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1. Introduction

Let KG denote the group algebra of the finite group G and the finite
field K of order q=p", where characteristics of K is p and k > 0. It is
essential to remember that the unit group U(KG) of KG is the collection
of all invertible elements. Because the units are used in so many different
fields like coding theory (see [10], [11]), number theory [8], cryptography
[19] etc., the study of the structure of unit groups has naturally become an
important research area, see [9, 14, 22, 23, 28, 29, 30, 32] for some of the
recent works in this direction. Additionally, Manju et al. [15] discovered
the expressions for the idempotent elements in the dihedral group
algebras. These finding can also be used to construct unit elements in
group ring.

We recall that the subgroup generated by the commutators of the
group G is known as the derived subgroup G' of G. Also, if G’ is abelian,
then G is known as a metabelian group. The units of the semisimple
group algebras (SGA) generated by metabelian groups were identified by
Bakshi et al. in [5]. Consequently, deducing the structure of the semisimple
non-metabelian group algebras became a salient research area. Due to the
seminal work of Pazderski [26], it is possible to identify the possible orders
of non-metabelian groups (NMG). On that note, Khan et al. [12] and
Maheshwari et al. [13] computed the unit groups for groups of order 24,
whereas for the groups of order up to 120, Mittal et al. and Arvind et al.
contributed in [17, 18, 20, 27, 24, 4]. In continuation, Abhilash et al. [1]
considered all the NMG of order 128 and studied the unit groups of their
corresponding SGA. Also, Abhilash etal. [2] and Mittal et al. [21] completed
the work for groups of order 144. In addition to that, Abhilash et al. [3]
discussed the unit groups for the groups of order 162.

In this paper, our main purpose is to completely deduce the unit
groups for all the NMG up to order 180. Using [26], we can note that there
are NMG of orders 150, 160, 168 and 180 for which the unit groups of their
corresponding SGA arenot yet studied in the literature. Up toisomorphism,
we observe that there is only one non-metabelian group of order 150, two
NMG of order 160, six NMG of order 168 and one NMG of order 180. We
consider all the above-mentioned 10 groups and study the Wedderburn
decompositions (WD) (see [16]) of their corresponding SGA. From the
knowledge of WD, it is trivial to derive the unit group.

The flow of this paper is as follows. Section 2 discusses the important
definitions and results prerequisite for our work. In Section 3, we introduce
the 10 non-metablian groups to be studied in this paper. The main results
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on the unit groups of the SGA are given in the subsequent sections. The
final section concludes the paper.

2. Preliminaries

The following notations apply to this entire paper. K denotes the
finite field consists of g=p" elements with characteristic p and k>1. G
denotes the finite group. The prime p is such that p{n. Also, K,, deN
denotes the extension field of K with degree d. e denotes the exponent of
G and @ denotes the primitive e-th root of unity over K. G denotes the
Gal (K(w)/ K), where K(w) is the splitting field of K. Let us denote

T, = {s|o(w)=w’,where ¢ € G}.
Suppose the characteristic p does not divide the order of an element
x €@, then x is said to be p'-element. Let C_ denote the conjugacy class
of xand y = X h. The cyclotomic K-class of y_ is the set
heC.

“ S(r) =1y, 15T, )

The next two results are given in [7]. The first result tells us about the
number of cyclotomic K-classes and the second result is related to
cardinality of a particular cyclotomic class.

Proposition 2.1: The number of components which are simple in X7 and
the total count of distinct cyclotomic K-classes in G, where J(KG) denotes
the radical of KG, is in 1-1 correspondence.

Lemma 2.1: The total count of distinct cyclotomic K-classes in G is denoted
by 1 and let G is cyclic. Suppose the simple components of Z(I(KT%)) are
K", K?, ..., K" and the cyclotomic K-classes of G are S, S,, -+, S,,
then the cardinality of S, denoted by |S, | = [K"” :K] with a appropriate
ordering of the indices.

The next result is very crucial in our work and will help in the unique
characterization of the WD of the semi-simple group algebras. For its
proof, we refer to [16, Chapter 3].

Lemma 2.2:

(i) Let KG be a semi-simple group algebra and let N be a normal subgroup
of G. Then

KG = K[%j DAG,N),
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where A(G,N) is an ideal of KG generated by the set {n—-1:ne N'}.
(if) Let KG be a semi-simple group algebra. Then

KG=K(%]®a,9)

where K[‘f’] is the sum of all commutative simple components of KG and
A(G,G") is the sum of all others.

Further, we discuss a necessary condition for the dimension of the
matrix algebra in the WD (see [6]).

