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Abstract
The purpose of this paper is to contribute to research on fixed point theory and its 

applications to the game theory. Indeed, we show, under qualification conditions, the 
existence of a common fixed point for tow multivalued mappings as well as the existence of 
the solution of a game. 
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1.  Introduction

Minimax theory is applicable in analyzing the bargaining and 
negotiation situations. It provides insights into strategic decision making 
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and optimal bargaining strategies to maximize individual gains while 
accounting for the possible outcomes if negotiations fail.

Bargaining and negotiation are essential components of human 
interactions, whether in personal relationships or business transactions. 
These processes involve reaching a mutually satisfactory agreement 
between two or more parties who have different preferences, goals, or 
resources. The minimax theory is a mathematical approach that can be 
applied to decision making in bargaining and negotiation scenarios.

Bargaining and negotiation involve a series of strategic moves and 
counter moves by the parties involved. Each party aims to maximize her 
own benefits while considering the interests and positions of the other 
party/parties. The goal is to find a solution that satisfies all parties to the 
greatest extent possible. The minimax theory involves maximizing gains 
while minimizing losses. In the context of bargaining and negotiation, the 
minimax theory helps to identify the optimal strategy for each party by 
considering the potential outcomes and their associated values or utilities. 
The minimax strategy focuses on finding the best course of action for a 
party, assuming that the opposing party will act in a way that minimizes 
the first party’s potential gains or maximizes her potential losses. This 
strategy takes into account the worst case scenario and aims to minimize 
the potential harm or maximize the potential benefit. In bargaining and 
negotiation, the minimax theory can be applied in various ways. For 
example, it can help to determine the reservation point or the lowest 
acceptable outcome for each party. By considering the worst case scenario, 
parties can set their reservation points to ensure they do not agree to an 
outcome that is worse than their alternatives. Additionally, the minimax 
theory can be used to analyze and predict the behavior of the opposing 
party. By understanding the potential moves and strategies that the other 
party might employ, a negotiator can adjust the approach maximizing the 
potentiel gains while minimizing the potential losses. It is important to 
note that while the minimax theory provides a valuable framework for 
decision making in bargaining and negotiation, real life negotiations are 
often more complex and involve various factors beyond pure mathematical 
calculations. Psychological factors, emotions, relationships, and power 
dynamics also play significant roles in shaping negotiation outcomes. 
Therefore, the minimax theory should be used as one tool among many to 
support effective bargaining and negotiation strategies.

The game theory is to study strategic interactions between different 
actors [21], aware of the goals of the protagonists [11]. It constitutes the 
mathematical theory of strategic behaviors [15]. It is based on extensive 
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mathematical research in the field of fixed point and then applied to a 
multitude fields and scientific disciplines such as economics, international 
relations and psychology. For more details on fixed point and applications 
we refer to [2, 5, 6, 8, 12, 18, 19, 23, 25]. Gaming research accelerated after 
the establishment of Nash equilibrium by the mathematician and 
economist John Forbes Nash [23, 28, 9, 27]. This theory has been developed 
by other researchers using theoretical mathematical concepts [2, 3, 5, 13, 
20]. The game theory gradually spreads in the second half of the twentieth 
century to a multitude of domains, transforming itself into a practical tool 
at the same time as it was integrated in the analysis of many diverse 
phenomena [17]. Recently, an important application in newsvendor’s 
supply chain model was studied in [6]. The adoption of modeled game 
theory has broadened by reaching several scientific fields including those 
related to competition issues and strategic decisions making. The work of 
Robert Ysraël Aumann has linked the concepts of game theory to the 
problems of economic analysis of the market and contributed to the 
development of the Nash equilibrium by defining the correlated 
equilibrium [26, 24].

Our work is a contribution to scientific research on minimax theorem 
and application of the outcoming results to the game theory. 

