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1. Introduction

Most of the academics debated the start and boundary value concerns
[6,7]. Wazwaz described the Adomian decomposition approach to dealing
with higher-dimensional boundary value problems [2]. Solving initial
boundary value problems with larger dimensions using the variational
iteration decomposition approach [6, 12]. Biazar J. and Aminikhah H.
used the variational iteration approach to solve Burger’s problem [12]. Wu
G. and Lee E. W. used Modified Riemann-Liouville derivatives to solve
fractional differential equations with initial boundary conditions [4]. It is
worth noting that all of these academics solved boundary value and initial
problems only by employing boundary or initial conditions [6-10]. As a
result, we propose a dependable framework by employing a novel strategy
for treating boundary value and initial problems by combining boundary
and initial conditions to get a Modified initial solution during each
iteration using the Adomian decomposition method [2, 6, 8]. These
techniques for constructing fresh initial solutions that are consecutive can
provide a more accurate answer; several problems are provided in the
given work to demonstrate the usefulness and this method’s simplicity [1,
3,5,11-13].

2. Adomian decomposition method

Adomian designed and constructed method of decomposition for
addressing nonlinear or linear problems like ODE. It entails separating the
supplied equation into linear and nonlinear components, In the initial
approximation,the derivative operator of highest order included on both
sides of the linear operator is inverted, boundary and initial conditions are
identified, as well as the terms influencing the independent variable alone
are identified. Collapsing the the unidentified function into a sequence
whose elements must be found, dividing the nonlinear function into
distinct polynomials known as Adomian’s polynomials, and identifying
the series solution’s successive terms via recurrent relation with the help
of Adomian’s polynomials. Consider the following equation

D (y))=5(v) 21

here ® denotes non-linear differential operator and & is predefined. In
®(x(y))) are broken down into Lx + Rk, where L is operator that can be
readily inverted and R is the linear operator’s remainder. Therefore, above
equation may be written as

Ix+Rx+Nx=g, (2.2)
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where Nk is a representation of the nonlinear terms in ®(x(y)). On both
sides, use the inverse operator L results in

k=¥+L"(&)-L"(Rx)-L"(Nk) (2.3)

where ¥ is the integration constant that fulfils the requirement L¥ =0.
Let suppose solution x can be written as

K=K, (2.4)
n=0
Assume Nx may be expressed as
Nk=3A (2.5)
n=0

Using the formula Adomian polynomials A, of Nk are examined.

AL N(i(liui))

TPV W

, n=0,1,2,... (2.6)

A=0

After that, replacing (2.4) and (2.5) in (2.3) gives
Sk, =+l (E)-L" (Rik,,j—L’l(iAn) (2.7)
n=0 n=0

n=0
The recurrent connection determines each term of the series (2.4).

K, =p+L(&), n=0}

2.8
K,..=L'(Rk,)-L"(A,). n>0 (2.8)

Several writers have explored the convergence of the decomposition
series.

3. Initial boundary Value Problems Solution Using ADM Method

To teach the fundamental concept of treating initial and boundary
conditions using the Adomian decomposition. We investigate the following
one-dimensional differential equation to solve Problems.

D (x(y,0))=&(y,0), 0<y<1,06>0 (3.1
with the condition

K(7,00=9,(0), X0 =g (y), 0<y<1, (3.2)

and
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k(0,0)=¢,(0), k(1,0)=¢&(0), 0>0 (3.3)

where ¢,(y),9,(7),§,(0) and & (o) are assigned functions.
Apply Laplace Transform to equation (3.1) we get,

L(D*(x(y,0))) = L(&(7,0)) (3.4)
Llk(y,0)]1=5"x(y,0)+S “LI(&(7,0)] (3.5)
k(y,0)=5"¢,(y)+ L[S "LI(&(y,0)] (3.6)

The initial solution may be expressed as
K (7,0)=,(v) +0¢,(7) (3.7)

The consecutive first solutions that we create are new x, by using a
new method for equation (3.1) at each iteration

x,(v,0)=x,(r,0)+(1-7)&(0)-x,0,0)]+7[ (0)-x,(1,0)] (3.8)

where n=0,1,2,..., Without a doubt, the new iterative initial solutions K';
of Eq. (3.1) meet boundary and the initial requirements jointly as shown in
the following.

e if 0=0 then k (0,0)=x,(7,0),
o if y=0 then x, (0,0)=¢,(0),
o if y=1 then « (1,0)=¢ (0).