Lemma 2.3: Suppose ®,_ M (K,) is the summand of the semi-simple group
algebra KG, where p is the characteristics of K. Then, none of the n, are divided

by p.

Next, we discuss two very important results that plays a crucial role
in our main results. The idea of the proof of Lemma 2.4 follows from [31].
Lemma 2.4: Let p, and p, be two primes. Let K, =F, be a field with q, = plk1
elements and let K, = F, be a field with q,=pk elements, where k,,k, >1. Let
both the group algebras K.G, K,G be semisimple. Suppose that

KG=®_ Mn,K,) n=>1
and M(n,K\") is one of the component in the WD of the group algebra K,G for
some v >2 and any positive integer n, i.e.,
K,G =@ M(m, K, )®M(n,K), m >1.
Here K,, is a field extension of K,. Then M(n,K,) must be a

component of the WD of the group algebra K|G and it appears atleast r
times.

Proof: Let ]F denote the algebraic closure of F, . Then, using the concept
of tensor products [16], we note that

—_— ~ t o
F,G=F,§®, F, =&, M(n,F,).

On the other hand, we observe that
— — _ _
]Fqlg = qug ®[qu ]Fq1 =@ M(ml.,]Fhi ®]qu ]Fql)@M(n,]Fq; ®Iqu IE‘ql )-

By utilizing the fact that ]Fq; ®, ]F_q1 = IET%V, we can get

7
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M(n,IFL7£ ®qu IF% )= M(n,IFq) .
From the uniqueness of the decomposition, we get the result.

Lemma 2.5: [4, corollary 3.8] Let KG be a finite semisimple group algebra.
Then if there exists an irreducible representations of degree n over K, then one of
the Wedderburn components of KG is M (K). Also, if there exists k irreducible
representations of degree n over K, then M (K)" is a summand of the group
algebra KG.

Throughout this paper, let x'y"'xy =[x, y] denote the commutator of
x,y €G and let 1 denote the identity element of G. If there are j number of
conjugacy classes (CC) in G, then the representatives of the CC are

denoted by g,(=1), 8,, &,/ &

3. NMG of orders 150, 160, 168 and 180

In this section, we discuss the structure of the non-metabelian groups of

orders 150, 160, 168 and 180.

(a) There are 13 non-isomorphic groups of order 150 and only one of
them is non-metabelian, i.e., G, :=(C,xC,)xS5,.

(b) There are 238 non-isomorphic groups of order 160 and only two of
them are non-metabelian, i.e., G, := ((C, x Q) ¥ C,) x C, and G, :=
(C,x C,x C,x C)xCy) xC,.

(c) There are 57 non-isomorphic groups of order 168 and the following
six of them are non-metabelian:

1. G, ==C,xSL(2,3)

2. G :=Q,x(C,xC,)

3. G :=5L(3,2)

4. G, :=(C,xC,xC,)x(C, xC))

5. =C, x5,

6. G,:=C, xS,

(d) There are 37 non-isomorphic groups of order 180 and only one of

them is non-metabelian, i.e., G, := GL(2,4) ~ C, x A,.

0

We note that groups G,, G, and G are direct product of smaller
groups. The WD of the SGA generated by these three groups can be
computed using tensor products as in [21]. Also, the unit group of the
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group algebra K, is given in [25]. Therefore, we compute the WD of the
SGA generated by the remaining groups. More precisely, section 4
considers G, section 5 considers G,,G, and the remaining groups are
considered in section 6.

Notation: In the remaining part of this paper, we denote K=F and

K, =IFq, for i>2.

4. Unit group of group algebras generated by G,
G, =(C,xC,)xS,. The group G, has the following presentation:

G, =, 2y, x5, %, 3], [, 2,10 [, 0 L [xg, g I 2t

x5 [, 2,107 [, 2, 2 xt o [x,, x ] x)).

The sizes (S), orders (O) and the representatives (R) of the 13 CC of G,
are given below:

R 1 xl xZ x3 x4 x1x3 xlx4 x; xi x1x3x4 xlxi xg xg
s|1][15]s0[3]6] 15]15]3[6] 15 | 15[ 3]3
ol1]2]3[s5[5]w0]1w0][5][5] 10| 10]s5

It is clear that the value of e in G, is 30.

Theorem 4.1: The U(KG,) of the group algebra KG, is given below:
(1) for g={1,11} mod 30, U(KG,) = K> ® GL,(K) ® GL,(K)* ® GL (K)".
(2) for q=1{7,13,17,23} mod 30, U(KG,) = K™ ® GL,(K) ® GL, (K,)* ®
GL,(K,).
(3) for q=1{19,29} mod 30, U(KG)= K* @& GL, (K) ® GL,(K,)* ®
GL,(K).

