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Abstract

In this paper, we study the existence of solutions for terminal value problem for
impulsive differential equation via ©-Riemann-Liouville fractional derivative in aappropriate
Banach space. Our approach is based on Ménch fixed point theorem via Kuratowski measure
of non-compactness, an example is given to illustrate our approach.
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1. Introduction

Differential equations with fractional derivatives are distinguished
from those with ordinary derivatives as being better at describing the
genetic properties of different processes and materials. Applications of
fractional calculus in many fields of science are of great interest by
researchers and are developing rapidly, see, [14, 15, 18]. There are many
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findings regarding the existence of solutions to various classes of fractional
differential equations, see for example [10, 11, 13, 17].

Impulsive fractional differential equations are of great importance in
the fields of medicine, physics and biology. Due to the various factors that
affect the process dynamics in medicine and biology and the dynamics in
physics leading to distortions, the latter can be modeled into different
impulsive fractional differential equations with divers conditions, see for
instance [2].

Recently, many interesting works have appeared in the study
fractional differential equations on Banach spaces, which resides in the
existence and uniqueness results by using fixed point theorems and some
basic tools from functional analysis, we refer the reader to [4, 5, 6,7, 8,9,
16].

We consider, in this work, the following fractional differential
equation with impulses

RL Dg:fgy(t) — h(t, y(t))/ te (gk’Ck+1]’ k= 0,. --,m, (11)

y(L)=M and Aoy |§k= ]k(ygle(g)), k=1,---,m, (1.2)

where *D’? denotes the 6- Riemann-Liouville fractional derivative
with 0 <o <1. Z isa Banach space with thenorm ||.||, MeE, a = { <,
<..<{ <¢ =L h:(aLlxEZ—>Z a function satisfying some
specified conditions (see, section 3), |, e C(E,E), O C' ([a,L],R") satisfies
T0ED
00 °T(0)
L7 y(G) = limeg Z77 y(),  y(G) = limegy(t) and y, () =
limegt (0() — 6(5,))"° y(b).

The present work is ordered as follows: to make the reader understand
our problem, we give in section 2 some definitions, lemmas and basic
results. Next, in the section 3, we present our main results by applying the
fixed point theorem combined with the technique of measure of non-
compactness to show the existence of solutions of the problem (1.1)-(1.2).
Finally an example to reinforce our work in the section 4.

0'(t)>0, for all tela, L] and Ao‘,eyl(k: -y(C,), where

2. Background and basic results

We introduce in this section some notation and technical results
which are used throughout this paper. Let C([c,d],Z) be the space of
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E -valued continuous functions on the interval [¢,d]c R associated with
the following norm:

[l =sup [[u(t)]].
teled]

Let C__([c,d],Z) be the Banach space of functions from the interval
(c,d] into E which is defined as:

Copllc,dl,E)={ueC((c,d],E): lin}(e(t) —6(c))" ° u(t) finite and exists}.

A norm in this space is given by

(0(+)-6(c)
sup —~ 2~
14l = 50p S0P o).

In the following, for all n>-1, we pose ©,(r,s) = (6(r) — 6(s))", for
all s,rela,L] with r>s and ©, = maxi-o,..n {©,({,,,,§)}-
We consider the following Banach space
PC_,o(a,L]E)={y:[a, L] >E:y, eC__ 8., 6..18),k=0,...,m
such that y(¢,)=y(,)}

with
191, = maX 1, -

where y, is the restriction of y on ({,,¢, 1.

For any subset N of P 169([01,L],E), we put NG’Q =: {ug,g,ueN},
where

0, yut),  ifte(C,f,]
(U, ) ()= Lme, (1, ¢ )ult), ift=¢,

where (u is the restriction of u_, on [{,,{, ],

)
c,07k

Let us now give the definition of the measure of non-compactness in
the sense of Kuratowski and its properties. For all G c Z, we denote by
5,(G) the set of all bounded subsets of G.

