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Abstract
This article’s aim is to investigate the fifth rank Sawada-kotera equation and get for 

approximate solution. Differential transform method was used, where the results were 
satisfactory and near to the optimal solution. A new hybrid modern was used between the 
numerical method and the hybrid algorithm hybrid gray Wolf and Cuckoo algorithm, where 
the approximate the shape of the solution of a polynomial and convergent series. Comparing 
the results with the exact solution shows the reliability of the hybrid technique and that the 
DTM method is an attractive, efficient and accurate method for solving systems of partial 
differential equations.
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1.  Introduction

Nonlinear PDE solutions can help researchers gain experience and 
skill for a general and complete understanding of the required process, 
and from the sciences in which nonlinear PDEs are found, the natural 
sciences including physics, mathematics, mechanical engineering and 
even medicine. However, due to the complexity of nonlinear PDEs and 
the limitations of classical mathematical techniques, we are unable to get 
optimal solutions to the problems. There had to be significant progress 
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in numerical analysis and optimal solutions for nonlinear PDEs in 
recent decades[1]. Since the beginning the 1970s, a wide broad of simple 
and direct Strategies for finding analytic solutions to PDEs have been 
developed [2]. However, many mathematicians, physicists and other 
different scientists have worked to study the optimal solutions PDEs 
because of their active and influential role in the interpretation of non-
linear phenomena, including in physics to explain part of the models 
described PDEs, and the analytical methods remain to obtain optimal 
solutions from difficult problems[3]. NLEEs are frequently employed in 
theoretical research across multiple disciplines to examine an extensive 
array of nonlinear phenomena, and investigating the solutions of NLEEs is 
critical understanding the mechanisms nonlinear phenomena [4]. 

A new technique has been proposed in this research, which is the use 
of the hybrid algorithm GWO, the basis of which is to rely on the hierarchy 
of the nature of leadership and the method of hunting for gray wolves, 
4 types of gray wolves were, namely , , , a b d g  and by implementing the 
main steps of hunting.

Where 29 well-known test functions were used with the CS algorithm, 
which works to find the best parameters of the learning strategy for the 
members of the decision layer , , .a b g  The main characteristic of hybrid 
technique (GWOCS) is the possibility of balancing between exploitation 
and exploration. Complex standard 10 functions are used. By applying 
this hybrid Technique to PDEs, we have been able to choose the best 
parameters for PDEs and thus reach the best optimal solutions. In this 
algorithm[5-7], the best values for the parameters will be chosen to be 
able to improve the approximate solutions of the equation. S-K, which 
simulates the exact solutions of the equation 

Grey wolf hierarchy (dominance decreases from top down)[8] 
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Includes gray wolf hunting mechanism[8].

2.  Mathematical Model

Nonlinear phenomena are found in many scientific and engineering 
specialties, chaotic, including fluid dynamics, nonlinear optics, 
quantum and among others. All of these phenomena are represented 
mathematically by nonlinear partial differential equations (PDEs), Where 
consider (PDEs) is the basis for representing, studying and interpreting 
non-linear phenomena and then finding the best and closest approximate 
solutions to the exact case. [9-17]. The generalized 5th order (gfKdV) 
equations are among these PDEs that are employed in the research of 
numerous significant subjects related to nonlinear physical phenomena. 
however, these highly nonlinear physical problems lack general exact 
solutions, and the gfKdV equation is exceedingly challenging. Thus 
far, the exact solution to the gfKdV equation has been discovered in 
[18] .After the equation was originally simplified to ODEs, a number of 
analytical and computational techniques were created. But putting these 
methods into practice is challenging. The KdV equation is a nonlinear 
PDEs that is commonly encountered in many physical applications and 
holds significant importance in many cases, including magneto-acoustic 
waves and  ion acoustic waves. Many extensions and modifications to this 
equation have produced a variety of versions that are present in third, fifth, 
seventh, or higher-order differential equations. Despite the difficulties 
that this equation faced from the beginning and due to its importance, 
a new technique was proposed in order to overcome the difficulties and 
obtain the best approximate solutions [19]. The Sawada–Kotera equation 
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has been used in a number of studies, including a new supersymmetric 
equation, new optimal solutions of the general Riccati equation, for exact 
soliton solutions of the [20]. Here is the general form of the S–K equation:

2 3 5
2

2 3 5
   0 (1)j j j j jd j

t r r r r r
b a d

∂ ∂ ∂ ∂ ∂∂
+ + + + =

∂ ∂ ∂ ∂ ∂ ∂

Take a look at (S–K)  eq. (1), where the initial condition is[21]:
2 2( , 0) 2 sec [ ( )] ()j n S h S r c= −

The exact solution to the eq. (1) with the initial condition (2) is offered 
in [21] as:

2 2 4( , ) 2 sec [ ( 16 ) ] (3)j n t S h S r k t c= − −

3.  The Method

In order to describe the basic idea of the scalar method DTM, we 
define the differential transformation j(r,k) in the following form[22-24]:

( , )

( , )1( , )  
!

