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Abstract
Some sharp Hilbert-Schmidt numerical radius inequalities for an operator as well as 

for 2 × 2 operator matrices are presented. Also, refinements of certain earlier Hilbert-Schmidt 
numerical radius inequalities are provided.

Subject Classification:  (2010) 47A30, 47A63, 47B15, 47B10.

Keywords: Schatten p-norm, Hilbert-Schmidt norm, Inequality.

1.  Introduction

Let ,pC  (1 ),p≤ ≤ ∞  be the Schatten p-class which is the set of all 
bounded linear compact operator 1T  satisfying 1 < ,pT ∞   where 1 pT  =

1

1( | | )pptr T  is the Schatten p-norm, and 1| |T =
1
2

1 1( ) .T T∗  For 1 2 2, ,T T C∈  we 
have, see [4], 1 2 1T T C∈  and 

1 2 1 2 2 2| | . (1.1)trT T T T≤    

The Hilbert-Schmidt numerical radius of 1 2S C∈  is defined by 

2 1 1 2
sup( ) = ( ) ,iw S e Sf

f∈
ℜ 


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where 1( )ie Sfℜ  is the real part of 1.ie Sf  It is known that 2( )w ⋅  is a norm on 
2C  and it is equivalent to 2 ,⋅   this says that 

	 1 2 2 1 1 2
1
2

( ) . (1.2)S w S S≤ ≤   

In [2], Aldalabih and Kittaneh proved that 

2 1 2 2 1 2 1 2 1 2 2 1 2
2

2

max{ ( ), ( )} 0 ( ) ( )
0 22

. (1.3)w A A w A A A w A A w A A
A

w
  + − + + −     

≤ ≤

where 1 2 2, .A A C∈  For more details, we refer the reader to [1], [2], [3], [5] 
and [6].

In this work, some new bounds for 2( )w ⋅  are derived. These bounds 
refine some existing ones. 

2.  Main results

Throughout this paper, 1 =T A iB+  denotes the Cartesian decomposition 
of 1 2 ,T C∈  where 1= ( )A Tℜ  and 1= ( ).B Tℑ  

Theorem 2.1: Let 1 2T C∈  with 1 = .T A iB+  Then 
2 2 2 2 2 2 2
2 1 2 2 2 2

1
2( ) = [ ( ) 4( ) ].w T A B A B trAB+ + − +       

Proof: From 2 1( )w T = sup
f∈

1 2( ) ,ie Tfℜ   we have 2 1( )w T = sup
f∈

cosA f −

2sin .B f   If we put 1 = cosa f  and 2 = sin ,a f−  then we obtain 

	

2 2
1 2

2 2
1 2

2 2
1 2

2 2
2 1 1 2 2

=1

* *
1 2 1 2

=1

2 2 2 2
1 2 2 2 1 2

=1

2 2 2 2 2 2
2 2 2 2

1
2

sup( ) =

sup= ( )( )

sup= [ 2 ]

= [ ( ) 4( ) ].

w T A B

tr A B A B

A B trAB

A B A B trAB

a a

a a

a a

a a

a a a a

a a a a

+

+

+

+

+ +

+ +

+ + − +

 

   

       

Corollary 2.2: Let 1 2 .T C∈  Then 

	 2 2
2 1 1 2 1 2( ) ( ) ( ) .w T T T≤ ℜ + ℑ   

Proof: The desired result can be deduced from (1.1) and Theorem 2.1. 



HILBERT-SCHMIDT NUMERICAL RADIUS OF OPERATORS� 1483

Theorem 2.3: Let 1 2T C∈  with 1 = .T A iB+  Then 

	
2 2 2 2 2

1 1 1 1 2 2 2 2 1
1 1
4 2 ( ) 4( ) ( ).T T T T A B trAB w T∗ ∗+ + − + ≤     

Proof: We have 

	

2 2 2 2 2 2 2
2 1 2 2 2 2

2 2 2 2 2 2
2 2 2

1
2
1
2

( ) [ ( ) 4( ) ]

[ ( ) 4( ) ].

w T A B A B trAB

A B A B trAB

≥ + + − +

≥ + + − +

       

     

We have 12 2
1 1 1 12= ( ),A B T T T T∗ ∗+ +  so the required statement is 

obtained. 

