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Abstract

The appearance of successive versions of the Gaia Data Release has prompted the

realization of many works on the Pleiades, whose objectives range from the identification
of new stars to the study of the cluster dynamics. Our study has a different focus, although
we start by identifying a subset by imposing geometric restrictions on the m45 file from the
Gaia website itself. We consider only the 2MASS stars in the file and use the stellar distances
adopted in EDR3, applying restrictions concerning a high density in the spatial distribution
and small distances between stars. With this denser nucleus, we carry out a study of the
three-dimensional point cloud with Topological Data Analysis (TDA) techniques. We
investigate its topological and geometrical structure using two TDA methods that provide
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different results. To clarify this problem, we introduce a dual method over a net of points
where null densities are obtained and will be used to discuss loops and voids. Also, two
connected components are found, and finally, we will relate the astrophysical properties of
these stars for each connected component with the deduced topological-geometrical results.
The small set can subsequently be expanded with stars from DR2, not 2MASS.

Subject Classification: (2010) 62-07, 85A15.

Keywords: Topological data analysis, Astronomy, Open clusters, Pleiades.

1. Introduction

Our goal in this paper is to conduct an introductory and prospective
study about the possible interrelationships between the topological-
geometrical structure of the Pleiades nucleus (in a range of magnitudes
limited by the values provided by the 2MASS catalogue [4] and [12]) and
the available data concerning proper motions and some astrophysical
properties. The initial positions, right ascension and declination, are taken
from 2MASS, and the rest of the data from DR2 [5], the second Data
Release of the Gaia project, including the heliocentric distances assigned
to each star [1] and [6], required to consider a three-dimensional problem.

There are already studies in which TDA techniques [2], using different
pacages such as GUDHI [9], are applied to astronomical data, but they
consider large space areas with corresponding huge distances. Such are
the cases, for example, of the articles about the Cosmic web [13] or the
study of molecular filaments in our galaxy [11]. It is evident that to apply
the information from these papers to a smaller area in our galaxy a simple
zoom would be meaningless. Different scales require different treatments
for the problems.

Going into detail about the reason for considering the Pleiades cluster
is unnecessary. We will just point out that regarding problems of galactic
distances [16] or stellar evolution [3], the better the knowledge about them,
the more we can advance in solving more ambitious problems.

There are so many papers about different issues regarding the
Pleiades open cluster that it would be presumptuous to pretend to
summarize all of them. Instead, we will limit ourselves to saying that,
although it may seem strange, how many stars constitute the cluster
mentioned above has yet to be precisely known. Indeed, there is a greater
consensus about the extension of the nucleus and the inner nucleus.
However, these last concepts should also be clearly defined, although we
can roughly relate them to a more or less high density in the concentration
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of stars. Our initial file, based on the distances taken from the Bailer Jones
etal. [1] and incorporated into DR2 and EDRS3 [6], was a file obtained from
Vizier [14] called “Pleiadest”, where more than 70,000 stars (only in right
ascension and declination) are given with 2MASS positions and also
contained in the Tycho-2 catalog [7]. This file evidently contained stars
that are indeed from the Pleiades but also others called field stars which,
by definition, do not belong to the cluster but must be differentiated from
those that do belong. The classical procedures to discern which ones can
be considered as belonging to the cluster and which are field stars make
use of specific astrophysical properties of the stars (note that in these
works, distances are not considered so that the field stars and those of the
cluster of the Pleiades are in the plane tangent to them and it is impossible,
if not by complementary methods, to distinguish them). It is no longer
surprising that there are as many different cluster proposals as authors. It
is also worth noting that the kinds of magnitudes chosen in each research
can modify the results. For this reason, Gaia’s higher range of magnitudes
can allow completing or modifying results obtained only with observations
on the celestial sphere (only with right ascension and declination, as in the
case of 2MASS). However, as this paper is part of a broader study in which
our objective will be the correction of 2MASS', we have focused on the
small set of the Pleiades and, in particular, on an even smaller subset, the
densest nucleus. This process of reduction in the data selection will be
evident during the exposition since it is a consequence of the results
obtained and the respective star selection criteria.