2. Notations and preliminaries

Let X be a real vector space, its positive cone is denoted X+  and 
satisfies X+ + X+ ⊂ ,X+ Xl + ⊂ X+  for all 0l ≥  and X+ ∩ ( )X+− = {0}.  
As usual X will be ordered by the partial order relation x y≤ ⇔ .y x X+− ∈  
The usual partial order induced in 2 ,X  the family of all nonempty closed 
subsets of X, is defined by the relation Q Q′≤  means q q′≤  for all q Q∈  
and .q Q′ ′∈  In addition, we consider a second partial order   introduced 
in [13] and defined for all , 2XQ Q′∈  by 

, such that ,
, , such that .

x Q x Q x x
Q Q

x Q x Q x x
′ ′ ′∀ ∈ ∃ ∈ ≤′⇔  ′ ′ ′∀ ∈ ∃ ∈ ≤



It is clear that the usual order implies the second one, but the reverse 
fails. Indeeed : Consider in 2X  with 2= ,X   the subsets Q = 1[0, ]x ×

1[0, ]y  and Q′ = 2[0, ]x × 2[0, ]y  with 1 20 x x≤ ≤  and 1 20 ;y y≤ ≤  we have 
Q Q′  but .Q Q′

For more details on order topology, see [1].
Let us recall te following lemma which will be useful in the sequel.
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Lemma 2.1: [1, Lemma 2.3, Lemma 2.22, Theorem 2.23]
Let ( , )X t  be an ordered topological vector space with positive cone .X+  Then 
the following holds: 
(1)	 X is Hausdorff and its ordered intervals are closed; 
(2)	 If moreover X+  is normal then we have: 
	 (a)	 Every ordered interval is t − bounded; 
	 (b)	� If ( )i i Ix ∈  and ( )i i Iy ∈  are two nets of X satisfying 0 i ix y≤ ≤  for each i 

and 0,iy t→  then 0.ix t→  

In [22], Lothar Kaniok presented some examples of measures of 
noncompactness and some fixed point theorems for multivalued mappings 
in general topological vector space. Let X be an ordered topological vector 
space which is assumed to be Hausdorff and real, and let ,K X⊂  by ( )X  
we denote a fundamental system of circled, closed neighbourhoods of 
zero in X, and we denote by ,K ( ),co K ( )co K  the closed hull, the convex 
hull, the closed convex hull of K. For every 2 ,XK∈  ( ),M co K∈  and 

( )U X∈  The measure of noncompactness on X  is defined by: 

1( , ) := inf{ > 0 : ,...., / and , = 1,..., }.n i i i
i

J M U d D D X M D D D dU i n∃ ⊂ ⊂ − ⊂


In short, we will write ( )J M  instead of ( , ).J M U  The properties of 
such a measure of noncompactness in general topological vector spaces 
are presented in [22, Proposition 1].

An operator :T Q X X⊆ →  is called to be countably condensing if 
( )T Q  is bounded and if for any countably bounded subset Q′  of Q with 
( ) > 0J Q′  we have ( ( ))J T Q′ < ( ).J Q′

Finally, two mapings , :S T X X→  are said to be weakly isotone 
increasing if Sx TSx≤  and Tx STx≤  for all ;x X∈  similarly S and T are 
said to be weakly isotone decreasing if Sx TSx≥  and Tx STx≥  for all 

.x X∈  We say that S and T are weakly isotone if they are either weakly 
isotone increasing or weakly isotone decreasing. 

3.  Fixed point results

We generalize here,in general topological vector spaces, the results 
established in [14] in the case of Banach spaces. We prove also another 
result whith low condtions. In all the following, except express mention, X 
is a general complete topological vector space with normal cone X+  and Q 
is a nonempty closed subset of X. 
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Definition 3.1: Let :f X X→  and , :S T Q Q→  any mappings. 

(1)	� f is said to be monotone-continuous in x if ( )if x → ( )f x  for each 
increasing or decreasing net { }ix  that converges to x. 

(2)	� S and T are said to satisfy the condition QD  if for any countable 
subset A of Q and for any fixed element a Q∈  the condition { }A a⊆
∪ ( )S A ∪ ( )T A  implies the compactness of .A  

(3)	� S and T are said to satisfy the weak-condition QD  if for any monotone 
net { }ix  of Q and for any fixed a Q∈  the condition { }ix ⊆ { }a ∪

({ })iS x ∪ ({ })iT x  implies the convergence of { }.ix  

Lemma 3.2: Let ( , )X t  be an ordered topological vector space with normal cone 
.X+  Then a monotone net ( )i i Ix X∈ ⊂  is t -convergent if and only if it has a 

weakly convergent subnet. 