In general, a new formula (3.5) approach may be used for higher
dimensional initial boundary value problems and combining boundary
and initial conditions for providing new consecutive initial solutions. &
as stated below, consider the k dimensional equation

Oy, YVyre ¥, ON=EW, Y0 ¥0), 0<Y,Yy007,<1,6>0  (3.9)
Then we have

K (V1 YprerVrO)
=K, (YY1, 0)
+1=7)8 (Vo5 7,0)=K,(0,7,,...,7,,0)]
+7, 08, (VY5007 0) =K, (LY, Y, O]+ (3.10)
A=y I (VY2 ¥ 1,0) =K, (V1) Y aree s Vi, 0,0)]
+7 8 (V1 Vo V1 0) =K, (Y Vs V0 1,0)]

where n=0,1,2,..., and boundary conditions linked to equation (3.6) take
the form
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0,7,,-,Y,0)=8, (V) Varo i ¥Vir0) KLYy ¥ s0) =8, (Y Vsreas¥VirO),
(7,,0,..,7,.,0) =8,V Vsro V0 0) K(¥1 1Y, 0) =80 (Y1 Y ares Y O,
K(j/l,...,}/kil,O,O')z501((7/1,...,]/1{71,6), Koo Ve 1,0) =8,V 10tV 0,0),

(3.11)
and the initial conditions are given by

0 Y2, 0Yi 0
K, Y arer Ve, 0) = 0, (y), K072 1i0) g () (3.12)

oo

Such as treatment of formula (3.7) when k=2 according to this
research, is a highly effective.
Using adomian decomposition method we have

k(7,0)=9,(7) (3.13)

K,.(7,0)=L"[S“LI(&(y,0)] (3.14)

putn =1 in equation (3.5) we get
KI (’}// G) = K1 (’}// O-) + (1 - 7)[’((0/ O-) - Kl (0/ G)] + 7’[’((1/ G) - K'l(l,O')] (315)
K,(v,0)= L[S “L((x,),,)] (3.16)

In similar manner we find x,,k, and so on ...

K=K, +K +K,+K, +... (3.17)

4. Applications

Example 1: Consider heat-like equation

%k 1 0
aa§—§y2#=0,0<y<1,0>0 (4.1)

subject to the conditions
k(y,00=y*, 0<y<1 (4.2)
and
k(1,0)=¢°,x(0,0)=0, 0>0 (4.3)
Now by employing a novel approximation K': in Eq. (3.5) we get

x,(v,0)=x,(r,0)+(1-7)x(0,0)-x,0,0)]+7lk,(1,0)-x,(10)]
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substituting the given condition we get,
K,(y,0)=K,(7,0)+(1-1)0-k,0,0)]+7[e’ ~x,(1,0)] (44)

where n=0,1,2,... consider initial approximationis x,(y,0) =k(y,0) = y2.
Now, Let new initial approximation k, (when n =0)

Ky(7,0)=7" +y(e” 1) (4.5)
From Eq.(4.1) We have

o 1 0%
L[D!k]=L 27 ) 0<y<1l,0>0 (4.6)

Y

1 —a 1 2 %

Llx(y,0)]=5 k(y,0)+S“L 57 o (4.7)
Llx(y,0)]=S"y? +S‘“L[;y2 2;’;} (4.8)

Applying Laplace inverse on both side, we get
k(y,o)=y*+L" [S’“ %yzxyy} (4.9)
using Adomian Decompostion Method we have , k,(y,0)=7y’
K,.(r,0)=L" [S‘“ L )W} (4.10)
k,(v,0)=x,(y,0)+(1-7)k(0,0)-x,0,0)]+7lx(1,0)-K,(1,0)] (411

Putn =0 we get,

K, (7,0) =7 +(1=7)0-0]+7(e” ~1) (4.12)
K (y,0)=7"+y(e” -1) (4.13)

Similarly we find
k,(7,0)= L[S L, 7*(x;),,)] (4.14)
x,(y,0)=y’L(SL[1]) (4.15)

Kk, (y,0)=y’L'[S*"] (4.16)
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7,(y,0)=7"

1+a)
in similar manner we obatin k,(y,0) by putting n =1 therefore

K(7,0)=,(7,0)+ (1= PIK(0,0) -, 0,0)]+ 71x(1,0) -1, (1,0)]
50,00 =7 s + (- I0-01y e~ L& ]

,(7,0)=L'[S “L(;7°(x}),,)]

_ -a
K,(y,0)= Ta) T[S L(c”)]= 1—(1+2a)
In similar fashion we get
3(1

K (7,0‘) 7 T(1+3a)

and so on ...
K=K, +K +K,+K, +...
o ’ O.Za 2 O.3a

K=y +v I'l+o) Y Ir'(1+2a) Y I'(1+3a) +

) o_ot 6211 O_Sa
K=Y [1 + T(1+0) + T(1+2a) + T(1+3a) + ]

o
K =7%°

1707

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

where L is the Laplace operator , so that L is Laplace inverse operator

K(y,0)=7%"
Which is required solution.