Proof: The group algebra KG, is Artinian and semisimple. We observe
that the commutator subgroup G, = (C;xC,) x C, and %;CZ. Since
g=p" and p>5, we split the proof in the following 3 cases.

Case 1: g={1,11} mod 30. In this case, the cardinality of every cyclotomic
K-class is 1. Therefore, the decomposition of the group algebra by using
proposition 2.1 and lemma 2.1 is KG = K@M, (K), n, >1. By applying
(i) of lemma 2.2, we further deduce that =
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11
KG = K* @M, (K), n,>2.

i=1

Since the dimensions of both the sides are same, we end up with
148 =31, n,.z. This equation has 13 different solutions given as follows:
(2°,4,6,8),(2°,3°,4,9),(2°,3,4,5°,7),(2°,3°,4,6,7),(2*,3",4",8),
(2%,3,4°,5),(2",4°,6)(2°,3",5),(2°,3°,4°,5,6),(2*,3°,5,6),
(2,3%,6%),(2,37,4%,7),(3*,4).
By incorporating lemma 2.3, we conclude that p can not be 7. This
means that we are remaining with 10 choices of 7, s. We define the group

homomorphism f : G — GL, (K(11)), where K(11) is the finite field
having 11 elements, as follows:

o O = O O O
o R O O O O
_ O O O O O
O O O O O -
o O O O = O
o O O = O O
o O O O = O
O O O = W o
O O O O O =
_ o O O O O
o O R O O O
o = O O O O

w
S O O O O
S O O © v O
o O © U © O
S O = O O O
S O O O O O
g O O O O O
O O O O O W
o O © O W o
S O O O O
S O W o o o
S W o o o o
g O O O O O

Again, we define the group homomorphism f,:G — GL (K(11)) as
follows:

o O = O O O
o R O O O O
_ O O O O O
O O O O O =
o O O O = O
o O O = O O
o O O O = O
o O O = O O
o O O O O =
_ O O O O O©
o O R O O O
o R O O O O

S O O O O
S O O O W o
o O O Rk O O
S O O O O
S W o o o o
_ o O O o o
O O O O O
o O o o u o
o © © U o O
S O v O O O
S W o o o o
O O O O o O
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Both the group homomorphisms f, and f, are irreducible
representations of G, of degree 6. Therefore, lemma 2.5 implies that
M, (K(11))* must be a summand of K(11)G,. This confirms that (2,3%,67)
is the only possible choice of the values of 1, s. Therefore, we have

KG, = K*® M, (K)® M, (K)* ® M, (K)*.

Case 2: q={7,13,17,23} mod 30. In this case, the cyclotomic K-class
corresponding to g, includes g, 8,3, g, Similarly, g, incudes g,, g,
8., Also, the cyclotomic K-class corresponding to g, includes g,, while
rest of the g, s forms individual classes. Therefore, as per proposition 2.1,
lemma 2.1 and (ii) of lemma 2.2, the decomposition for this scenario is
given by
KG =K*® Mﬂ1 (Ky® an(Kz) !, an‘ (K,), n,>1=148
=1} +2-n5 +4(n; +n3).

The possible choices of 7, s fulfilling above are (2,2,3,5), (2,6,3,3),
(4,4,3,4), (6,4,2,4) and (8,4,2,3). We observe that the subgroup
N, :=(x,,x,) is normal in G and G /N, =S,. By [29], it follows that
M, (K) must be a Wedderburn component of KG,. Therefore, the unique
choice of n, s is one of (2,2,3,5) or (2,6,3,3). By lemma 2.4, if M (K,) is
a Wedderburn component of KG,, then M (K) must be a Wedderburn
component in case 1, which is not so. Therefore, (2,6,3,3) is the required
choice, which means that

KG = K*® M,(K)® M,(K,)* ® M,(K,).

Case 3: g={19,29} mod 30. In this case, the cyclotomic K-class
corresponding to g, includes g,., whereas g, incudes g,. Similarly,
g, includes g, and g, includes g, while rest of the g,s forms an
individual classes. Therefore, similar to case 2, we note that

KG =K*@ M (K)& M (K,)n >1=148= ilnf + %2-;«3.