Definition 3.3: Let : 2XT X →  be a multivalued mapping. 
(1)	 An element x X∈  is said to be a fixed point of T if ;x Tx∈  
(2)	� T is said to be isotone increasing (resp. decreasing) if for all ,x y X∈  

such that x y≤  we have Tx Ty≤  (resp ).Tx Ty≥  

Definition 3.4: Let , : 2XS T X →  be two multivalued mappings. S and T 
are said to be weakly isotone increasing if for any x X∈  we have Sx Ty≤  
for all y Sx∈  and Tx Sy≤  for all .y Tx∈  S and T are weakly isotone 
decreasing if for any x X∈  we have Sx Ty≥  for all y Sx∈  and Tx Sy≥  for 
all ∈y Tx . They are called weakly isotone if they are either weakly isotone 
increasing or weakly isotone decreasing. 

We note here that we have analogous definitions of isotone and 
weakly isotone multivalued mappings when we consider on 2X  the 
second partial order   instead of the usual one .≤  

Definition 3.5: A multivalued mapping : 2QT Q →  is said to be countably 
condensing if ( )T Q  is bounded and if for any countably bounded subset A 
of Q with ( ) > 0J A  we have ( ( ))J T A < ( ),J A  where ( ) = .

x A
T A Tx

∈


 

Definition 3.6: Let , : 2QS T Q →  be two multivalued mappings. 
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(1)	� We say that S and T satisfy the condition QD  if for any countable 
subset A of Q and for any fixed element a Q∈  the condition A ⊆ { }a
∪ ( )S A ∪ ( )T A  implies the compactness of .A  

(2)	� S and T are said to satisfy the weak condition QD  if for any monotone 
sequence { }nx Q⊂  and for any fixed element a Q∈  the condition 
{ }nx ⊆ { }a ∪ ({ })nS x ∪ ({ })nT x  implies the convergence of { }.nx  

We remark at this level that the condition QD  implies the weak-
condition QD  in the case of multivalued mappings. Indeed, let ( )nx Q⊂  
be a monotone sequence sucht that { }nx ⊆ { }a ∪ ({ })nS x ∪ ({ })nT x  for a 
fixed element ,a Q∈  and pose = { };nQ x′  Q′  is obviousely countable and 
Q′ ⊆ { }a ∪ ( )S Q′ ∪ ( ).T Q′  By the condition ,QD  Q′  is compact; and by 
[10, p 89], ( )nx  has a convergent subsequence. The original sequence ( )nx  
is then convergente by lemma 3.2. Note also that a Hausdorff ordered 
topological vector space is regular [16, Chapter VI].. 

Theorem 3.7: Let , : 2QS T Q →  be two closed and weakly isotone multivalued 
mappings satisfying the weak-condition .QD  Then, S and T have a common fixed 
point. 

Proof: Let x Q∈  be fixed and consider the sequence ( )n nx ∈  defined by 
its first terme 0 =x x  and the recurente relations 2 1nx + ∈ 2nSx  and 2 2nx + ∈

2 1.nTx +  Suppose that S and T are weakly isotone increasing on Q. For both 
partial orders on 2 ,Q  we can build the sequence ( )nx  in any increasing 
way. Moreover we have 

0 1 3 2 4 0{ } = { } { , , ....} { , , ....} { } ({ }) ({ })n n nx x x x x x x S x T x∪ ∪ ⊆ ∪ ∪ .
By the weak-condition ,QD  the sequence ( )nx  converges to .x Q∈  

Now we get 

2 1 2 2 1 2lim lim= =n n n nn n
x x x x Sx+ +→∞ →∞

∈

and 

2 2 2 1 2 2 2 1lim= = .limn n n nn n
x x x x Tx+ + + +→∞ →∞

∈

The result x Sx∈   and x Tx∈   is then required because S and T are 
closed. The other case, S and T are weakly isotone decreasing , is done in 
the same way. 
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Theorem 3.8: Let , : 2QS T Q →  be two closed countably condensing and weakly 
isotone multivalued mappings. Then, S and T have a common fixed point. 