In the next section, we consider a first step, based on geometric data,
to reduce the initial set of points. An ideal 3D-position of the geometric
center of the cluster will be found, and a spatial vision will be given. It may
be helpful to have a view of the cluster with respect to the planes associated
with the principal components analysis (PCA) of the data set to see the
geometry intrinsic to the cluster. The equatorial plane stands out among
the coordinate planes, so it is convenient to identify it. This plane divides
the cluster into two hemispheres, one upper and one lower, which are
intrinsically connected to the geometric structure of the cluster. However,

! The final corrected 2MASS catalog will be transformed into the DR2 system with the prop-
er motions that this latter catalog provides. Later, these corrected positions will be com-
pared with the 2MASS positions given by DR2. Assuming that DR2 proper motions were
accurate, we hypothesize that the difference between the two set of positions is due to the
terrestrial 2MASS observations.
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working with a distribution of points referred to the resulting PCA planes
is unnecessary, although we may use this in later studies.

A simple visual inspection of the cloud of points allows us to see
“almost” two connected components of the considered set. We verified
that by artificially removing 24 stars, this becomes evident. Of the two
connected components, we will stay with the one that contains the most
stars, relegating the study of specific physical parameters in both
components to the final part of the work. Regarding the main connected
component, we will conduct a simple TDA study using two different
procedures to highlight an existing problem for clouds of points in general,
including the one in this work.

A subsequent study, which we call dual, based on the points of a grid
to which a null density can be associated, will allow us to open two ways
of examining the problem in more depth. On the one hand, the partial
visualization for a better vision of the topological structure of a zone of the
nucleus (in fact, only loops and voids, ignoring the connected components)
by means of an alpha complex study, computing Betti numbers depending
on the value of the alpha parameter of the filtration in which we stop the
procedure. The second idea, which will not be developed here, is
approaching a structure in two ways, the direct and the dual, until they
differ by an admissible distance.

In Section 4, we will see certain graphs on density distributions of
astrophysical parameters, their distributions as a function of the distance
to the center of the nucleus, and HR-type diagrams that may point to some
relevant properties and which can be connected to some previously
determined topological properties. Finally, we give an explanation about
the null influence in this study of the artificial elimination of the 24 stars
apart from the correct determination of two conected components

Summing up, this paper is structured in three sections:
1. Discussion about data selection.

2. Topological analysis of the nucleus of the Pleiades and its difficulties.
A proposed approach to a satisfactory resolution of the problem
through the use of a dual approach.

3. Search for relationships between the selected astrophysical data and
the topology of the Pleiades. The relationship between the physical
data, the loops and the void obtained in Section 3 will be dealt with in
a further paper, in which the proper motions will also be considered
in detail. Here we will only focus on the differences, more or less
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evident, between the two connected components that seem to exist
and the chosen astrophysical data.

4. We conclude that removing the 24 stars does not influence the
studies carried on in Section 4.

2. Data selection

We have started with a file from the Gaia web page, gea.esac.esa.int/
archive, provided by means of a search using the keyword m45 or Pleiades.
This initial file contains 108762 stars, which is clearly an excessive number
of elements: Only a few must be stars of the Pleiades, and the remaining
are field stars. In the subsequent steps, the heliocentric distances have
been taken, in parsecs, from Bailer-Jones et al. [1] (distances incorporated
into DR2 [5] and EDR3 [6]) to have the spatial coordinates of each selected
star. At this time, we are in a position to apply metric criteria to restrict
ourselves to the inner nucleus of the cluster.