Example 2: Consider wave-like equation

e 1o 0%
—-= <y<l,0>
60"“1 2 y ayz O O y o 0

Condition is given as

oK(y,
k(y,0)=7, %zyz, 0<y<1,

(4.25)

(4.26)
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also
k(0,0)=0, k(1,0)=1+sinho,c >0. (4.27)

Now by employing a novel approximation k, in equation (3.5) we get

x,(v,0)=x,(r,0)+(1-7)x(0,0)-x,0,0)+7[k(1,0)-K,(1,0)] (428)

where n=0,1,2,... the initial approximation is

%, (7,0)=k(y,0+ XV =y +y’c (4.29)

Now, we Start with a new initial approximation x, (when n = 0)

k,(y,0)=y+7y’0+7y(sinhc -0) (4.30)
K,,(r,0)=L"[s"* 17 (x,),1] (4.31)
K, (v,0)=x,(y,0)+(1-7)k(0,0)-«,0,0)]+7[x(1,0)-x,(1,0)] (4.32)

K; (y,0)=x (y,0)+(1-7)0~-x, (0,0)]+y[l+sinhc ~x (1,7)], (4.33)

Putn =0 we get,
K,(y,0)=k,(7,0)+(1-y)0-x,(0,0)]+y[l+sinhc -k, (1,0),  (4.34)

K,(y,0)=7+7°0+(1-y)[0-0]+y(sinho - 0) (4.35)
o,(y,0)=y+y’c+y(sinhc-0) (4.36)
Similarly we find

k(7,00 =L [S LY (x,),,)] (4.37)
x,(y,0)=y’L(S“"L[o]) (4.38)
K, (y,0)=y’L'[S"*" %2] (4.39)

S
K,(1,0)=7"L [l (4.40)

%,(1,0)= 7L [l (4.41)
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O_(oz+2)
K (y,0)= 7 T(a+2+1)

in similar manner we obatin k,(y,0) by putting n =1 therefore

K,(7,0)=x,(v,0)+(1-0)[x(0,0)~x,(0,0)]+7[k(1,0)~K,(1,0)]

G(a+2)
K(y,g) y? a+2+1 +(1-y)[0-0]+y[1+sinho - FlaarD)
©,(,0) = L[S “VLG Y (x),,)]
(2o+3)
(o+1) (0+2) o
K, (r,0)= r(a+2+1)L 1S L=y TQRar+3+1)

In similar fashion we get

9 G(3a+4)
K70 =7 taran

o+2) 200+3) (Bo+4)

2(5( 20( 2 O

_ 2
K=ytyo+y T(a+2+1) +to T'(2o+3+1) Y FGa+4+1) "

o+2) 20+3) O_(3(x+4)

( (
o o
kK=y+ylo+ T(a+2+1) + TQa+3+1) + T@a+4+1) +..]

Which is required solution.
If we consider or=1 then wave equation become like

1 o? o’k
r 2° P =0, 0<y<1l,0>0
subject to conditions as above
Therefore we get

253
KI(J/,O') = 73!

255
KZ(’}/,O') = 7/5!

K, (7’, O-) = 71

1709

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)
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and so on, the series solution is provided by

K(7,6)=y+}/2[6+%?+%?+07j+~-] (4.54)
hence
k(y,0)=y +y’sinhc (4.55)
Which is required solution.

Example 3: Consider
%=%5zg%+%yzg, 0<y,6<1,6>0 (4.56)

and initial conditions
K(y,8,0)=y2+8%, X0 (32157 (4.57)

with boundary conditions
x(0,6,0)=6%"°, k(1,8,0)=(1+68%)e’,

, o (4.58)
k(y,0,0)=y%e¢°, k(y,1,0)=1+7")e*

Now by employing a novel approximation k, in Eq. (3.8)
x,(7,8,0)=x,(y,8,0)+(1-y)[8% ° -«,(0,6,0)]+7[(1+6%)e —x,(1,8,0)]
+1-0)y’e —x,(7,0,0)]+8[(1+7")e* -, (7,1,0)]

where n=0,1,2,... the initial approximation is

K,(y,6,0)=(y*+6*)-(y*+8*)o

We Start with a new initial approximation «, (when n=0)
K,(v,6,0)=y>+8"—(y* +6°)0+(1-7)[6%° -6 +6°0]
+7[(1+8%)e™” —(1+8%)+(1+8%)o]+(1-8)[y’e  —y* +7’0]
+O0[1+y2)e —(y* + 1)+ (y* + o] (4.59)
=—y-8+ye°+8e " +y%e " +8%° +(y+06)o

we have

My 1 d 1, 208%
L[a ]—L[§5 WJFEY —1], 0<y<1,0>0, (4.60)