Proof: We show that S and T satisfy the condition .QD  Let Q′  be a countable 
subset of Q such that { }Q a′ ⊆ ∪ ( )S Q′ ∪ ( )T Q′  for a fixed element .a Q∈  
In addition Q′  is bounded since S and T are condensing, and so Q′  is 
relatively compact. In fact, in the contrary case we will have ( ) > 0,J Q′  but 
by [22, Properties 1 (6)] and the fact that S and T are condensing we obtain 

( ) max{ ({ }), ( ( )), ( ( ))} < ( )J Q J a J S Q J T Q J Q′ ′ ′ ′≤

which is a contradiction.Thus, ( ) = 0J Q′  and Q′  is compact by [22, 
Properties 1 (6)]. Finally, S and T have a common fixed point by theorem 
3.7 since the condition QD  implies the weak-condition .QD

4.  Application to game theory

The minimax theory, also known as game theory, is a mathematical 
framework that analyzes strategic interactions between multiple decision 
makers. This mathematical approach can be applied to model and analyze 
bargaining and negotiation situations where the different parties have 
special concessions and conflicting interests. It helps in determining the 
efficient outcomes in negotiation and so the optimal stratigy for each 
party. By incorporating various factors such as power dynamics, 
information asymmetry, concession patterns and the presence of multiple 
issues, the game-theoretic models help in understanding the dynamics of 
different strategies and in identifying the reservation point beyond which 
the negotiators are willing to walk away from the negotiation. Here are 
some specific and significant applications of the minmax theory in the 
field of bargaining and negotiation : 

(1)	� Nash Bargaining Solution: It is a concept in the game theory 
introduced by J.F.Nash and wich aims to find a mutually agreable 
outcome where the diffirent negotiating parties receive their 
minimum acceptable payoff. 

(2)	� ZOPA Analysis: The Zone of Possible Agreement refers to the range 
of options and potential agreements that are acceptable by the 
parties. By identifying the boundaries of the ZOPA, negotiators can 
then focus on finding mutually beneficial solutions within this zone. 
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(3)	� BATNA Analysis: The Best Alternative to a Negotiated Agreement 
refers to the alternative to take if negotiations fail. By assessing the 
potential outcomes and payoffs associated with pursuing alternative 
options, the BATNA is evaluated and the negotiators are guiden 
towards achieving better outcomes. 

(4)	� Pareto Efficiency: It refers to a state where it is impossible for a 
party to make a better off unless another party makes worse off. 
By applying the minmax theory, the negotiators can strive to reach 
Pareto-efficient agreements that maximize the joint gains for all 
parties involved. 

(5)	� Game-theoretic Strategies: It provides a set of strategies that can be 
employed during the negotiation, and suggests the concept of tit-for-
tat where the parties start with cooperation and mutual clarification. 
This strategy aims to promote trust and encourages mutually 
beneficial outcomes. 

(6)	� Risk Assessment: By evaluating the potential outcomes and their 
associated probabilities, this analysis helps negotiators in analyzing 
and managing the risks involved and making informed decisions 
that minimize potential losses. 

In summary, the minmax theory offers mathematical methodes and 
valuable tools and concepts that can facilitate and enhance the 
understanding and analysis of the decision making processes and stratigic 
intercations of the others in bargaining and negotiations. Indeed, it enables 
negotiators to analyze potential outcomes, determine optimal solutions, 
assess alternatives, and manage the negotiation process to achieve 
mutually beneficial agreements.

Let now Y be a second complete ordered locally convex space with 
normal positive cone .Y+  It is knowen that the product space X Y×  is also 
a complete ordered locally convex space with normal positive cone 

.X Y+ +×  In the sequel and without any confusion, the tow partial orders 
are denoted by the same notations ≤  and   in 2 ,X  2Y  and 2X Y×  and are 
defined in 2X Y×  by :

For any 1 2 1 2, 2 ,X YQ Q Q Q ×′ ′× × ∈  

1 2 1 2 1 1 2 2iff and ;Q Q Q Q Q Q Q Q′ ′ ′ ′× ≤ × ≤ ≤

and 

1 2 1 2 1 1 2 2iff   and .Q Q Q Q Q Q Q Q′ ′ ′ ′× ×  
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The natural projections of the product space X Y×  into X or Y defined 
respectively by Xp : ( , )x y ∈ X Y× → x X∈  and Yp : ( , )x y ∈ X Y× →
y Y∈  are continuous [7. p 81]. For arbitrary elements a X∈  and ,b Y∈  the 
mappings Xs  and Ys  defined respetively by Xs : x X∈ → ( , )x b ∈ X Y×  
and Ys : y Y∈ → ( , )a y ∈ X Y×  are continuous and ( )X Xs = { },X b×  

( )Y Ys = { }a Y×  [7, P 83]. In a product space, we consider the mesure of 
noncompactness J×  established in [4] and stated in the following theorem: 