From the initial file, we are left with only those stars located at a
maximum distance of 600 pc from the Sun. We accept as heliocentric
distance to the cluster’s center the value r = 136 pc, provided by Gaia DR2
(it is noteworthy that there is more than 10 pc difference with the estimate
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Figure 1

Initial 2D distribution of the stars employed in the paper in violet and those
chosen by Lodieu et al. [8] in green. As can be seen, the cluster’s shape does
not change no matter which set of stars we choose. Our sample has been ob-
tained from the approximate geometric center of the initial 2556 stars. The 3D
center is located at (68, 102.5, 53.7)
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previously provided after the Hipparcos mission). Studies carried out
after the publication of the EDR3 data suggest a cluster radius of around
10 pc. Thus, we create a new file with those stars whose heliocentric
distances are in a range between 120pc and 150pc. This new file contains
2556 2MASS stars and provides a fiducial center at the point of heliocentric
equatorial coordinates (68.1, 102.4, 53.1). The point, in 2D-equatorial
heliocentric coordinates is (AR, DEC) = (56.6° 23°). In order to compare
the state of the results, up to now, the stars obtained have been projected
onto the celestial sphere and compared with those obtained (in 2D) by
Lodieu et al. (2281 DR?2 stars, in total) [8]. Both sets of stars can be seen
overlapped in different colors in Figure 1. This catalog of 2281 stars can be
obtained from Vizier (J/ A+A/628/A66/pleiades), and it was uploaded to
this site after we independently carried out our own determination of
positions, so Figure 1 is quite representative of the similarity of the sky
area covered by their data and ours.

Two issues should be highlighted here: a) this obtained point is
fiducial, and although we refer to it as the center of the cluster, it does not
really represent its center of gravity: To obtain this, many more refinements
are needed, including determining all the stars in the cluster, their relative
positions, and their assigned masses. This issue is largely out of the
objectives of this study; b) given that we want to carry out a geometric and
topological study and try to relate it to specific values of its physical
parameters, the study is intrinsic to the cluster shape and does not depend
on the reference except, perhaps, a translation in the variable r that
represents the distance to the chosen center: the structure of the whole set
remains unchanged in all its aspects.

Figure 2

Figure 2a (left) density distribution plot of the distances to the cluster’s center.
Figure 2b (right) non-normalized density with bandwidths h=0.8 and h=1.2
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Likewise, once a center has been chosen, it is possible to find the
probability density function (pdf henceforth) of the spatial distribution,
depending on the stellar distances to that center. To this aim, we take a
slightly larger set than the last already found in order to ratify or not,
beyond the contrast with Lodieu’s stars seen in Figure 1, the choice of a
nucleus radius of 10 pc. We denote this specific nucleus as the external
nucleus of the cluster. This previously mentioned density function can be
observed in Figure 2a, where we can see that the highest densities are
found up to a distance of between 10 — 12 pc from the center. In addition,
approximations by non-normalized kernel pdf, with bandwidths h=0.8
and h=1.2, can be seen in figure 2b). Subsequently, there is another set of
stars, up to a distance of about 40 pc from the center, with a lower density
and that can be used to study the stars that are outside the cluster nucleus,
including stars that are in the process of escaping from it. We are not going
to carry out this type of study here either, so we are left with the stars that
are at a distance from the Sun, between 120 and 150 pc, and that, depending
on the center and the radius, we can frame in the cube [60, 80]x [95, 115] x
[45, 65], all heliocentric distances in pc. In order to narrow more accurately
the inner nucleus, understood as the place of the greater density of stars,
we consider a subset of stars with the property that each of them has some
other star at a distance less than or equal to one pc. We are finally left with
a set of 1005 2MASS stars, with which we will work in the rest of the paper
and which represent the 2MASS stars found in what we will call the inner
core of the cluster. Figure 3 consists of the three-dimensional representation
of the set of stars in the selected cube and where specific orientations have
been chosen for the purpose of visualization of certain geometric
structures. On the left, without the restriction of the existence of another
star at a distance less than or equal to 1 pc, and on the right with that
restriction. However, it can be globally seen in Figures 3a and 3b that the
structure remains unchanged. The resulting set has its barycentre at (68,
103.1, 55) with units in pc. The displacement of 2 pc between this point
along the z-axis and the one found with the 2556 stars determines a 2D
position for the center given by (AR, DEC)= (56.6% 24°) where there is a
variation of only one degree in the declination. See the comment in the
following paragraph on the effect of this difference.

