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Abstract

Some sharp Hilbert-Schmidt numerical radius inequalities for an operator as well as
for 2 x 2 operator matrices are presented. Also, refinements of certain earlier Hilbert-Schmidt
numerical radius inequalities are provided.
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1. Introduction
Let C,, (1<p<w), be the Schatten p-class which is the set of all
bounded linear compact operator T, satisfying || T, ||, <o, where || T, ||, =
(tr|T, [')" is the Schatten p-norm, and |T, | = (Tl*Tl)%. For T,,T,eC,, we
have, see [4], T)T, €C, and
T I<T LI T [l - (1.1)

The Hilbert-Schmidt numerical radius of S, € C, is defined by
w,(5,)=SUP [ R(e"S),,
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where R(e”S,) is the real part of ¢“S,. It is known that w, () is a norm on
C, and it is equivalent to ||-|,, this says that

1
$|‘Sl|‘zswz(s1)£“s1 Hz (12)
In [2], Aldalabih and Kittaneh proved that
max{w, (A +4,), 1, (A1 -Ap)} 0 A || ¢ wa(A+Ay)+wy(A-4y) 13
- e

where A ,A, €C,. For more details, we refer the reader to [1], [2], [3], [5]
and [6].

In this work, some new bounds for w, () are derived. These bounds
refine some existing ones.

2. Main results

Throughout this paper, T, = A+iB denotes the Cartesian decomposition
of T, eC,, where A=%9R(T,) and B=3(T,).

Theorem 2.1: Let T, € C, with T, = A+iB. Then
1
WA(T) = 2l AR+ BIE +(| AJE ~||BE) + 4(trAB)* ).

Proof: From w,(T,) = sup || R("T,)|,, we have w,(T,)= sup || Acos¢ —
<R ¢eR
Bsing ||, . If we put o z cos¢ and o, =—sin¢g, then we obtain

wy(T))= sup ||y A+a,Bl;

oy +oy=1

= sup tr(a, A"+, B )(a, A+ ,B)

2, 2 .
o +oy=1

= sup [0 | AL +o || Bl +20t,0t,trAB]
o +oy=1

= JAIE + ]| BIE +(IAJE - || BIEY +4(trAB)].

Corollary 2.2: Let T, € C,. Then

w,(T) < | RT) B +] (T |-

Proof: The desired result can be deduced from (1.1) and Theorem 2.1.
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Theorem 2.3: Let T, € C, with T, = A+iB. Then

PITT +T,T 0+ (AR — [ BIR)? + 4(trAB) <wi(T,).

Proof: We have

1
Wi(T) 2 2| A [, +|[ B2, +(| AR —[| BIE)® +4(trAB)]
1
> 2| A2+ B |, +(| A2 - || BIE) +4(trAB) ]

We have A?+B*=_(T,T; +T,T,), so the required statement is
obtained.

Theorem 2.4: Let T, € C,. Then
1 1
wA(T) 2 1| T, | + 2Rt 7)),

Proof: We have
w; (T)) 2 max{| R(T) |, | (T,) [}
1 ~ ~
= SURT)E +I ST IR+ R = ST, E]
1 1
= IT [ + ]t
Remark 2.5: The lower bound of w,(-) in Theorem 2.4 is an improvement

of the one in (1.2).
The following lemma is needed for the rest of this work.

Lemma 2.6: [2] Let A, A, €C,. Then

1. wz[ 0 A ]—sup||e'9A +e AL

6eR

[1 4]-men
s ol $u(z ]
I: 4]

w H o4, D for every ¢ e R.
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Theorem 2.7: Let A ,A, €C,. Then

1
* 0 A * >
1A, £ A [,<~2w, [{Az 01D§(||A1 + A )z 2.1)

§+||A1 _A;

Proof: Using Lemma 2.6 (1), we get

\/sz [[122 /ﬂj =supllcosd(A, + A))+ising(A, —A)) |,
¢eR

1
<A+ A+ 1A -4
To prove the first inequality, it is sufficient to take ¢=0 and ¢=7.

Remark 2.8: The lower bound in (2.1) is a refinement of the inequality

1 0 A
SlAxa, ||2£w2[L; OIDI

which was given in [2]. Moreover, if we take A, and A, to be self-adjoint
in Theorem 2.7, then the inequalities in (2.1) refine the ones in (1.3).

Corollary 2.9: Let A €C,. Then

1
SIA£A < w,(A) < (IRA) [+ 3(A) )2

Proof: The desired statement can be deduced by making A = A, in (2.1)
and using Lemma 2.6 (2).

Corollary 2.10: Let A, A, €C,. Then

0 A
A YRR

Proof: The required statement follows by using the parallelogram law in
(2.1)

1A +AGIE +1A = Ay [5=201 A, 5+ A, B)-

Theorem 2.11: Let A,A, €C,. Then
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1
Cax 0 A c Ak At 5
| A, +iA; |, < 2w, ([Az Ole(n A +IAE +]| A, —iA] P

Proof: The assertion can be obtained directly by using Theorem 2.7 and
also Lemma 2.6 (4).