Theorem 2.4: Let 1 2T C∈ . Then 
2 2 2
2 1 1 2 1

1 1
2 2( ) ( ) .w T T trT≥ + ℜ 

Proof: We have 

	

2 2 2
2 1 1 2 1 2

2 2 2 2
1 2 1 2 1 2 1 2

2 2
1 2 1

1
2
1 1
2 2

( ) max{ ( ) , ( ) }

( ( ) ( ) ( ) ( ) )

= ( ) .

w T T T

T T T T

T trT

≥ ℜ ℑ

= ℜ + ℑ + ℜ − ℑ

+ ℜ

   

       

 

Remark 2.5: The lower bound of 2( )w ⋅  in Theorem 2.4 is an improvement 
of the one in (1.2). 

The following lemma is needed for the rest of this work. 

Lemma 2.6: [2] Let 1 2 2, .A A C∈  Then 

*1
2 1 2 2

2

1
2 2 1

1

1 2
2 2

2 1

11
2 2

2 2

0 1
0 2

0
0

0 0
0 0

00
0 0

1. = sup .

2. = 2 ( ).

3. = .

4. = for every .

i i

i

A
A

A
A

A A
A A

AA
A e A

w e A e A

w w A

w w

w w

q q

q

f f

−

∈

  
     
  
     
      
               

                    

+

∈

 




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Theorem 2.7: Let 1 2 2, .A A C∈  Then 
1

2 21 2
1 2 2 2 1 2 2 1 2 2

2

0
0

2 ( ) . (2.1)A
A

A A w A A A A∗ ∗ ∗  
     

± ≤ ≤ + + −     

Proof: Using Lemma 2.6 (1), we get 

	

1
2 1 2 1 2 2

2

1
2 2 2

1 2 2 1 2 2

0
0

2 = cos ( ) sin ( )sup

( ) .

A
A

w A A i A A

A A A A

f
f f∗ ∗

∈

∗ ∗

  
     

+ + −

≤ + + −

 

   



To prove the first inequality, it is sufficient to take = 0f  and 2= .pf  

Remark 2.8: The lower bound in (2.1) is a refinement of the inequality 

1
1 2 2 2 *

2

01
02

,A

A
A A w

  
      

+ ≤ 

which was given in [2]. Moreover, if we take 1A  and 2A  to be self-adjoint 
in Theorem 2.7, then the inequalities in (2.1) refine the ones in (1.3). 

Corollary 2.9: Let 1 2 .A C∈  Then 
1

2 2 2
1 1 2 2 1 1 2 1 2

1
2 ( ) ( ( ) ( ) ) .A A w A A A∗± ≤ ≤ ℜ + ℑ     

Proof: The desired statement can be deduced by making 1 2=A A  in (2.1) 
and using Lemma 2.6 (2). 

Corollary 2.10: Let 1 2 2, .A A C∈  Then

	
2 21

2 1 2 2 2
2

0
0

.A
A

w A A
  
     

≤ +   

Proof: The required statement follows by using the parallelogram law in 
(2.1) 

* 2 * 2 2 2
1 2 2 1 2 2 1 2 2 2= 2( ).A A A A A A+ + − +       

Theorem 2.11: Let 1 2 2, .A A C∈  Then 
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1
2 * 21 2

1 2 2 2 1 2 2 1 2 2
2

0
0

2 ( ) .A
A

A iA w A iA A iA∗ ∗  
     

± ≤ ≤ + + −     

Proof: The assertion can be obtained directly by using Theorem 2.7 and 
also Lemma 2.6 (4). 

Corollary 2.12: Let 1 2T C∈  with 1 = .T A iB+  Then 

1 2 2 1 2
1 0

02
. (2.2)A

B
T w T

  
     

≤ ≤   

Clearly, the inequalities (2.2) are refinements of the following 
inequalities 

2 1
2 2 1

( ) 1 0
2 02

( ),w T A
B

w w T
  
     

≤ ≤

which was already given in [2].

