
y(&) = y(&) for 0 < & < h. Which shows the uniqueness of the solution and
ends the proof of theorem 2.

6. Conclusion

Existence and uniqueness theorems play a crucial role in the study of linear
and nonlinear FDE. In the field of linear FDE, these theorems ensure the
existence and uniqueness of solutions, providing a solid mathematical
foundation in the field of viscoelastic materials where we understand the
behavior of materials with both elastic and viscous properties involve linear
fractional differential equations.

In the context of nonlinear FDE, existence and uniqueness theorems
become powerful tools for analyzing complex dynamical systems. They
establish the conditions under which solutions to nonlinear fractional equations
exist and are unique within a certain domain. This is particularly relevant in
fields like biology, where nonlinear fractional models describe phenomena like
population dynamics or the spread of diseases. The theorems guide researchers
in formulating and solving these equations, ensuring the reliability and
uniqueness of the obtained solutions. Overall, the application of existence and
uniqueness theorems in both linear and nonlinear fractional differential
equations significantly advance our understanding and ability to model diverse
phenomena across various scientific disciplines.
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