Ga+1 652

where L is the Laplace operator, and L™ is Laplace inverse operator
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Using a novel approach to initial solutions k, The formula of iteration
becomes,

* _ 71| o—(a+1) 1 2627(:,()/,5,6) 1 zazic:,(y,&c)
x .,(y,6,0)=L {s L(zé = VG H (4.61)

By Using above Equation we substitute n = 0 to obtain a first iteration
as given below

2% 2.
k,(y,8,0)=L"| @[ | L220(1.0.0)  1,23%0(7,8,0)
2 67/2 2 082

K,,6,0)=(7 + 6N 57 (L]

x(y,0,0)=x,(y,6,0)+K,(y,5,0)

x(y,8,0)=(y* +8*)—(y*+8*)o +L" [S‘("“) (ﬁﬂ (4.62)
if a =1 then above example becomes
P _1gad™ [ 1,20
éﬁaz#ﬁyzé, 0<y,6<1,06>0 (4.62)

with above boundary condition We can easily check
x(y,6,0)=x,(y,6,0)+k,(y,6,0)
(2 2\ _ (2 2 A c-@f 1
k(y,0,0)=(0"+06")—(0"+0")o+L [S [EH
k(y,8,0)=(y>+68%)e°.

Which is required solution.

Example 4: Consider the equation

o+l
T =B +6x%)+2y7+28, 0<y,6<1,6>0 (4.64)

ao_aﬂ-l 2

and initial conditions

k(y,6,00=0, *120_g (4.65)

with boundary conditions

x(0,8,0)=68%0"+60°, x(1,8,0)=(1+6%)c"+(1+6)c®,

x(y,0,0)=y’c> +y0°, x(y,1,0)=(1+7*)c”+(1+y)c’. (4.66)
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Now by employing a novel approximation k, in equation (3.8) we get
k (y,6,0)=x (y,8,0)+(1-7y)6°c”+60° -« (0,5,0)]
+y[(1+6*)0* +(1+6)0° -k ,(1,6,0)]
H1-8)[y’6” +70° ~,(7,0,0)]
+8[(1+y*)o’ +(1+y)o’ -k, (y,1,0), n=0,1,2,...

The initial approximation is

k,(7,8,0)=x(7,8,0)+ 4206 = 0.

0

We begin with a novel approximation k, (when n=0)
K,(7,6,0)=(y*+8%)0” +(1-7)60° + y(1+6)c° +(1-6)yo° +5(1+y)o°
(4.67)

15 1| c(ar %k, (7,8, (1.9,
Kn+](}/,5,0')=2L]|:S( ”L(y Ka(;'z L) K;;Z G)H (4.68)

2..* 2%
K, (7,6,0)= 21" {S‘“””L(ya "";jf"’)ﬂ“ffl {5‘(“*%(5 SR ""ggf"’)ﬂ

if n=0 then equation becomes

2 % 2, *
x,(v,6,0)="L" {S“’”)L[}/a KO;;;S"’)HNjLI {sW“)L(aa ’(ogf"”ﬂ

x,(7,8,0)=15(y +o )[Lfl (ﬁﬂ

K, (v,8,0)=30(y + 5){(“"“)} (4.69)

a+3+1)

if we consider ov=1 then equation rewrite as below

sigzg(,«;w;cgépzyuzaz, 0<7,8<1,£>0 (4.70)
o

subject to given condition as above k,(y,8,0)=3(y +8)o*
We can readily check

k(y,6,0)=k,(y,8,0)+K,(y,8,0)=(y*+6%)0” +;(y +d)o*

Which is required solution .
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Example 5: Consider

e 1, 20% 1620
w1 =27 gptad G 0<7,8<1,0>0
Subject to initial conditions
K(7,8,0)=y>+8, IO _ 5"y, (4.71)

and boundary conditions

x(0,8,0)=6%°, x(1,8,0)=e " +68%°, (4.72)

k(y,0,0)=7%"°, x(y,1,0)=e" +y% . (4.73)