Corollary 2.12: Let T, e C, with T, = A+iB. Then

Hinsa[d 4])<iT. 22)

Clearly, the inequalities (2.2) are refinements of the following
inequalities

M) . 1 0 A
wZzl Sﬁwz[{B ODSwz(Tl)’

which was already given in [2].

Corollary 2.13: Let A, €C,. Then

1
1A, £iA] ;< 2w,(A) < (| A, +IAT [+ A, = AT [)>

Theorem 2.14: Let A,A, €C,. Then

* * A
ma] A2 (A 1,147+ (A s 2k [ 0]

Proof: From the first inequality in (2.1), we have

1w’ [[;’2 ﬂ] > | A +A
2 (1 (A, +AD) 1l +11(A, - A I,
(using the inequality || X"
2[[(A +A) +(A - A,
(using the triangle inequality)
=247 +2(A)* |l.,-

s+ A - AR

|L<||X|;,for any operator X)

On the other hand, we have
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0 A ™ ™
soi [0 |14 AR A i

2 [|(A, +iA) 1L, + (A, —iA) 1,
2 |[(A, +iA) +(A, —iA) I,
=[]2A7 = 2(A)* |l ,-

Corollary 2.15: Let A, €C,. Then

Smax{ll A2 = (A I, A2 +(A]) 1]} < wi(A)).

Theorem 2.16: Let A,A, €C,. Then
1 * * A
ﬂ¢¢+¢4mg@@15D
Lemma 2.17: [7] Let ¢,b>0 and 0<oa<1. Then
1. (e +(1-a)b') <(ac' +(1-a)b’) for 0<r<s.

2. (E+b) <(c"+b) for 0<r<s

Theorem 2.18: Let T, e C, with T, = A+iB. Then

L wyi(T)<2 (A, +|BJ) for r=2.
2. wy(T)<|Al, +|| B, for 0<r<2.

Proof: From the inequality in Corollary (2.2), we have
w,(T) <\l ALE +I[BI;-

Using Lemma 2.17 (1), we get

1
wﬁﬂ)épMﬁHWﬁT
N 2

1

SPMMHBMT
2

1

1
=2"([A[L B

Again, using Lemma 2.17 (2), we obtain
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w,(T) < ([ A[G +BIR)?
<([AIL+[IBIR)"

Theorem 2.19: Let A,A, €C,. Then

\/Emax{wz(Al),wz(Az)}Swz[[Al AZD.

A A

Proof: Let T, =[21 ;ﬂ and U, =[é _OJ, then

2 1

w,(T,) =5 (w,(T,) +w,(U; U, ))
1

=2 max{w,(4,), w,(4,)}.

Proposition 2.20: Let T, =[T,7L where Tij eC,, for i,j=1,...,n. Then

IT E= 0T, 1.105= 2 1T, 15

Theorem 2.21: Let T, =[Tl.].], where Tl.j eC,, fori,j=1,...,n. Then

w,(T,) <w,(t,]),
where
wz(Tz‘i) if i= j/
t,=11 0 T,
K - if . . .
ﬁwz[{Tﬁ OD if i#j.
Proof: We have
R(E"T,) %(€i9T12+e’i9T;1) %(eieTln_i_e—ie
1, - . 1
| R°T )|, = 5(6 9T21 +e ole) R(e "Tzz) E(e
1712 .

1, IR -
E(e"’Tnl +e T ) E(fz"’Tn2 +e°T, )

> maxdew, (T, + U, T,U,),w,(T, U, T,U, )}

1487

)

P
+e T .)

2
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) 1. - 14 -
| R("T,,) |, S11e’T, +e™ T, |l S11e’T, +e T, |,
1 . s % . 1 . il *
_li 5! e’T, +e T, |, | RE“T,,) ], o 5 lle" T, e T, |,
1 . o 1 . o .
E|| e’T +e T |, 5 | e°T ,+e™T, |, ... | RE“T,)]|,
<1t 11,

(by the norm monotonicity and by Lemma2.6 (1)).
Since the matrix [f,] is real symmetric, then we have |[[[t]]}, =
wz([t,.l.]). Hence
wz(Tl) S wz([t,]])
Theorem 2.22: Let A ,A,,A,,A, €C,. Then
A A 0 A
w, HA; Aj]s \/wg(Al)+w§(A4)+w§ HAS OZD' (23)

Proof: By Theorem 2.21 and Lemma 2.6 (3), it follows that

w,(A,) iw2 0 4
Rk R i
=w,(M).

Since M is real symmetric, then w,(M)= || M]||,. This completes the
proof.
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