As in case 2, we can note that M, (K) must be a Wedderburn
component. This means that we need to find the unique solution of 144 =
Yo + Yi,2-n’. Next, we define the group homomorphism f:G, —
GL, (K(19)), where K(19) is the finite field having 19 elements, as follows:
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001000 0000710
000100 000001

xl|_>100000’x2'_>100000
010000 010000
0000710 001000
000001 000100
2 2 0 0 0 0 100 0 0 0
18 11 0 0 0 0 010 0 0 0
0 0 12 2 0 0 001 17 0 0

x3'_)00181100’x4'_>0011200'
00 0 0 5 11 000 0 12 2
00 0 0 4 9 00 0 0 18 11

Therefore, as in case 1, we see that M, (K(19)) must be a Wedderburn
component of K(19)G,. So, it remains to find the unique solution of 108 =
n? + ¥7,2-n’. The last equations has 3 solutions given by (2?,4%),
(2,3,5) and (6,3"). Also, lemma 2.4 implies that M,(K,) can not be the
Wedderburn component of KG,. Furthermore, lemma 2.4 also implies
that (2%,4%) can not be the choice of n, s as if M,(K,) is the Wedderburn
component of KG,, then M2(1<)2 must be a summand in case 1, which is
not so. Therefore, the required choice of #, s is (6,3*), which means

KG, = K*® M, (K)® M,(K,)* ® M, (K).

This completes the proof.

5. Unit group of group algebras generated by G,,G,
5.1 G, =((C,xQ,)xC,)xC,.

The group G, has the following presentation:

gz = <x1’x2fx3'x4'x5'xe |xlsf[xzfx1]x;lx;1'[x3’xl]x;x;lx;l'[xyxl]
X, g Do, x T g g g [, g 1o [, I ey, x, 1
[, 2, 1x, [ x, g [, g It [, o, 1, [ o, 1 i, [xg, x,

[xﬁ,x4],x§,[x6,x5],x§>-

The sizes, orders and the representatives of the 13 CC of G, are given
below:
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2 3 4
R| 1 X, X, | Xy | Xy X X XX X X X, X X, X

S| 1| 16|10 10| 10| 1 16 16 16 16 16 16 16
Ol 1| 52| 4] 4 2 5 10 5 10 5 10 10

the value of e in G, is 20.

Theorem 5.1: The U(KG,) of the group algebra KG, is given below:

(1) for g={1,11} mod 20, U(KG,) = K ®GL,(K)’ ® GL,(K)’.

(2) for g=1{3,7,13,17} mod 20, U(KG,) =K ® K, ®GL,(K)®GL,(K,)®
GL,(K)*.

(3) for g={9,19} mod 20, U(KG,)= K ®K,? ®GL,(K)®GL,(K,)* ®
GL,(K)*.

Proof: The group algebra KG, is Artinian and semisimple. We observe
that the commutator subgroup G, =(C, xQ,)xC, and gi =C,.

Case 1: g={1,11} mod 20. In this case, the cardinality of every cyclotomic
K-class is 1. Therefore, as per proposition 2.1, lemma 2.1 and (ii) of lemma
2.2, the WD in this case is

8
KG, ~K* @ M, (K), 155 = gnf, n,>1.

Let N, :=(x,). One can note that N, is a normal subgroup of G, and
G,/ N, = (C,x C,x C,x C,)x C,. Using [5], we note that K(G,/N,) =
K® ® M,(K)’ asthe group G, /N, is metabelian. By engaging (i) of lemma
2.2, we reach at

5
KG,~K* @ M(K)' &, M, (K),80=3n7, 1, >1.

The possible choices of n,s fulfilling above are (2*,8), (2,3°,7) and
(4°). By lemma 2.3, p=7 is not possible. Next, to identify the unique
choice of n,s, we define the group homomorphism f:G, - GL, (K(11)),
where K(11) is the finite field having 11 elements as follows.

50 8 6 0010 8 1 0
06 87 0001 130

X, = X, = s Xy =
5035 1000 00 3 10
06 3 4 0100 00 3 8
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8 300 10 0 10 0 0 O

7 3 00 01 0 0 10 0 O
x4 = ’ x5 = 7 xé s .

00 3 3 00 10 O 0 0 10 O

00 4 8 00 0 10 0 0 0 10

The group homomorphism fis an irreducible representations of G, of
degree 4. Therefore, lemma 2.5 implies that M,(K(11)) must be a
Wedderburn component of K(11)G,. This confirms that (4°) is the only
possible choice of the values of 7, s. Therefore, we have

KG, = K° ® M, (K)’ ® M, (K)’.