Theorem 4.1: [4] Let iX  be a ordered topological vector spaces with measure of 
noncompactness ,iJ  for each = 1,..., .i n

Then, 

1 1 2 2( ) := ( ( ), ( ), ...., ( ))n nJ D F J D J D J D×

for each 1 2( ... ).nD X X X∈ × × ×  

Definition 4.2: The mapping Ys  is said to be 2( , )J J× -condensing on Y if 
for all bounded subset Q of Y we have 

2( ( )) < ( );YJ Q J Qs×

and the mapping Xs  is said to be 1( , )J J× -condensing on X if for all 
bounded subset Q of X we have 

1( ( )) < ( ).XJ Q J Qs×

The mapping Xp  is said to be 1( , )J J× -condensing on X if 

1( ( )) < ( ),XJ Q J Qp ×

and the mapping Yp  is said to be 2( , )J J× -condensing on Y if 

2( ( )) < ( ),YJ Q J Qp ×

for all ( ).Q X Y∈ ×  
In the context of bargaining and negotiation, the economic gain is a 

decisive element in taking choices, especially in zero-sum games. In this 
case, each actor should have a closed and bounded set of choises. The gain 
function K is then characterized by its values ( , )i jK x y  and the game is 
represented by a matrix where the bargaining stratigies are identified 
whith rows and the negotiation stratigies whith columns.

The target is to maximize the gain of the first player and to minimize 
the loss of the second player. Thus, the first player must choose 0x A∈  
such that 
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0 maxmin min( , ) = ( , ), (4.1)
y B y Bx A

K x y K x y
∈ ∈∈

and the second player must choose 0y B∈  such that 

0max maxmin( , ) = ( , ). (4.2)
y Bx A x A

K x y K x y
∈∈ ∈

Since, 0 0 0 0maxmin ( , ) ( , ) ( , ),
x Ay B

K x y K x y K x y
∈∈

≤ ≤  it follows that 
max maxmin min( , ) ( , ). (4.3)

y B y Bx A x A
K x y K x y

∈ ∈∈ ∈
≤

When equality holds in (4.3), we obtain 

0 0max maxmin min( , ) = ( , ) = ( , ). (4.4)
y B y Bx A x A

K x y K x y K x y
∈ ∈∈ ∈

The common value 0 0( . )K x y  is called the value or solution of the 
game, and 0 0,x y  are the winning strategies.

Before giving the main results of this section, let us consider the 
function f  defined for all x A∈  by 

( ) := ( , ) = min ( ),min
y B

x K x y K x Bf
∈

×

and the function y  defined for all y B∈  by 
max( ) := ( , ) = max ( );

x A
y K x y K A yy

∈
×

and assume that for each ( , ) ,x y A B∈ ×  the subsets 
:= { : ( , ) = ( )} and := { : ( , ) = ( )}y xN x A K x y y M y B K x y xy f′ ′ ′ ′∈ ∈

are nonempty. Obviousely, for any subset A B′ ′×  of ,A B× , we have 
= and =B y A x

y B x A
N N M M′ ′

′ ′∈ ∈
 

Theorem 4.3: Let ( , , )A B K  be a game where A X⊂  and B Y⊂  are nonempty 
closed subsets. Suppose that : 

(1)	 The functions ,K y  and f  are continuous; 
(2)	�  As  is 1( , )J J× -condensing on A and Bs  is 2( , )J J× -condensing on B, Ap  

is 1( , )J J× -condensing on A and Bp  is 2( , )J J× -condensing on B; 
(3)	 ,x yB M x N y B′ ′∀ ∈ ∀ ∈  and , .y xA N y M x A′ ′∀ ∈ ∀ ∈  

Then, the game ( , , )A B K  has a solution. 
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Proof: Let us consider the closed product subset =C A B×  and the 
following two multivalued mappings :

: 2 and : 2
{ } { }

C C

y x

S C T C
c N y c x M
→ →

× × 

whith = ( , ) .c x y A B∈ ×
T is closed. Indeed, let {( , )}i ix y  be a net in C such that ( , )i ix y →

( , )x y C∈  and let ( , )i iu v ∈ ( , )i iT x y  such that ( , )i iu v → ( , );u v  we have : 
( , ) ( , ) ( , ) { }

= and ( , ) = ( ).
i i i i i i i xi

i i i i i

u v T x y u v x M

u x K x v xf

∈ ⇔ ∈ ×

⇔

By continuity of K and f  we obtain =u x  and ( , )K x v = ( ),xf  and so 
( , )u v ∈ ( , ).T x y

T is countably condensing. Indeed, let Q C⊆  be a countable and 
bounded subset, by application of (2) we get : 

( , )

( , )

( , )
( , )

( )

2 ( )

2

( ( )) = ( )

= ( { } )

= ( ( ))

= ( ( ))

= ( ( ))

< ( )

( ( ))
< ( ).