Now by employing a novel approximation k, in equation (3.8) we get
K; (J/l 610-) = Kn (J// 510-) + (1 - 7)[52@6 - Kn (0/ 510-)] + 7[6_6 + 6266 - K,, (1/ 610-)]
+1-6)[y’e -k ,(y,0,0)]+6[e” +y’e " -« (7,1,0)]

consider k, =(y*+6%)+(6* —y*)o

11| a(or %, (1.8, *xu(v.8,
Kn+l(’}// 6/ O—)Z EL ' |:S ( UL('}/Z a (;;:2 6) +52 . a(;/z G)):| (474)

_ 1| ctemy [ 2 %%, (1,8,0) )| L 17-1| a-teny [ 52 0%K,(v.6,0)
K,.(7,8,0)= 3L {S L(y aﬁj}zL {5 L(é aézﬂ

if n=0 then equation becomes

2 % 2 %
K1(7,5,G) — %L—l {S(aﬂ)L(yz 0 Koa(;/z,&a)ﬂ_’_;Ll {S(au)L[az 0 Koa(géé,o)n

K,(7,8,0) = L[S VL2 )]+ 1 L[S “VL(26%7)]

Kl(}/,5,0'): VZL_l [S—<a+1) (ﬁ)}—’—b‘zL_l |:S—(a+1) (:11]}

from Eq. (4.52) we get first iteration

Kk, (y,8,0)=7[(e 7 -1)+0]+8[(e” —1)—0] (4.75)

if we consider or=1 then equation rewrite as below

2
Lg2 o 0<vy,0<1,0>0

1
27 882

2 %
oc2 2 o0?
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subject to given conditions as above We can readily check
k(y,8,0)=K,(y,8,0)+K,(y,6,0)=y%e " +5%°.

Which is required solution.

Example 6: Consider the problem

6'“11(

1
Py )

2 2
26§+%5267§’ 0<y,6<1,0>0 (4.76)
6')/ 00

subject to the conditions

K(y,8,0)=87, XU _ 2 (4.77)

and boundary conditions
x(0,8,0)=6%cosho, «(1,8,0)=sinho +68°cosho, (4.78)
x(y,0,0)=y’*sinho, K(y,1,06)=ysinho +cosho. (4.79)

by employing a novel approximation «, in Eq. (3.8) we get
k (v,6,0)=x (y,6,0)+(1-7y)6’coshc -k (0,8,0)]+y[sinho +
6%cosho -« (1,6,0)]+(1-6)[y*sinhc -k, (7,0,0)]+6[y*sinho +
cosho -« (y,1,0)],

where n=0,1,2,.... The initial approximation is

K,(y,6,0)=6"+7’c

Now,Consider new approximation k, (when n=0)
Kk,(y,6,0)=8%+y’0+(1-y)[8” cosho —6*]+y[sinho + 6 cosho - 6 — 0]
+(1-68)[y*sinho —y*c]+ [y’ sinh o + cosho —1-y*0]

_ 1| atamyg [ 2 ,(r,8,0) | 52 0*k,(7.8,0)
Kn+l(y’ 5, G) - EL |:S L()f oy +6 252 )j| (4-80)

_ 1| g-(a+ 2 0%, (7,8,0) 17-1| a~(a+) 2 8%, (7,8,0)

(4.81)

if n=0 then equation becomes
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2. 2. *
sty g fr-ofo i)

K,(y,6,0)= %L‘] [S“*VL(2y*sinho)] + %L‘l [S*VL(28%cosho)]

x,(y,8,0)=y’L'[S“"VL(sinho)]+ 8°L ' [S"“*VL(cosho)]

k,(y,8,0)=yL" [S’("*” [SZLH +827 [5*0‘“) [ZLH

s°-1

for a =1 then equation rewrite as

2 2 2
;ngéngT’;Jr%sZ%’;, 0<7y,8<1,6>0 (4.82)

and it’s solution is given as below

Al eof 1 |l cof s
q 80 =rLso Lo se( ]

we obtain a first iteration

k,(y,8,7)="7"[sinho — ]+ 8*[cosho —1]

We can readily check
x(y,6,0)=k,(y,6,0)+k,(y,6,0)=y’sinho + 6 cosho

Which is required solution.

5. Conclusions

In this study, a very powerful technique for creating new initial
consecutive solutions 8, by combining boundary and initial conditions is
described in formula form (3.5) and (3.8) when k=2 This is used to
determine approximate values repeatedly 6 of the solution 8 by ADM
approach is used to address initial boundary value problems.. This
strategy for building fresh sequential initial solutions can provide a more
precise result.This paper provides Various examples to demonstrate the
efficacy and ease of a novel approach. It is crucial to note that the precise
answers for the final four cases were determined right from the first
iteration, but if we simply utilise beginning conditions, we would obtain
an accurate result by computing infinite successive solutions 6.
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