Definition 2.1: [3, 12] Let DS, (£). The Kuratowski measure of non-
compactness ¥ of the subset D is defined as follows:

¥(D)=inf{e>0:D admits a finite cover by sets of diameter <e}.
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Lemma 2.2: [3,12] Let D,,D, €S,(E). The following properties are valid:
(i,) ¥(D,)=0if and only if D, is relatively compact,

(i,) ¥(D,)= 19(51), where 51 denotes the closure of D,

(i;) (D, +D,) <¥(D,)+¥(D,),

(i,) D, €D, implies (D,) <¥(D,),

(i;) ¥(r.D))=|r|.¥D,) forall r e R,

(i) v({e}uD,)=v(D,) forall e Z,

(i,) H(D,)=9(Conv(D,)), where Conv(A) is the smallest convex that

contains Dl.

Lemma 2.3: [12] If A is a equicontinuous and bounded subset of C([a,b],E),
then 9(A(.)):[a,b] > R", is continuous function and

9, (A) = maxa3(A(1), O ({ [l@(t)dt :@ e A}) < ["O(A(t))dt,

such that A(t)={@(t):@ e A} and ¥, is the non-compactness measure on the
space C([a,b],E).

We denote by 19(’;,6 and 9_, the Kuratowski measures of non-
compactness defines respictively on C__, ([, E) and PC
([a,L],5), k=0,...,m.

-0,0

Lemma 2.4: [12] For all bounded subset D of PC,__ ,
3,,4(D)= max 9, ,(D,),

([a,L),E), we have

where D, is the restriction of D on (§,,¢, 1.

Theorem 2.5: [1] Let p the Kuratowski measure of non-compactness on Banach
space E and G a closed, bounded and convex subset of E which contains the 0.
Let Y be an operator from G to G, assume that Y is continuous and satisfied,
for every subset A of G, we have the following implication:

A=Y(A)U{0} or A =convY(A) = p(A)=0.

Then the set {weG: Y(w)=w} is nonempty.
We begin with some definitions from the theory of fractional calculus.

Definition 2.6: [13, 19]. Let I' be the gamma function, { a non-negative
real number and 6 C__([a,L],Z).
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(i) 6-Riemann- Liouville fractional integral of order £ >0 of § is given
by
&6
Z.°6(t)= r(g jOO ()0.,(t,5)5(s)ds,

(i) Let 0<o<1. The 6-Riemann- Liouville fractional derivative of
order & of the function § is given as

DS = e i (090 (t,9)8(:)ds).

Lemma 2.7: [13, 19] Let &,k € R.. We have then

&0 ()
1. 7°°0 _,(ta a)= r(§+,<)®¢+x_1(tf”)/t2”'

2. If 0<&<1, then “D5’©, (t,a)=0.

Lemma 2.8: [20]. Let 0>0 and 0<y<o. Then, Ia‘i/e is bounded from
C,([a,L],B) into C([a,L] ).

Lemma 2.9:[20]. Let 0<o <1, 0<y <1. If 6€C, ([a,L],E) and T °° §eC,
([a,L],E), then

109( )

0,0RL o _
I DTS = 8(1) 1

©_,(t,a), for allt e(a,L].

Lemma 2.10: Let 0<o <1 andlet LePC__ , ([a,L],E). A function y e PC,

1-0,0
([a,L],Z) is a solution of the fractional integral equation

708 O5_1(t,Cm) I ;
(M-I7 “L))i@a,l(cmﬂ,;m)*r(a) [ 0(90,,(s,8,)s)ds, iftel,,

(M—g}z;ﬂ,acm,iﬂ)—fz’lfm,,(yf,(c;,i )

0gatdna) o
x 96—1(§W1—1/Cm—2) r(O' Jhi 9 (S)G (t,S)f(S)dS, 1 €

k=1,...,m.

y(t)=

m-k’

(2.1)
if and only if y is a solution of the following problem

* D;,iy(t) = g(t)’ te (Cm—k 4 gm—kﬂ]/ k = 0/ - m, (22)
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yL)=MandA_yl, =], (Y, ) k=1,...,m, 2.3)

Proof: Assume y satisfies the problem (2.2)-(2.3). We want to prove that y
verified (2.1).

If te(¢,,¢, .1 wehave *D7y(t) = ((t), from Lemma 2.8, we obtain
77 yeC (G, L18) and (L) (Z27y®) = "Dy € C.,,
(¢, LLE).