A

A

A

c Q

x
x y Q

B x
x y Q

B x y
x y Q

B Q

Q

B

J T Q J Tc

J x M

J M

J M

J M

J M

J Q
J Q

p

p

p

s

s

s

p

× ×

∈

×

∈

×

∈

×

∈

×

×

×

≤









Similarly, we prove that S is closed and countably condensing.
Moreover, S and T are weakly isotone incresing relatively to the 

partial order .� In fact, let = ( , )c x y C∈  and c′ = ( , )x y′ ′ ∈ ,Sc  we have 
( , )x y′ ′ ∈ Sc ⇔ ( , )x y′ ′ ∈ yN × { }y ⇔ yx N′∈ and = ;y y′  since the partial 
order   is reflexive, then by (3) we obtain :

{ } { } , ( , ) { }, ( , ) ,y x yN y x M x y N y x y C′′ ′ ′× × ∀ ∈ × ∀ ∈  wich is equivalent 
to y yN N and ,xB M ′  in other words Sc Tc′ .c Sc′∀ ∈  By the same 
arguments we prove that Tc Sc′ .c Tc′∀ ∈

Thus, by theorem 3.8, S and T have a common fixed point = ( , ).c x y  

Now we have 
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( , ) { } ( , ) = ( , ) ( , ),max maxmin
y y Bx A x A

x y N y K x y K x y K x y
∈∈ ∈

∈ × ⇔ ≥     


( , ) { } ( , ) = ( , ) ( , ).maxmin min
x y B y Bx A

x y x M K x y K x y K x y
∈ ∈∈

∈ × ⇔ ≤     


By combining these last two inequalities with (4.3, we get 

max min( , ) ( , ) ( , ) ( , ).maxmin
y Bx A y B x A

K x y K x y K x y K x y
∈∈ ∈ ∈

≤ ≤ ≤   

This implies that 

maxmin( , ) = ( , ) = ( , ),max min
y B x Ay Bx A

K x y K x y K x y
∈ ∈∈∈

 

and the proof is complete. 
Since X+  and Y+  are two closed subsets in X and Y respectively, we 

obtain the following corollary: 

Corollary 4.4: Under the assumptions (1),(2)  and (3)  of theorem 4.3, the game 
( , , )X Y K+ +  has a solution. 

We end this paper by generalizing a result of [28]. 

Theorem 4.5: Let A X⊂  and B Y⊂  be nonempty and closed, and let Q  and 
Q′  be tow nonempty closed subsets in .A B×

Suppose that : 
(1)	� For every ( , ) ,x y A B∈ ×  The subsets xM := {y B′∈ : ( , )x y′ ∈ }Q′  and 

yN := {x A′∈ : ( , )x y′ ∈ }Q  are nonempty and closed; 
(2)	�  As  is 1( , )J J× -condensing on A and Bs  is 2( , )J J× -condensing on B, Ap  

is 1( , )J J× -condensing on A and Bp  is 2( , )J J× -condensing on B; 
(3)	 ,x yB M x N y B′ ′∀ ∈ ∀ ∈  and , .y xA N y M x A′ ′∀ ∈ ∀ ∈  

Then, the subset Q Q′∩  is nonempty. 

Proof: By the same notations used in the proof of theorem 4.3 and 
with slight modifications, we prove that S and T are closed countably 
condensing and weakly isotone increasing. Indeed, 

( , ) ( , ) ( , ) { }

= and ( , ) ;
i i i i i i i xi

i i i i

u v T x y u v x M

u x x v Q

∈ ⇔ ∈ ×

′⇔ ∈
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and so =u x  and ( , )u v Q′∈  since Q′  is closed. Thus, by theorem 3.8, S 
and T have a common fixed point ( , ).x y   In other words we get 

( , ) { } and ( , ) { } ,
y x

x y N y x y x M∈ × ∈ ×     
 

that is ( , ) .x y Q Q′∈ ∩   
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