Case 2: 4={3,7,13,17} mod 20. In this case, the cyclotomic K-class of
g, includes g, g, &,,- Similarly, ¢, includes g , g,, &5, while the
rest of the g, s forms individual classes. Therefore, similar to case 1, the
decomposition in this scenario is given by

4
KG,=K®K, @}, M, (K)®M, (K)=155=u} +4-1,m,>1.

This equation has 6 different solution sets for 7, s given by (2, 3, 5,9,
3),(3%,8,4),(3,56,7,3),(4,5,4),(4,5,7°,2),and (5, 8, 2). Due to lemma
2.3, M,(K) and M,(K) can not be the Wedderburn components in this
case. Consequently, the possible choice of 1, sis either (4,5°,4) or (5°,8,2).
For uniqueness, let (5°,8,2) be the final choice of n, s. This means M, (K,)
is a Wedderburn component in this case. Hence, lemma 2.4 implies that
MZ(K)4 must be a summand in case 1, which is not so. Therefore, the
correct value of 7, s is (4,5°,4). Thus, we have

KG, K@K, ®M,(K)® M,(K,)® M, (K)".

Case 3: 4=1{9,19} mod 20. In this case, the cyclotomic K-classes of g,
and g, club, respectively, with ¢, and g,. Similarly, ¢, and g club,
respectively, with ¢ . and g,. The remaining representatives form
individual classes. Therefore, we note that

4
KG,=K®K @' M (K)®° . M, (K,)=155=3n>+2-n2+2-n%,n >1.
i i i=1

By again considering the normal subgroup N,, we observe that K(G,
/ N)=K®o® K; ® M, (K)® (see [5]). Hence, (i) of lemma 2.2 derives that

KG =K@K. oM. (Ky¥’oM, (K)® ,M, (K,)=80=mn;+2(n;+n;),n,>1.
1 i
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The last equation has only two choices given by (4°) and (8,2).
Following the same approach of case 2, we conclude that (8,2*) cannot be
a correct choice of the values of 1, s. Consequently, we have

KG, =K®K; ® M, (K)® M, (K,)* ® M,(K)*.

This completes the proof.
52 G, =((C,xC,xC,xC,)xC)xC,.

The group G, has the following presentation:

-1..-1,.-1.-1

G, = (0,22, %, g % |28, D 2 1 Ly, Ty Do g o, g sy

[, I x0T

x5 L2, w1 Ixg, 1 g, 2,1 x5 [x, %, 1 Ixg, x, 1 e [, xg 1, ).

The sizes, orders and the representatives of the 10 CC of G, are given
below:

R|1| x| x | x X, X, XX, x,X, XX, x3
S 20 32 5 5 5 20 20 20 32
O|1]| 2 5 2 4 4 4 5

Clearly, the value of e in 9’3 is 20.

Theorem 5.2: The U(KG,) of the group algebra KG, is given below:
(1) for g={1,9,11,19} mod 20, U(KG,) = K> ® GL,(K)* ® GL,(K)".
(2) for g=1{3,7,13,17} mod 20, U(KG,) = K™ ® GL,(K,) ® GL,(K)".

Proof: The group algebra KG, is Artinian and semisimple. We observe
that the commutator subgroup G, = (C, x C, x C, x C,) x C, and 9%3 =C,.

Case 1: 4={1,9,11,19} mod 20. In this case, the cardinality of every
cyclotomic K-class is 1. Therefore, similar to previous theorem, we may
write

8
KG, ~ K? @il M”i (K), 158 = ’_:Zinf, n >1.
Let N, :=(x,,x,,x,,x,). One can note that N, is a normal subgroup

of G, and G,/N, = D,,. Using [5], we note that K(G,/N,) = K* ®
M, (K)*. By using (i) of lemma 2.2, we reach at
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KG, = K* & M, (K)’ ©, M, (K), 150 = ilnz n>1.

As per lemma 2.3, p can not be 3, 7. Moreover, M,(K) can not be a
Wedderburn component, as otherwise p=3 divides 6 which is not
possible due to lemma 2.3. Therefore, the possible choices of 7, s fulfilling
the last equation are (2,4%,5%,8) and (5°). Next, similar to case 1 of
theorem 5.1, we can define a group homomorphism from G, to GL,(K(3))
as follows:

01000 00001 10000
10000 10000 01000
X0 000 1,X,H[01000,XxH00100
00010 00100 00020
00100 00010 00002
10000 10000 20000
01000 02000 01000
X,F/0 020 0[,X,>[00 20 0[,X {00100
00010 00020 00010
00002 00002 00002

Similarly, we can define atleast two more distinct group
homomorphisms from g, to GL,(K(3)). Therefore, as per lemma 2.5, the
unique choice of n, s is (5°), which means that

KG, = K* @ M,(K)* ® M (K)".