(4)
!

o o

l p

pl
r k

j r kJ l p
l p r k

+ ∂
=  

∂ ∂  

where j(r,k) is the authentic function and J (l, p) is the transformed function. 
Then its inverse transform is defined as:

0 0

( , ) ( , )( ) 5)( () pl
o o

l p

j r k J r k r r k k
∞ ∞

= =

= − −∑∑

The relations Eq. (4) and Eq. (5) imply that:

( , )

( , )1( , )  ( )  ( ) ( )
! !

6
o

l p
pl
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j r kJ l p r r k k
l p r k

+ ∂
= − − 

∂ ∂  

In fact, taking ( , )o or k  at the origin point where the function (r, k)can 
be described with a finite series, and Eq. (5) can be written as follows:

0 0

( , ) ( , )  (7)
ji

pl

l p

J l p J r k r k
= =

≅ ∑∑
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Table 1
Operations of the two-dimensional numerical method (DTM)

Orig. function Tran. function

( , )
( , ) ( , )

j r k
u r k v r k

=
±

( , ) ( , ) ( , )j l p U l p V l p= ±

( , )  ( , )j r k u r kd= ( , )  ( , ),
where  is constant
J l p U l pd

d
=

( , )( , ) u r k
k

j r k ∂
∂

= ( , ) ( 1) ( 1, )J l p l U l p= + +

( , )
 

( , )
r s

r s
u r k

r k
j r k

+∂

∂ ∂
= ( , ) ( 1)( 2)

( )( 1)( 2)
( ) ( , )
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= + + …
+ + + …
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r k
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( , ) ( 1)( 1)
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− + − +
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0 0

( , ) ( 1) ( , )
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− + −

4.  Application

The Sawada-Kotera (SK) equation’s numerical solution has been 
identified using the DTM approach, which is covered in this section. 
Results from the suggested method, both numerical and graphical, are 
constructive, remarkable, and accurate numerical results show the strength 
and effectiveness of the proposed technique. Take into consideration the 
(Sawada-kotera) equations, Equation (1), with the initial conditions

2 3 5
2

2 3 5
    0 (8)j j j j jd j

t r r r r r
b a d

∂ ∂ ∂ ∂ ∂∂
+ + + + =

∂ ∂ ∂ ∂ ∂ ∂

By utilize the two-dimensional transform of Eq. (1) by take the related 
definitions in Table1:

2 22 [ ( )]oD S Sech S r c= −
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2
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Where:

1 2 3 4oD D D D D D= + + + +

78 74 45
47

65 4 44

1 (1.0 * 10 (2.0 * (10 cosh(0.01 )
cosh(0.01 )

64.0 * 10  * cosh(0.01 ) sinh(0.01 )) (14)

D n
n

t n n

−= ………

+

Table (2)
Approximate solution results using numerical method (DTM), at parameters

15, 0.01, 0, 45, 15S ca b d= = = = =

x t |Numerical Solution|DTM

6 0.1 3.817996*10-11

7 0.2 8.904697*10-11

8 0.3 1.522951*10-10

9 0.4 2.275158*10-10

10 0.5 3.153979*10-10

Figure 2
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By to watch the results of the used method (DTM) with the optimal 
solution, it is clear that the mistake is between 10-10 and 10-11 as shown 
in Table 2, Figure 2.

Table (3)
The results of the approximate solution ​utilizing the proposed technique 

between (DTM) and Algorithm (GWC) at parameters
30.342, 4.73198, 4.26308, 11.5541, 24.9426S ca b d= − = = − = − = −

x T |Numerical Solution|(GWC) Algorithm

6 0.1 1.356751 × 10–33

7 0.2 8.418136 × 10–37

8 0.3 2.204447 × 10–40

9 0.4 4.054656 × 10–44

10 0.5 6.145122 × 10–48 

Figure (3)
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5.  Conclusions

 In this paper, we present the solution approximate to a solution for 
partial differential equations. This goal was accomplished by applying the 
differential transformation method. Using the DTM, it is possible to find 
a very good approximate solution of the equation. It was found through 
the application of DTM that it is a strategy with accurate and effective 
results in finding accurate solutions to various types of problems. A new 
strategy was also proposed, which is between the numerical method DTM 
with a hybrid algorithm between gray Wolf and Cuckoo, where the results 
were impressive, very effective and able to find an exact solution to many 
problems. The solution to the differential equation (1), which represents 
f (x), was obtained and then, using the proposed intelligent technique, 
the roots very close to zero were obtained, representing a solution to the 
function f(x).
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