Visually, we can highlight some particularity from these three-
dimensional graphs in Figure 3. Some details can be seen in these spatial
distributions, such as the fuzzy defined nucleus, leaving many isolated
stars. It is also observed, around the center of the figure, what could be a
tunnel, with an associated loop, over the center of the figure. Finally, it can
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be observed that a low density of stars separates two zones. We will see
that, indeed, by artificially removing this small number of stars (we have
removed 24), two connected components clearly appear (see Section 3).
This artifice is made to study if these two components (considered almost
artificially) have differences in some physical parameter. To do this, we
will wait until section 4.

Figure 3

Two different views of the nucleus of the Pleiades with different orientations
where some topological features may be intuited. Figure 3a (left) contains 2556
stars. Figure 3b (right) contains 1005 stars.

120 T T T T T T

e

vK."

100 - £ g R

i T .

20" *, % ]

Figure 4

The pink (non-normalized) graph corresponds to the upper hemisphere and
the green to the lower. An asymmetry is observed in the maximum concentra-
tion of stars for both hemispheres: the upper one close to 4pc and 3pc for the
lower one. A concentration is also observed, more accentuated in the lower
hemisphere, around 8 pc.
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3D projections on the coordinate planes of the actual graph, which is in 4D of

the estimation of the density function as a function of the heliocentric equato-

rial coordinates. A visual inspection corroborates the simple conclusions about
the cluster geometry that have already been intuited.
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Figure 6
We can appreciate that, on the right-hand side of 6a), a void appears, while on
6b), it is not detected. As for the loops, three appear using the SCHU method,
and some more using the alpha shape. See explanation in text.

3. Topological analysis of the nucleus of the Pleiades and its difficul-
ties. Proposal for approaching the problem

Firstly, to better visualize the geometric distribution intrinsic to the
cluster, we proceeded to orient the cluster according to the axes resulting
from applying the Principal Component Analysis method. Once the
change of coordinates has been made, we have split the two resulting
hemispheres with respect to the component that marks the cluster’s
equator. A density function for each hemisphere has been obtained for the
stars’ distances to the cluster’s center. We can see it in Figure 4, in which
the pink graph corresponds to the density corresponding to the upper
hemisphere and the green to the lower. An asymmetry is observed in the
maximum concentration of stars for both hemispheres: the upper one
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close to 4pc and 3pc for the lower one. A concentration is also observed,
more accentuated in the lower hemisphere, around 8 pc.

We have also computed the density for the spatial distribution and
the marginal densities with respect to the sets of variables xy, xz, and yz
from equatorial heliocentric coordinates. Due to the impossibility of
graphing the density, we have tested, for example, the partial density with
respect to the xy variables and then its projection onto the planes XY, XZ,
and YZ (see Figure 5). It should be noted that these marginal densities
have been made for the initial set of 2556 stars and in the heliocentric
position. However, we would get the same result working with the 1005
stars selected later and even obtaining the marginal densities with respect
to the axes determined by the main components and with the origin of
coordinates in the center of the cluster. These figures are in complete
agreement with the general properties concluded from a kernel density
study regarding distances to the center. Nevertheless, we have more
detailed information about the true position of the peak signals in the
more superficial analysis.

Once a global study of the geometric structure of the cluster has been
carried out, we will move on to the topological study of the cloud of points
that represent the stars. First, two persistence diagrams have been obtained
by means of two different procedures. Both of them have been applied
over the set of 1005 stars, eliminating the 24 mentioned. The first is through
an alpha complex method (Figure 6a), and the second is from a Voronoi
cells approach after a kernel smoothing application with a bootstrap band
estimation (SCHU method, from Xin Xu [15]) (Figure 6b). The bandwidth
of the alpha method has been taken similar to that obtained by bootstrap.
The difference in loops and voids is clear, and we think that this is due to
an over-smoothing in the second method. This issue will be discussed in
more detail below. We can appreciate that, on the right-hand side of Figure
6a a void appears, while in Figure 6b it is not detected. As for the loops,
three appear using the SCHU method, and some more using the alpha
shapemethod. Regarding the way of expressing the connected components,
there is also variation, although in Figure 6a we can see that there were
two originally. It is more complicated to see details in Figure 6b, probably
due to the scaling used by the calculation routines. Let us intuitively
discuss the problems arising from using the two different procedures. To
do this, in the following subsections, we will add to what has been done so
far with complementary approaches to each problem.