Corollary 2.13: Let 1 2 .A C∈  Then 
1

2 2 2
1 1 2 2 1 1 1 2 1 1 22 ( ) ( ) .A iA w A A iA A iA∗ ∗ ∗± ≤ ≤ + + −     

Theorem 2.14: Let 1 2 2, .A A C∈  Then 

2 2 2 2 2 1
1 2 2 1 2 2 2

2

0
0

max{ ( ) , ( ) } 2 .A
A

A A A A w∗ ∗   
     

− + ≤   

Proof: From the first inequality in (2.1), we have 

2 2 21
2 1 2 2 1 2 2

2
2 2

1 2 2 1 2 2

2 2
2 2

1 2 1 2 2

2 * 2
1 2 2

0
0

4

( ) ( )
(using the  inequality , for any operator )

( ) ( )
(using the triangle inequality)
= 2 2( ) .

n n

A
A

w A A A A

A A A A
X X X

A A A A

A A

∗ ∗

∗ ∗

∗ ∗

  
     

≥ + + −

≥ + + −

≤

≥ + + −

+

   

 

 

   

   

On the other hand, we have 
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2 2 21
2 1 2 2 1 2 2

2
2 2

1 2 2 1 2 2
2 2

1 2 1 2 2
2 * 2
1 2 2

0
0

4

( ) ( )
( ) ( )

= 2 2( ) .

A
A

w A iA A iA

A iA A iA
A iA A iA
A A

∗ ∗

∗ ∗

∗ ∗

  
     

≥ + + −

≥ + + −

≥ + + −

−

   

 

 

   

Corollary 2.15: Let 1 2 .A C∈  Then 
2 2 2 2 2
1 1 2 1 1 2 2 1

1
4 max{ ( ) , ( ) } ( ).A A A A w A∗ ∗− + ≤   

Theorem 2.16: Let 1 2 2, .A A C∈  Then 

* 2 1
1 2 2 1 2 2

2

1 0
2 0

.A
A

A A A A w∗   
     

+ ≤ 

Lemma 2.17: [7] Let , 0c b ≥  and 0 1.a≤ ≤  Then 
1 1

1 1

1. ( (1 ) ) ( (1 ) ) for 0 < .

2. ( ) ( ) for 0 < .

r s

s r

r r s s

s s r r

c b c b r s

c b c b r s

a a a a+ − ≤ + − ≤

+ ≤ + ≤  

Theorem 2.18: Let 1 2T C∈  with 1 = .T A iB+  Then 

2 1
2 1 2 2

2 1 2 2

1. ( ) 2 ( ) 2.
2. ( ) 0 < 2.

r
r r r

r r r

w T A B for r
w T A B for r

−≤ + ≥

≤ + ≤

   

     

Proof: From the inequality in Corollary (2.2), we have 
2 2

2 1 2 2( ) .w T A B≤ +   

Using Lemma 2.17 (1), we get 
1

2 2 22 1 2 2

1

2 2

1 1

2 2

( )
22

2

= 2 ( ) .

r r r

r rr r

w T A B

A B

A B
−

 +  
 

 +  
 

≤

≤

+

   

   

   

Again, using Lemma 2.17 (2), we obtain 
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1
2

1

2 2
2 1 2 2

2 2

( ) ( )

( ) .rr r

w T A B

A B

≤ +

≤ +

   

   

Theorem 2.19: Let 1 2 2, .A A C∈  Then 

1 2
2 1 2 2 2

2 1
2 max{ ( ), ( )} .A A

A A
w A w A w

  
     

≤

Proof: Let 1 2
1

2 1
= A A

A A
T  

 
  

 and 1
0

0
= ,I

I
U  

 
−  

 then 

*
2 1 2 1 2 1 1 1

* *
2 1 1 1 1 2 1 1 1 1

2 1 2 2

1
2
1
2

( ) = ( ( ) ( ))

max{ ( ), ( )}

= 2 max{ ( ), ( )}.

