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Abstract

This article provides a review that examines the mathematical principles that underlie
the three numerical approaches that are utilized the most frequently for the purpose of
solving nonlinear equations. For the purpose of demonstrating the numerical estimation
of the non-linear equation f(x)=x"3-2x-5, the methods of Bisection, Newton-Raphson, and
Secant are utilized. Using the Python programming language, the research investigates
and analyzes a number of different tactics based on their capacity to get closer to the actual
root of the function with each iteration (convergence). The Newton-Raphson and Secant
methods produce more precision and faster convergence with a limited number of iterations,
whereas the Bisection approach takes a substantially higher number of iterations to achieve
convergence. Both of these methods achieve convergence more quickly and with greater
accuracy. In order to arrive at an accurate determination of the root value of 2.09455, the
Bisection strategy managed to achieve convergence at the thirteenth iteration, whilst the
Newton-Raphson and Secant approaches were able to achieve convergence at the seventh
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and fourth iterations, respectively. As a result of analyzing three different approaches, it was
determined that the Secant method is the most efficient one. On the other hand, the Newton-
Raphson method converges more quickly but has a more challenging extraction process.
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1. Introduction

Root-finding methods refer to algorithms and techniques used to
determine the roots or solutions of equations numerically. The “root” of
an equation is a value that satisfies the equation, meaning when we plug
that value into the equation, it results in zero [1-2]. To find the root of the
function f is to locate a value of x at which a(x) = 0. The value in question
is commonly known as root of f(x). Its techniques are widely used in
several applied disciplines such as engineering, physics, chemistry, and
biosciences. A mathematical paradigm that represents a physical system
is called a root finding problem. Iterative numerical root-finding
algorithms produce a series of integers that, with a particular level of
likelihood, converge to a value that represents the root of the function [3-
5]. These integers are generated by the methods. The first value in a series
is commonly known as the “seed value.” Various root finding methods
like bisection, Newton Raphson, secant and falsi methods are all extensively
used root-finding algorithms. Various methodologies come together at
different speeds. The convergence rate depends on the beginning value.
Put simply, certain approaches converge to the root faster than others.
Convergence can happen at different rates, such as linear, quadratic, or
other rates. The main focus of this study is to evaluate and contrast the
rates of performance. To do this, a polynomial equation is created to
represent the beam deflection. Root-finding techniques are then used to
establish the precise location of the maximum deflection. Now, let’s say we
have a more complicated equation that we can’t solve by hand, like a cubic
equation. Python helps us to find approximate solutions to such equations.
Python libraries like NumPy and SciPy provide functions to do this. We
give these functions the equation and they give us an approximate
solution. These functions use a variety of methods root finding techniques
to do their calculations [6-7].
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2. Existing work

The work provided focuses primarily on algorithms for root-finding;
however, it does not address the development and comparison of
mathematical models or the evaluation of root-finding techniques [8]. The
comparison of three different root-finding algorithms is the purpose of
this research. These algorithms include the Bolzano Method, the Method
of False Position, and the Newton-Raphson Method. The research report
does not contain any information regarding the creation and evaluation of
mathematical models that are utilized in root-finding processes. The
Bolzano Method, the Method of False Position, and the Newton-Raphson
Method were some of the strategies that were applied. After the ninth
iteration, the Bolzano Method was able to achieve convergence;
nevertheless, the Newton-Raphson Method demonstrated superior
performance [9]. The given work focuses on conducting a comparative
analysis of novel hybrid root finding algorithms and conventional
methods. The text does not explicitly address the development and
comparison of mathematical models for root-finding methods. A novel
algorithm is proposed that combines the trisection and false position
methods. This algorithm is then compared with the secant, trisection,
Newton-Raphson, bisection, regula falsi, and hybrid methods. The
proposed algorithm surpasses standard methods in terms of both the
number of iterations and the time it takes to run. The hybrid algorithm
proposed by Sabharwal is also surpassed in performance. The given
research focuses on a comparative analysis of three-point methods used to
solve nonlinear equations. The method does not explicitly address the
development and comparison of mathematical models for root-finding
methods [10-11].

3. Used Methods
a) Bisection Method

One of the fundamental numerical methods for identifying the root
of a polynomial equation is the Bisection Method. The interval containing
the root of the equation is enclosed in brackets and, during each iteration,
is divided in half until the root can be found [12]. Thus, an alternative
name for the bisection method is the bracketing technique. Nevertheless,
due to its operational mechanism resembling that of the binary search
algorithm, the bisection method is alternatively referred to as the
dichotomy method, the binary search method, or the halving method. It
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relies heavily on the intermediate value theorem as its foundation. These
functions may internally utilize various methods, including the Newton-
Raphson method, the Secant method, and the bisection method.

Algorithm

Step 1) Choose initial guesses a, b.