By utilizing Lemma 2.9, we get
1—1 c,0

y(t)—io (> é’m)+ j,;e(s)(a L(t,8)((s)ds.

Since y(L)=M, we obtain
Il c,0 Cm

o e = M-T L), 24
61—6(Cm+] gm)r =M [ Z( ) ( )

So,

y(O) = (M-I UL) g2 1) (900, (5,8, ) s)s.

If te(,,,¢,], then, from Lemma 2.8 and Lemma 2.9, we get
Zl c,0

(t)—$ ¢ )+th 0'(s)0,,(t,s)!(s)ds
©) 0-,1 7 Om-1 T'(o) St ot

By Equations (2.3) and (2.4), we have

TV geay-gons ' 25
Gl_o(é‘m,gm_l)r(o.)_ - [ ( )_ [ (gm)_]m(yo-(gm))' ( - )

So,
y()=(M- Iaeg(L) Icr@g(é‘m) ](yc(ng)))%
ol 060, (5,8, )i(s)ds.

Ifte¢, ,,¢, ], from Lemma 2.8 and Lemma 2.9, we obtain

— _ o,0 G)o'— (trCm— ) 1 t !
y(t)= (]/(Cm,l) Igwf(Cm,l ))m + T(o) Ié,n,ze (5)90—1 (s, Cm,l ){(s)ds.

Using (2.3) and (2.5), we get
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y(t)= (M - ézgfz(gm_m) - i:i()lm_i v, (&, ))] Og-1(tSm-2)

®O'*1 (gm—l /gm—Z )

+ % [} 050, ,(t,5)(s)ds.

If te@, .8, .1, by using Lemmas 2.8 and 2.9 again, we find

_ _ L3 c,0 _k71 + ea—l(trgm—2)
¥ =( M=$220C, )~ 51,0, ) o2

1 !
+mfgtw9 (5)0,_,(t,5)((s)ds.

Conversely, assume that y satisfies the impulsive equation (2.1).

If te(¢ ¢ .1 then y(L)=M and using the fact that ** 124 ? is the left

. 0
inverse of Ig Y, we get

DY) =11), for each te(C, ¢

m+1 ] :

Next.If te(C, ¢
RL D; ’i, we get

“DIyB= A, foreach te(C, ¢

1, k=1,...,m and according to the properties of

m—k+1

m—k+1 ] :

Also, we can easily show that

A, oY |t=§m,k =], (&), k=0,.,m-1

3. Main result

Suppose that the function 4:({,,{, ,1x 2—>Z verifies A(t,0) e
C(l¢,, ¢,.,], ), k=0,..., m and there exists AcR" and A>1-0 such
that

(H,) For any u,ve&:
H ﬁ(tul't)_h(tlv)||£ Agl(tlck) H,U—VH, te(§k1§k+]]/ k=0,...,ﬂ’l.

(H,) For each nonempty, bounded set A= PC,__,([4,L],Z), we have

1-0,0

B(h(t, A1) < AO, (t,{)(AL), te((,,¢,. 1 k=0,...,m,

Suppose that the functions |, :2 —Z,k=1,...,m, are continuous and
there exists Be R" such that

(H,) Forany ueZ:
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1T,@)[[ <Bllul, k=1,...,m

(H,) For each nonempty, bounded set A<= PC__ ,([4,L],E), we have

V(J (A, (D)) <BY(A, (), k=1,...,m

where A (t)={y,,/ yePC_ ,((a,L],E)}

(m+2)AG)MG+mB®1 s (0+1)
(Hy) T(o+1) <1.

Consider the operator N:PC__ ,([a,L],E) > PC__ ,([a,L],E) defined
by

c,0 a l t Cm
(M- I ﬁ(L y(L))) Og-1(Ems1Em)

+mjgmer(s)®ﬂ(s,gm )ii(s, y(s))ds, iftel,,
(M N zi;o Igfh(gm i+17 y(gm 1+1)) - k:l ]m i(ya (C;z 1)))

60'—1 (trgm—k ) s
xm r(o) jg 0(5)@6 [(t,8)h(s,y(s))ds, iftel

Ny(t)=

m-k’

where I =( ,,¢& . 1k=0,...,m.

The theorem below is the main result

Theorem 3.1: Suppose that the conditions (H,)—(H,) are valid. Then the
solution set of the problem (1.1)—(1.2) is nonempty.