Figure 7

Connected components (left) and loops (right)

3.1 Connected components

We recall that both approaches to persistence diagrams have been
obtained from the original 1005 stars set where 24 stars have been
eliminated, as previously stated, to clarify the variation in the stellar
distribution in space. The alpha-shape with alpha=0.45 provides Figure 7
(left), where only two connected components are significant. One with 660
stars and the other with 61 stars. We will denote them as ccl and cc2,
respectively. Different procedures have been tried to obtain absolute
isolation of such components. This has yet to be achieved in a completely
satisfactory way, and for this reason, we do not insist more on this issue
that will be the subject of a more in-depth review in the future. However,
we include a final section with a brief discussion of the implications of
these 24 stars in the obtained result and we conclude that eliminating
them or not is irrelevant for the studies collected in Section 4.

3.2 loops

Just as in studying connected components, we can try to attribute
gravitational causes to their existence. In a real situation like ours,
explaining what a loop represents and, much more, visualizing it
geometrically is always challenging. Given the two persistence diagrams
that are as different in the H1-generators as those presented previously
seen in Figures 5a and 5b, we propose a complementary approach to try to
find the significative differences between them. Specifically, we consider a
mesh containing the cluster and, once the density function has been
calculated, we are left with the set of points of null density computed
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taking a 3D Epanechnikov model and considering specific bandwidths for
each area studied. We anticipate that we have only limited ourselves to
two areas, in which loops can be seen). It is evident that a more in-depth
study is required: actually, we want to obtain two complementary ashapes
that form, approximately, the convex hull of the set. The first ashape is
obtained from the stars, and the points of the null density mesh determine
the second. In Figure 7 (right), we can see the partial results (an interactive
graphic is available in loops.html). It is important to note that the second
procedure may be especially useful for tracking tunnels in complicated 3D
structures, such as those formed by the clouds of stars that make up the
clusters.

3.3 Void

Only one of the persistence diagrams shows a void at the end of the
filtering process. We have located it using “cycleLocation” (This
information is provided by the “ashape3d” function belonging to the
Dionysus package [10]) at the approximate point (66, 102.4, 54.9). A black
sphere with a diameter of 0.4 pc has been represented at this place to show
its situation in Figure 8. However, at this step the void has yet to be created.
When it finally appears in the persistence diagram it will be embedded in
the shape and, therefore, invisible (an interactive graphic is available in
void.html).

Figure 8

Black sphere of 0.4 pc in diameter whose center is the coordinates of the void
mentioned in the text. The initial alpha used to create the ashape is 0.45, but to
be able to visualize the ball, it has been necessary to stop at an earlier moment,

namely 0.40.
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4. Astrophysical data and topology of the Pleiades

The working data, apart from the position in right ascension,
declination, and distance, include the proper motions in right ascension
and declination (unfortunately, the percentage of stars with known radial
velocity is very low), the parallax, the effective Temperature (Teff), Br-Rp
color, average magnitude in the G-band (G), from which we deduce,
together with the parallax, the visual magnitude; the [Fe/H] concentration,
the mass, and the surface gravity (logg). The distance, in parsecs, to the
center of the cluster is denoted as r, and ccl, cc2 are the connected
components observed. The density functions have been calculated for
each selected parameter and for each connected component, as well as the
variation with the distance to the center of such parameters and some H-R
style diagrams. Let us see in figures 9-15, the graphs with the most notable

results.

Figure 9
Probability density functions for RA proper motions (left) and dec (right)
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Figure 10

Pdf for parallax (left). Pdf for mass (in solar mass, right) Red stands for cc1 and
green for cc2.
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Figure 11
Pdf for the [Fe/H] concentration (left). Density functions for logg concentration
(right)
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Figure 12

Pdf Density functions for BR-Rp (left). Red stands for cc1 and green for cc2.
Distribution in r for the Br-Rp and cc1 (right).