Case 2: 4={3,7,13,17} mod 20. In this case, the cyclotomic K-class of
g, includes g, while the rest of the ¢, s form individual classes. The
decomposition for this case is given by

KG, =K* @, M, (K)®M, (K,)=>158= l_:ilnf +2-n2,m, > 1.
Due to [5], we know that K(G,/N,)=K*® M,(K,). By using (i) of
lemma 2.2, we get
Kg, ~K* ® M, (K,) &, M, (K), 150 = gnf, n>1.
Along the same lines as case 1, we conclude that we are remaining

with two possible choices of n,’s given by (2,4%,5%,8) and (5°). Further, as
in case 1, we conclude that (5°) is the required choice. Hence, we have
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KG, =K*® M,(K,) ® M,(K)".

The proof is now complete.

6. Unit group of group algebras generated by G,,G,,G,
6.1G,=Q, x(C,xC,).
The group G, has the following presentation:

G5 =Xy, Xy, X5, X, X5 |x13'[xzfxl]xglxglx;l'[x3'x1]x;lx;1'[x4'x1]x;1'[x5'x1]'

5 A PR E A EVE Y AR PR e T EOVE S M E VR PR E PR RS

The sizes, orders and the representatives of the 17 CC of g, are given
below:

R 1 X, X, x, X, X2l x| oxx, | xx, | xx

S 1 28 6 3 1 28 28 6 6 3
(@) 1 3 4 7 2 3 6 28 28 14

x2x, X,,X, x3 x,x XX XX, XXX,
28 6 3 6 6 3 6
6 28 7 28 28 14 28

Clearly, the value of e in G, is 84.

Theorem 6.1 The U(KG,) of the group algebra KG; is given below:

(1) for g={1,43} mod 84, U(KG,) = K" ®GL,(K)’ ® GL,(K)’ ® GL,(K)".

(2) for 4={5,17,47,59} mod 84, U(KG,) = K" ®K,” ® GL,(K)®GL,(K,)
®GL,(K)®GL,(K,)®GL,(K,) ®GL, (K,).

(3) for 4={11,23,53,65} mod 84, U(KG,) =K @K, ®GL,(K)®GL,(K,)
®GL,(K)’ ®GL,(K,)* ®GL (K)*

(4) for g={13,55} mod 84, U(KG,) = K" @GL,(K)’ ® GL,(K)®GL,(K,)"
®GL(K,).

(5) for g={19,31,61,73} mod 84, U(KG,) = K" @GL,(K)’ ®GL,(K)®
GL,(K,)®GL,(K,)®GL(K,).
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(6) for q=(25,37,67,79} mod 84, U(KG,)= K" ®GL,(K)’ ®GL,(K)’ ®
GL,(K,)* ®GL, (K.

(7) for g={29,71} mod 84, UKG,) =K ®K, ®GL,(K)®GL,(K,)®
GL,(K)’ ®GL, (K)".

(8) for g={41,83) mod 84, UKKG,)= K ®K,” ®GL,(K)®GL,(K,)®
GL,(K)®GL,(K,)* ®GL,(K,).

Proof: The group algebra KG, is Artinian and semi simple. We observe
that the commutator subgroup G, =C, xQ, and ;% =C,.

Case 1: g={1,43} mod 84. In this case, the cardinality of every cyclotomic
K-class is 1. Therefore, the WD of the group algebra in this case is

~ 3 ml4 _ u o,
KG =K*®"“ M (K),165=Yn*,n >1.
i i=1

We consider N, =(x,). It can be noted that N, is a normal subgroup
of G, and G, /N, = (C, x C,) x C,. Using [5], we know that K(G, / N,)
= K> ® M,(K)". This and (i) of lemma 2.2 deduce that

5
KG, = K° @ M, (K)’ &, M, (K), 84=3n},n, >1.

The last equation has only two solutions given by (2°,6%) and
(3%,4,5%). Further, lemma 2.3 guarantees that for p=5,(2°,6°) is the only
choice for n, s. This means that

KG, =K’ @ M, (K)’ ® M,(K)’ ® M, (K)*.