Proof: According to Lemma 2.10, the solutions of (1.1)—(1.2) and the fixed
points of N are identical. For this reason, it suffices to verify the axioms of
Theorem 2.5, it is done in four steps.

First step. We start to prove that N is continuous. Let € >0 and {y, }
in PC

neN _>y

([a,L],Z). The hypothesis (H,) and (H,) confirm the existence of

1-0,0
an integer meN such that, forall n>m and te(¢, ,,C, .1 k=1,...,m
we have
I'(o+1)e
e, ()= e, y(B) < (31
and
||]m,k((yg)n(g,k)_]m,k(]/(,(;;,k) H <%' (32)

Thus, forall te(, ,,¢, .. 1, k=1,...,m, we have

m—k+1
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52 ) Ny (1)~ NyO < S 11T, W o )~ 0 G
9176(§1n7k+1/§m7k) n - par m—i o,n m—i m—i o m—i

k
+ I;()Igm/j || h(gm—iﬂ 4 yn (gm—r#l )) - ﬁ(gm—iﬂ 4 y(gm—nl )) ||

O ¢ (trgm—k) t i _
[(0)01_ (gnz—k+1 rgm—k) Im?ke (S)Gl_a(t,S) || ﬁ(S, y" (S) h(S, y(S)) || ds.

By Equations (3.1) and (3.2), we get

(m+2)®' I(o+l)e _
INY, =Ny llee, , <5+ “Formy 2Am+2)0,
Thus, N is continuous on PC__ ,([4,L], E)).

Second step. Now we will prove that Nisbounded. Let y e PC__, ([4,L],5),
from (H,) it is easy to deduce that Ny e PC__, ([a,L],E). Using (H ), for
allyeD, ={yePC_,, (aL]E): ||y\|7,c <k}and te({, ,,¢ , we get

m—| k+1

(€] i )N o,
H—l o (bt )0 ||<||M||+ZI o L (Ss (o Hl))\|+2||]m1(1/6(§,,,, )]l
91 -c gm k+1/ gw k)

Gl—o'(trgm—k)
ey SUOSSCRLLSHOILY

<[| M| +mBO,_ Kk + (m+2)h Oy (m+2)AOg K

T'(o+1) I'(o+1)
So,
* (m+2)1'© A(m+2)®(,+ K
INY I, < | M [ +mBO; e+ 2 B0 A DO0uak _ g,

where i = max{suptelgklgk | | a(t,0)], k=1,...,m}.

Third step. we will demonstrate that (ND), is equicontinuous for all
bounded subset D of PC_ , ([4,L],E), such that (ND), is the restriction of
ND on the interval ({,,¢,,,], let D_ be the subset which was previously
defined. It suffices to prove that (ND, ), is equicontinuous in C_, ([S,, .

$owal ). Letye(D,), , and {,{, €, ., ¢, . ] with § <{ , wehave

I 01582, 8ni)NY(&2) _ O1_6 (81, Cmi)NY(51) |
Gl—a(gr;l—k+1/§1n—k) G')1 o Cm k+1/§m k)

G)1 a Cl/gm k)
<oz 8 060, (4,5 -0, (L 9| s, y(s) | ds

el—o (Cz /gm—k) 91—0' é:l rgm—k 1 !
* el—a(gm—kﬂlgm—k )F(O') Igz?:—ke (5)95’1 (CZ 4 S) H h(S, y(S)) || dS




1500 M. BEDDANI AND H. BEDDANI

Gl—a (42 /gm—k) &t
61 o‘ gm k+1/§m—k )F(O') J.gl 6 (5)60'—1 (CZ’S) || h(S, y(S)) H dS

< +A"@ﬂ [ 06O, (&,9-6,., (&, 9)ds
h[G—JC'ka ela(glgmk] 1
* 191 o‘zé’m—k+1 Cm k F(o Jg 0 (8)66 l(é’z’S)ds

4 Ax[016(62 L i)-016 (G1 Cni)] 16,
O abus) CuelCbontl[f 090, (£, 90,0, (5.4, s

h +AK®/1 é’z
+ o) 9( )0, ,(£,,8)ds

< B +AKO) [0,(,,6)+0_(,.¢, )-06,(,,¢ )]

T(o+1)

h'e, - +AKO), o+
+%[ 1- G(CZ’Cm—k)_el—a(gl’gm—k)]

77. +AK®/1
F(c+1) © (gz’gl

Taking ¢, tends towards {,, we get that, the last inequality tends to
zero. Then (ND,), is equicontinuous in C_, ([, ., &, .1, E), k=0, ...,
m.