w T w T w U T U

w T U T U w T U T U

w A w A

+

≥ + −

Proposition 2.20: Let 1 = [ ],ijT T  where 2 ,ijT C∈  for , = 1, , .i j n  Then 
2 2 2

1 2 2 2 2
, =1

= [ ] = .
n

ij ij
i j

T T T∑      

Theorem 2.21: Let 1 = [ ],ijT T  where 2 ,ijT C∈  for , = 1, , .i j n  Then 

2 1 2( ) ([ ]),ijw T w t≤

where 

2

2
01

02

( ) if = ,
=

if .

ii

ijij

ji

T
T

w T i j
t

w i j
  
  
    



 ≠


Proof: We have

	

* *
11 12 21 1 1

* *
21 12 22 2 2

1 2

* *
1 1 2 2 2

11 2 12

1 1
2 2

1 1
2 2

1 1
2 2

1
2

( ) ( ) ( )

( ) ( ) ( )( ) =

( ) ( ) ( )

( )

=

i i i i i
n n

i i i i i
i n n

i i i i i
n n n n nn

i i

e T e T e T e T e T

e T e T e T e T e Te T

e T e T e T e T e T

e T e T

q q q q q

q q q q q
q

q q q q q

q q

− −

− −

− −

 ℜ + + 
 + ℜ + ℜ
 
 
 + + ℜ 

ℜ +





   



 

  

* *
21 2 1 1 2

* *
21 12 2 22 2 2 2 2

* *
1 1 2 2 2 2 2 2

2

1
2

1 1
2 2

1 1
2 2

( )

( )

[ ]
(by the norm monotonicity and by Lemma 2

i i i
n n

i i i i i
n n

i i i i i
n n n n nn

ij

e T e T e T

e T e T e T e T e T

e T e T e T e T e T

t

q q q

q q q q q

q q q q q

− −

− −

− −

 + 
 + ℜ + 
 
 
 + + ℜ 

≤





   



  

     

     

 

.6 (1)).
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* *
11 12 21 1 1

* *
21 12 22 2 2

1 2

* *
1 1 2 2 2

11 2 12

1 1
2 2

1 1
2 2

1 1
2 2

1
2

( ) ( ) ( )

( ) ( ) ( )( ) =

( ) ( ) ( )

( )

=

i i i i i
n n

i i i i i
i n n

i i i i i
n n n n nn

i i

e T e T e T e T e T

e T e T e T e T e Te T

e T e T e T e T e T

e T e T

q q q q q

q q q q q
q

q q q q q

q q

− −

− −

− −

 ℜ + + 
 + ℜ + ℜ
 
 
 + + ℜ 

ℜ +





   



 

  

* *
21 2 1 1 2

* *
21 12 2 22 2 2 2 2

* *
1 1 2 2 2 2 2 2

2

1
2

1 1
2 2

1 1
2 2

( )

( )

[ ]
(by the norm monotonicity and by Lemma 2

i i i
n n

i i i i i
n n

i i i i i
n n n n nn

ij

e T e T e T

e T e T e T e T e T

e T e T e T e T e T

t

q q q

q q q q q

q q q q q

− −

− −

− −

 + 
 + ℜ + 
 
 
 + + ℜ 

≤





   



  

     

     

 

.6 (1)).

Since the matrix [ ]ijt  is real symmetric, then we have 2[ ]ijt  =
2([ ]).ijw t  Hence 

	 2 1 2( ) ([ ]).ijw T w t≤

Theorem 2.22: Let 1 2 3 4 2, , , .A A A A C∈  Then 

2 2 21 2 2
2 2 1 2 4 2

3 4 3

0
0

( ) ( ) . (2.3)A A A
A A A

w w A w A w
      
               

≤ + +

Proof: By Theorem 2.21 and Lemma 2.6 (3), it follows that 

	

2
2 1 2

31 2
2 2

3 4 2
2 2 4

3

2

1 0
02

1 0
02

( )

( )

= ( ).

A
AA A

A A A
A

w A w
w w

w w A

w M

  
                      

  
  
  ≤
  
    

Since M is real symmetric, then 2 2( ) = .w M M   This completes the 
proof. 
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