Case 2: g=1{5,17,47,59} mod 84. In this case, the cyclotomic K-class
corresponding to g, includes g, whereas g, includes g . Similarly,
g, incudes g, and g, includes g .. Also, the cyclotomic K-class
corresponding to g, includes g, §,,, &, 85+ §1,» While rest of the g,
s forms individual classes. The decomposition for this scenario is given by

KG, =K®K, &, M, ()&, M, (K,)®M, (K,),

2 2 5 2 2
=>165=%n +%2-n +6-n,,n >1
i=1 i=3

Using the decomposition of K(G, /N,) from [5] and (i) of lemma 2.2,
we note that
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KG, =K®K, ® M, (K)®M,(K,)® M,(K,)®M, (K)®, M, (K,),
1 i

with 84=n12 +2(n§ +n§), n,>1. The possible choices of n,s are (2,2,6)
and (4,3,5). Using lemma 2.3, we know that (4,3,5) can not be the
Wedderburn component. Thus, we have

KG, =K®K, ® M, (K)® M, (K,) ® M, (K)® M,(K,)® M,(K,)® M, (K,).

We remark that for the rest of the possibilities, decompositions can be
computed by following the same procedure as followed in cases 1 and 2.
Therefore, we skip rest of the proof.

6.2.G,=(C,xC,xC,)x(C, %C,).

The group G, has the following presentation:

G = (0,5, 2,5, 2 |, [y, 1T Do 2 s L o, T g, s

7
573 ’xZ’

-1,.-1 1,41 1.2 2 2
[xglxz]x4 x3 l[x4/x2]x5 x4 I[x5lx2]x3 /x3l[x4/x3]/[x5/x3]/x4l[x51x4]lx5>'
The sizes, orders and the representatives of the 8 CC of G, are given

below:

R 1 * X, X3 x12 XXy x12x4 X;
S 1 28 24 7 28 28 28 24
o 1 3 7 2 3 6 6 7

the value of e in G, is 42.

Theorem 6.2: The U(KG,) of the group algebra KG, is given below:

(1) for g={1,5,37) mod 42, UKG,) = K ®GL,(K)? ®GL, (K)’.

(2) for g=15,17,41) mod 42, U(KG,) =K' ® K, ®GL,(K,)®GL, (K)®
GL,(K,).

(3) for g={11,23,29) mod 42, U(KG,)= K" @ K,” ®GL,(K)* ®GL, (K)®
GL,(K,).

(4) for g={13,19,31) mod 42, U(KG,) = K* ®GL,(K,) ®GL, (K)’.

Proof: The group algebra KG, is Artinian and semisimple. We observe
that the commutator subgroup G, = (C, x C, x C,) x C, and g& =C,.

Case 1: ¢q={1,25,37}) mod 42. In this case, the cardinality of every
cyclotomic K-class is 1. Therefore, the WD of the group algebra is
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5 5
KG, ~K’®M, (K,),165=3n’,n, >1.
i=1 i i=1

We consider the normal subgroup N, =(x,,x,x;) of G,. The
corresponding factor group F =G / N, = C, x C,. Using [5], we note
that K(G, / N,) = K> ® M, (K)*. This and (i) of lemma 2.2 imply that

3
KG, ~ K> ®M,(K) @, M, (K)), 147 = %, 1, > 1.
i i=1

The last equation has a unique solution given by (7°). Therefore, we
have

KG, =K* & M,(K)* ® M, (K)’.

Case 2: q=1{5,17,41} mod 42. In this case, the cyclotomic K-class of g,
includes g, whereas g, includes g,. Similarly, g,,g, comes under same
class, while the rest of the g, s formsindividual classes. The decomposition
for this scenario is given by,

KG, =K®K,®M, (K)®M, (K,)®M, (K,)=165=n>+2(n2 +n2),n >1.
1 2 3

The last equation has a unique solution given by (7,3,7). Therefore,
we have

KG, = K@K, ® M, (K,)®M, (K)® M, (K,).

The rest of the cases can be done on the similar lines of the previous
cases.

6.3 G,=C,xS,.
The presentation of the group g, is given below:

Gy =Xy, Xy, X5, X, X |xf,[xz,xl]x;l,[x3,xl]xgs,[x4,xl]xgle,[xs,xl]xs’le,x;,
[x,,x, 0 [, 2, Ixg ot [y, It 2 [y, o 1 [, g 1 x5 [, x, 1 x2).

The sizes, orders and the representatives of the 17 CC of G, are given
below:

R 1 X, X, X, X, XX, | xx, X xx, | xx,
S 1 42 8 2 3 42 8 2 6 8
(@) 1 2 3 7 2 4 21 7 14 21
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X% X X5, X% X% XX, XX
8 2 6 8 8 6 8
21 7 14 21 21 14 21

the value of e in G, is 84.