Final step. We verify that N satisfies the assumptions of theorem 2.5.

We pose
D={yePC_,,(a,L1E): ||yl <RI

where R is a real number verifies the following equality

IM|T(c+1)+(m+2)i" O, (3.3)

R> : —
I'(o+1)-mBO_s'(0+1)+A(m+2)O4,

First, we now show that N is defined from D to D, Indeed, for any
yeD, by above conditions (H,),(H;) and by according to a little
calculation, forall te(¢, ,, ¢, ., we have

A(m+2)@c+/1 IR

||916(f§—nkN/(f< M| +7('"+2)h % 1 [mBO__ +
I'(o+1)

G')1 o Cm k+1/§m k)

< IMIT(e+1)+(m+2)h" 0, (mB@l_a (a+1)+A(m+2)@a+Aj
+ R
T(o+1) T(o+1)

From the inequality (3.3), we obtain
VyeD:||Ny ||PCM< R
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Then N remains defined from D to D. Note that D is bounded, convex

and closed subset of PC,_ o ,([a,L],Z) and N is continuous on D, we can

easily show the following equality

k — Gl—a(trgm—k )NA(t)
9, ,((NA), ,)=sup {19 (m]/ te(, ’gm—k+l]}’

forall Ac D, k=0,...,m. Next, we need to prove the following implication
A c conv{N(A)U{0}} = 196,9(A) =0, for any AcD.

Let Ac D suchthat A c conv{N(A)uU{0}}. From (H,), (H,), Lemmas
2.2,2.3,2.4 and the previous steps, forall te({, ,,{, .., ], we have

m—k+1

G)1 G(t Cm k NA)(t Ae/l +1 m—i
O ) < (e B 090, € 90 N, i

+BO, 219"’ J(NA )

;‘(91) I 060,99y, (NA, s

Thus,

(m+2)A®MG +mB®1 sI(o+1)
B, ,(NA)< e 3, ,(NA).

By condition (H,), we get ¥_,(NA)=0, thatis ¥_,(A)=0. From the
theorem 2.5, N has a fixed point y € D which is a solution of Problem
(1.1)-(1.2).

4. Example

As an example to use of the main result , we shall now consider the
following fractional differential equation

1002 1atar2

RLDZ y(t)= [ 4 Ye- (t)] t,te(§k,§k+l]c(0,1],k=0,1 (4.1)
y(1)=(1,0,...,0,...). (4.2)

Byl = Vool ). (43)

where 6(t)=¢', {, =0,{,=0.5,{,=1,0=1=0.5 and
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E=1{(y,) . :suply,|<oo},

with ||y | =sup, |y, |, then (£].|)) consists a Banach space, by comparing
with the (1.1)-(1.2), we notice that

hit,y®) =, ¢y, O),.

where

t_ 0
By, )= 3y @t (€8, k=01,neN" and

]1(u)=%u, forallueZ.

Cleary that 7:({,{, ,]Jx2—>E,k=0,1 and ], :Z— E are continuous

and there exists A= %, B= 710 such that

| At )=t v) || ﬁ%\/et —e% |\u—v|, forallte((,, ¢, Jand yu,ve=Eand

1 -
Il ], ()| :%H u|, forallu e E.

Hence, (H,) and (H,) are satisfied. Next, For any bounded set
AcPC__.([0,1],€), we have

1-0,0

Ot AM)) < Y (AW, te (¢, 1 k=0,1and

10

9], (A, o (1) = 55 (A, , (1).

Thus, (H,) and (H,) are satisfied. Since

(m+2)AB}, 5 +mBO]_gT(c+1)

I'(c+1) <l

So, (H;) holds. Therefore, Theorem 3.1 ensures that the problem
(4.1)-(4.3) has a solution.
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