Figure 13

3D graphic for Teff-Br-Rp-r (right), Red stands for cc1 and black for cc2. HR
diagram (Right).
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Figure 14
HR diagram (left). Diagram of Fe-H-Br-Rp (right).
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Figure 15

Diagram for Teff-log (leftr) and Teff-FeH (right). Red and green stand for ccl
and black for cc2

From the previous figures, we can deduct some outstanding remarks to
this section:

a) There is a shift in the RA proper motions between the components,
which is less evident in DEC. A primary mode is present in both ccs,
and a secondary mode appears only in ccl. The behavior according
to r is increasing for ccl and decreasing for cc2, just the opposite
behavior of parallax. See Figure 9.

b) The star DR268301872772823552, plx=2.8720, considered an outlier,
has been eliminated for parallax. The slopes, according to r, are -0.06
for ccl (mean 7.3) and 0.07 for cc2 (mean 7.56). See Figure 10a.

c) The average of the masses is approximately 1 solar mass for ccl and
0.7 for cc2. See Figure 10b.
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d) For [Fe-H], the main peak for both ccs appears around zero, and
there is a secondary one around -0.5 with a slight displacement
between both components. See Figure 11a.

e) Forlogg, we find two modes in 4.6 and 4.9 for ccl, and 4.6 and 5 for
cc2. See Figure 10b.

f) ccl and cc2 present two common modes at r = 1 and r = 3 for Br-Rp
color, and there is an additional mode at r = 1.8 in cc1. See Figure 12
a, b.

The previous remarks are related to our interest in seeing how specific
physical parameters are reflected in the spatial distribution of the nucleus
concerning the topological and geometrical properties. We could add a
more complete analysis offering e.g. studies about the different modes of
the pdf relating to the different physical parameters. Another possibility is
the study of the different sub figures that appear in the HR-diagrams-type
in Figures 13b, 14a,b and 15a,b. The HR-diagram does not show any
anomalies and can be found in figure 12a

Finally, radial velocities are essential to launching dynamic
simulations in search of hypotheses about the birth and possible evolution
of the cluster, but there are too few data to provide conclusive studies.

5. The 24 excluded stars revisited

In sections 3 and 4, geometrical, topological, and physical studies
have been carried out without considering 24 stars. In this last section, we
briefly deal with some consequences of theis artificial removal. They are
located as a separation between the two connected components, so it is
reasonable that they have properties closer to one or the other. To see the
possible impact of their artificial removal in our study, leaving aside that
of the connected components, we have studied how far away each of the
24 stars is from the two connected components. It is immediate to see that
if we make a graph (see Figure 16), with the distances to cc1 as the OX axis
and the distance to cc2 as the OY axis, there are only three stars that are in
a band of amplitude 1 pc and centered on a straight line marking the
equidistance of both components. For two of these 3 stars, with respective
DR2 identifiers DR2 65223583812996864 and DR2 65201245688454144,
none of the physical parameters that we have considered in the study are
provided in DR2. For the third of them, that is the closest to cc2 with a
distance of 0.565pc, compared to a distance of 0.82 pc to the nearest star of
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Figure 16
Graphical representation of the distances to cc1 and cc2 of each of the removed

24 stars. A band of 1pc width is added and the vectors represent the normal-
ized proper motions. See text.

ccl, we see that most of the parameters are closer to the values
corresponding to the nearest star: concentration [Fe/H], G magnitude,
luminosity, zf flux, parallax and proper motion in declination. On the
contrary, there are more similarity to the values of the nearest star of ccl,
corresponding to the Br-Rp color and the proper motion in right ascension.
The rest of the stars are closer to ccl, all of them. In Table 1, we provide
each of the 24 stars, together with the stars from ccl and cc2, closest to
them, with their corresponding identifiers and distances. The normalized
tangent vectors with the proper motions as well as the radial velocity
when this is available, have also been included. Given the scarcity of radial
velocities, we have focused only on the normalized tangential velocities
that have been represented, showing excellent uniformity except for two
stars: one with identifier DR2 65219078390661504 and a direction opposite
to the rest, probably be due to a typing error of some sign when compiling
the catalog, which does not provide its physical parameters either, and
another, with identifier DR2 65230833717683712 that, even following a
similar direction, has a low proper motion value, in absolute value, for
declination: -11.371 mas/yr and for which no physical parameters are
available either.