Step 2) If f(p)f(q) >=0, then the root does not lie in this interval. Thus,
there will be no solution.

Step 3) Find the midpoint, m = (p+q)/2

i.  If the value of the function’s midpoint f(r) = 0, then c is the root.
Go to step 4.

ii. If f(p)f(r) < O the root lies between p and r. Then seta=p,b=r.
iii. Elseseta=rb=q.

Step 4) Display r as the approximate root.

b) Newton-Raphson Method

The Newton-Raphson approach is highly effective for finding the
root of a real-valued function f(x)=0. The concept is founded on the notion
thata tangent line might represent a function that possesses both continuity
and differentiability. Newton’s method tells us that a better approximation
of the root is

x,.%, 1 f6, )/ fx, ) @)

Algorithm

Step 1) Finding the value that is near to the point x=x_0
Step 2) Calculate the first order derivative of function.

Step 3) Calculating the value of the first derivative of the function at a
particular point.

Step 4) This process may be repeated as many times as necessary to get
the desired accuracy.

¢) Secant Method

It is one of the root-finding algorithms that is similar to the Newton-
Raphson method but doesn’t require the evaluation of derivatives. Instead,
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it approximates the derivative by taking the slope between two points on
the function. It's an iterative process that gradually refines the
approximation to the root.

Algorithm

Step 1) Find two initial guesses and named as x_0 and x_1.
Step 2) Inthecaseofn=1,2,3, .......

x(n+1)=x -(F(x)*( x,-x., f(x)-f(x ;) until a specific criterion for
termination has been met.

4. Convergence Rates: Bisection, Newton-Raphson, and Secant Method

The pace at which the Bisection approach converges is linear. The
Secant technique demonstrates a strong linear characteristic. In addition,
the Newton-Raphson approach utilizes a quadratic equation. The bisection
methodology exhibits a rather sluggish convergence, while the Newton-
Raphson method showcases a higher level of convergence. The bisection
process is expected to consistently converge. This discovery suggests that
the Newton-Raphson method exhibits quadratic convergence. Quadratic
convergence is the term used to describe the occurrence where the
precision of a process increases twofold with each repetition. However, it
isimportant to note that the convergence of the Newton-Raphson approach
is not universally certain. The Secant technique may fail to converge if the
initial approximations are not sufficiently proximate to the root. This
situation can arise if the function a is differentiable over the given interval
and its derivative is equal to zero at a certain point within that interval.
Therefore, the approach may not reach a convergent state in this particular
case.

5. Comparative Results

Roots-finding methods can be compared by the number of times they
need to be run, the time it takes to run, and the number of operations they
count. Table 1 shows the comparison among applied methods on criteria
of convergence speed, reliability, ease of implement and robust. Table 2
shows the Output of Bisection Method when applied on equation. Table 3
represents the Output of Newton Raphson Method when applied on
equation. Wherein Figure 1, Figure 2, Figure 3 shows the visualization of
Bisection, Newton-Raphson and secant method respectively.
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Table 1
Comparison Table among three methods
Method | Convergence speed | Reliability . Ease of Robustness
implement
Bisection Slow as it converges |High Easy to Robust
linearly. implement
Newton- Fast as it converges  |High Requires Sensitive
Raphson quadratically. derivative to initial
guess and
derivative
calculation.
Secant Faster than Bisection |[Medium Does not require |Less
but slower than High derivative sensitive to
Newton Raphson as initial guess
it converges super and less
linearly. robust than
bisection.
Table 2

Output of the Bisection method when applied to the equation

Iteration

Value of root(x)

2.5

2.25

2.125

2.0625

2.09375

2.109375

2.1015625

2.09765625

O | X || |G || W [N |-

2.095703125

—_
o

2.0947265625

—_
—_

2.09423828125

—_
N

2.094482421875
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Bisection Method
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Figure 1

Visualization of the Bisection method

Table 3
Output of Newton Raphson Method when applied on equation

Iteration Value of root(x)
1 7.0

4.76551724137931

3.3487027594802825

2.53159964100251

2.1739158849392317

2.097883686441764

2.0945577158500575

2.0945514815423265

(I[N |QI =W

Newton-Raphson
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Figure 2

Visualization of the Newton’s Raphson method
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secant method
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Figure 3

Visualization of the Secant method

6. Conclusion

Considering the result that we have done before, the Newton-
Raphson, and Secant methods are more absolutely accurate and speedy to
converge with a few steps of iterations while the Bisection method takes
too much iteration to converge. It was observed that the Bisection method
converges at the 13th iteration while Newton-Raphson and Secant methods
converge to get an exact root of 2.09455 at the 7th and 4th iterations
respectively. It was then concluded that of the three methods considered
the Secant method is the most effective to use although the Newton-
Raphson method converges faster but it requires difficulty in taking a
derivation.
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