Theorem 6.3: The U(KG,) of the group algebra KG, is given below:

(1) for g={1,41,43,83} mod 84, U(KG,) = K™ ® GL,(K)"” ®GL,(K)* ®
GL,(K)’.

(2) for q=1{5,25,17,37,47,59,67,79} mod 84, U(KG,) = K? ®GL,(K)®
GL,(K,)’ ® GL,(K)* ® GL,(K,).

(3) for g={11,19,23,31,53,61,65,73} mod 84, U(KG,)= K? ®GL,(K)®
GL,(K,)®GL,(K,)®GL,(K)* ®GL,(K,)

(4) for 4={13,29,55,71} mod 84, U(KG,) = K ®GL,(K)* ®GL,(K,)’ ®
GL,(K)* ®GL,(K)’.

Proof: The group algebra KG, is Artinian and semisimple. We observe
that the commutator subgroup G, =C, xA, and g% =C,.

Case 1: g={1,41,43,83} mod 84. In this case, the cardinality of every
cyclotomic K-class is 1. Therefore, the WD of the group algebra is

15
KG, ~K*®° M, (K,),166 =Y n’,n, >1.
i i1
Consider the normal subgroup N, =(X,,X5) of g9 with 99 / N, =

D,,. Using [5], we see that K(G, / N,) = K> @ M, (K)*. This and (i) of
lemma 2.2 imply that

5
KG, ~ K* ® M,(K)" @° | M”f (K,), 126 = g‘inf, n,>1.

Again consider the normal subgroup N,=(x,) of g, The
corresponding factor group G,/N =~ S,. By [12], we know that K(G, /
N,) = K* ® M,(K) ® M,(K)*. This means that

3
KG, ~ K* ® M,(K)" & M, (K ® , M"i (K,),108 = Elnf, n,>1.
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The last equation has only two possibilities namely (2,2,10) and (6°).
Further, lemma 2.3 confirms that for p=5,(2,2,10) can not be the choice of
n, s. Therefore, we must have

KG, =K* @ M, (K)" ® M, (K)* ® M, (K)’.

Case 2: g=1{5,25,17,37,47,59,67,79} mod 84. In this case, the cyclotomic
K-class of g, includes g,,g,, whereas g, includes g, g, . Similarly,
89,8138, comes under same class and ¢,,,8,,,8,; comes under same
class. The rest of the g, s forms individual classes. The decomposition for
this scenario is given by

KG,=K*® M (K)®, M (K,)=166=>n"+¥3-n’,n >1.
i i i=1 i=4

By proceeding in the same manner as in case 1, we can note that

KG, =K*® M,(K)® M, (K,)’ ® M,(K)* ® M, (K,).

Case 3: 4={11,19,23,31,53,61,65,73} mod 84. In this case, the cyclotomic
K-class of g, includes g,,g,, whereas g, includes g ,¢&,. Also, g,
clubs with g,,, &1 1./ 815/ &,- Other representatives forms individual
classes. The group algebra KG, decomposes as follows:

3 5 3 5
KG, =K*@M, (K)aM, (K,)®M, (K,)=166=Yn’+3¥n’ +6-n’,n,>1.
i i i=4 i 6 i=1 i=4

i=1

Using [5], we know that K(G, / N,) = K* ® M,(K) @ M, (K,) ®
M, (K,). This and (i) of lemma 2.2 give

2
KG, = K*@® M, (K)® M, (K,)® M, (K,)®M, (K) (-BMn3 (K5)
=1 i

2 2 2
=>126=%n; +3-n;,n,>1.
i=1

This equation has a unique solution given by (3,3,6). Hence, we get

KG, =K*@® M, (K)® M, (K,)® M, (K,)® M,(K)* ® M, (K,).

Case 4: q={13,29,55,71} mod 84. In this case, the cyclotomic K-classes
of g, clubs with g, . Similarly, ¢, and g, clubs, respectively with
g, and g,.. The other representatives forms individual classes. The
decomposition for this scenario is given by
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i=10

9 12
M, (K,),n,>1=166=Yn’+>2-n’,n >1.
i =

i=10
By following the procedure of previous cases, we get that

KG, =K*® M,(K)* @ M,(K,)’ ® M,(K)* ® M, (K)’.

This completes the proof.

7. Conclusion

The study of the unit group of SGA of NMG up to order 180 is

completed with this paper. It is clear that with the increase in the size of
the group, new techniques are required to uniquely characterize the unit
groups. This paper motivates researchers to find an algorithm that finds
the WD of a semisimple group algebra of any finite group.
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