Bearing in mind that the simplexes have been made with an alpha
value = 0.45, these last three mentioned stars are the ones that make it
difficult to determine the existence of the two connected components. We



1548 F.J. MARCO, M. ]. MARTINEZ AND ]J. A. LOPEZ

can therefore conclude that the study in section 4 is accurate according to
the artifice of eliminating such 24 stars since it is immediate to verify that
including the 21 stars closest to ccl does not affect the density properties
of the different physical parameters.

6. Conclusions

In this article, we have determined the Pleiades’ inner nucleus with
stars in the 2MASS catalog. To this aim, we have started from a set of stars
obtained from the data provided by Gaia and crossed them with 2MASS.
Subsequently, we have considered the distances given by DR2 and, taking
into account the position of the center of the cluster and the distance
currently accepted to it, a study of the density function of the stars as a
function of the distance to the center of the cluster has been carried out.
This provides two files, one with distances up to about 45 pc and another
up to distances of around 10-12 pc from the center with a high density,
which we understand corresponds to the nucleus. Once completed this
procedure, a more accurate delimitation was carried out, resulting in a file
with 1005 2MASS stars inside a volume of 1000 cubic pc. With this last file,
a geometrical study has been carried out using three-dimensional
projections of marginal density functions whose graphic representations
are four-dimensional when we work with three-dimensional data, having
to project onto coordinate planes to obtain, visually, some geometrical
information.

Subsequently, and after a simple visual inspection, we observed the
existence of loops and two clearly differentiated connected components.
However, using the two of the procedures detailed in the text, the
topological study of the nucleus has been carried out, applying TDA
techniques and obtaining two persistence diagrams. Initially, only one
connected component is detected by both methods, showing the difficulty
of dealing with point cloud problems of this type. Then, it was decided to
artificially eliminate 24 stars in what we could call a kind of channel
separating two undetected related components. In one of the studies, a
void emerged, while in the other, it has not. In addition to the void, two
connected components and several loops have also appeared. Thus, we
have investigated along the lines of the first of the two procedures
(alphashape3D), and we have tried to locate the indicated void and some
of the loops. To this aim, we have introduced a technique, which we have
called dual, by computing, for a network of points in the selected cube,
those points that have a null value of the estimation of the density function
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of the spatial distribution. This procedure has helped us both to locate
some loops and the only void that appears and whose data comes from
the “cycleLocation” attribute associated with the TDA function used.

After this geometrical-topological study, the density functions of
specific physical parameters have been studied, differentiating the
distributions in each of the two related components obtained. A series of
graphs allow us to obtain a series of conclusions about differences that
appear in both components for each parameter. HR-type diagrams have
also been obtained showing interesting structures, in this case in 2D, that
could be further investigated. However, our objective is not so ambitious,
and we are satisfied with showing that, indeed, each connected component
has different distributions for the same physical parameter. There are also
differences in the distributions as a function of the distance from the
center, for both connected components.

Finally, we have analyzed the possible influence of eliminating the 24
stars in our study. To do this, a table has been built in which, in addition to
each of these 24 stars, the closest ccl and cc2 stars appear, providing their
identifiers and their distances in pc to the corresponding star. Likewise,
the normalized proper motions and the radial velocity have been included.
Some anomaly has been detected, and, in particular, there are only 3 stars
out of the 24 that are between both components in a 1 pc wide band which
separates them equidistantly. For none of these 3 stars, EDR3 provides its
physical parameters. There are also anomalies in two other elements,
which are closer to ccl: one with a proper motion of the opposite sign to
that of the rest of the stars and another with a proper motion in declination
that is also different from the rest. It is noteworthy that neither of the stars
is provided physical values in the original source catalog. Leaving aside
these three stars between both components, the remaining 21 can, without
problems, be assigned to cc1 without changing any of the statistical values
studied in the form of density or distribution functions in r. It is interesting
to note that very few stars’ data include the radial velocity value. We have
also observed that the absence of astrophysical data is associated with the
stars that prevented us from correctly detecting the two ccs. Hence, the
associated distances probably contain a more significant margin of error.
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