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Abstract
Convexity is one of the fundamental principles of analysis. In the last decades, many 

important inequalities are established for different classes of convex functions. In this paper, 
we propose to study a 2-point right Radau type integral inequalities for functions whose 
first derivatives are s-convex in the second sense. The cases where the first derivatives are 
bounded as well as Hölderian are also discussed. Applications to quadrature formulas and 
special means are provided.
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1.  Introduction

Integral inequalities are a potent analytical tool that are crucial to the 
study and development of many problems in several fields of science and 
engineering. This concept has a closed relationship with theory of 
convexity, see for examples [1, 3, 4, 5, 8] and their references.

As you may remember, a function : →I   is considered convex if, 
for every h, k, in I  and every e in [0,1]  (refer to [6]), we have 

( (1 ) ) ( ) (1 ) ( ).eh e k e h e k+ − ≤ + −  
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The concept of convexity has been generalized in diverse manners. 
One of them is the so-called s-convex function or Breckner convexity 
defined as follows:

A nonnegative function : [0, )I ⊂ ∞ →  is said to be s-convex in 
the second sense for some fixed (0,1],s∈  if 

( (1 ) ) ( ) (1 ) ( )s seh e k e h e k+ − ≤ + −  

holds for all ,h k∈I  and 0,1]e∈  (see [2]).
In this paper we propose to study the 2-point right Radau formula 

(see [7]) given as follows: 

( )( )2
4 3( ) 3 ( ) ( ),

k
k h h k

h
z dz k E− + + +∫   

where ( )E   is the associated approximation error.
First, we establish a novel integral identity. We create new 2-point 

right Radau type integral inequalities for functions whose first derivatives 
are s-convex in the second sense based on this identity. We also cover the 
hölderian functions and the circumstances when the first derivatives are 
bounded. There are applications for quadrature formula and special 
means given.

2.  Main results

Lemma 1: Let : ⊂ →I    be a differentiable function on ,I  ,h k∈I  with 
<h k  and 1[ , ],L h k′∈  then the following equality holds

( )

( ) ( )

3 2 1 2
2 3 2

1 1
2 2

9 3 3
0 0

( ) ( )

= 2 (1 ) (8 5) (1 ) .

k
h k

k h
k

k h h k h k

k z dz

e e h e de e e ek de

+
−

− + +

+ − ∫

 ′ ′− + + − − +∫ ∫ 
 

  

 

Proof: Let

( )
1

2
1 3

0
= 2 (1 ) h kI e e h e de+′ − +∫ 

and

( )
1

2
2 3

0
= (8 5) (1 ) .h kI e e ek de+′− − +∫ 

Integrating by parts 1 ,I  we get 
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( ) ( )

( )

1=1
6 2 6 2

1 3 3=0 0
2

3
6 2 18

3 2( )

= (1 ) (1 )
(2.1)

= ( ) .

e
h k h k

k h k he

h k

h k
k h k h h

I e e h e e h e de

z dz

+ +
− −

+

+
− −

− + − − +∫

− ∫

 

 

Similarly, we get

( ) ( )

( )

1=1
3 2 212

2 2( ) 3 3=0 0

9 15 2 18
2( ) 2( ) 3 2( ) 2

3

= (8 5) (1 ) (1 )
(2.2)

= ( ) ( ) .

e
h k h k

k h k he

k
h k

k h k h k h h k

I e e ek e ek de

k z dz

+ +
− −

+
− − − +

− − + − − +∫

+ − ∫

 

  

The required outcome is obtained by summing (2.1) and (2.2), 
multiplying the resultant equality by 9 .k h−  

Theorem 1: Let   be as in Lemma 1. If | |′  is s-convex on [ , ],h k  then we 
have

( )

( )( )1 2 1 2

1 1

3 2 1 2
2 3 2

8 (7 4) 2 3 8 (3 2) 2 522
9 ( 1)( 2) 38 ( 1)( 2) 8 ( 1)( 2)

( ) ( )

| ( )| | ( )| ,
s s s s

s s

k
h k

k h
h

s sk h h k
s s s s s s

k z dz

h k
+ + + +

+ +

+
−

+ + × − + ×− +
+ + + + + +

+ − ∫

′ ′ ′≤ + +

  

  

where 0h ≥  and s is a fixed number in (0, 1]. 

Proof: From Lemma 1, modulus and s-convexity of | |,′  we have

( )

( ) ( )

( ) ( )

( ) )

3 2 1 2
2 3 2

1 1
2 2

9 3 3
0 0

5
1 8

2 2
9 3 3

0 0
1

2
3

5
8

1

9
0

( ) ( )

2 (1 ) |8 5| (1 )

= 2 (1 ) (5 8 ) (1 )

(8 5) (1 )

2 (1 ) | ( )|

k
h k

k h
h

k h h k h k

k h h k h k

h k

sk h

k z dz

e e h e de e e ek de

e e h e de e e ek de

e e ek de

e e h e

+
−

− + +

− + +

+

−

+ − ∫

 ′ ′≤ − + + − − +∫ ∫  

 ′ ′− + + − − +∫ ∫


′+ − − +∫

′≤ − +∫

  

 

 



 ( )( )

( )( )
( )( ) )

( )

( )

( )

2
3

5
8

2
3

0
1

2
3

5
8

1 1
12

9 3
0 0

5 5
8 8

2
3

0 0

1
2

3
5
8

(5 8 ) (1 ) | ( )|

(8 5) (1 ) | ( )|

= | ( )| 2 (1 ) 2

(5 8 )(1 ) | ( )| (5 8 )

(8 5)(1

s h k

s sh k

s sh k

s sk h h k

s sh k

h k

de

e e e k de

e e e k de

h e e de e de

e e de k e e de

e

+

+

+

+− +

+

+

 ′


′ ′+ − − +∫

′ ′+ − − +∫

 ′ ′− +∫ ∫


′ ′+ − − + −∫ ∫

′+ − −∫



 

 

 

 



( )( )1 2 1 2

1 1

1

5
8

8 (7 4) 2 3 8 (3 2) 2 522
9 ( 1)( 2) 38 ( 1)( 2) 8 ( 1)( 2)

) | ( )| (8 5)

= | ( )| | ( )| ,
s s s s

s s

s s

s sk h h k
s s s s s s

e de k e e de

h k
+ + + +

+ +
+ + × − + ×− +

+ + + + + +


′+ −∫ 


′ ′ ′+ +



  
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( )

( ) ( )

( ) ( )

( ) )

3 2 1 2
2 3 2

1 1
2 2

9 3 3
0 0

5
1 8

2 2
9 3 3

0 0
1

2
3

5
8

1

9
0

( ) ( )

2 (1 ) |8 5| (1 )

= 2 (1 ) (5 8 ) (1 )

(8 5) (1 )

2 (1 ) | ( )|

k
h k

k h
h

k h h k h k

k h h k h k

h k

s sk h

k z dz

e e h e de e e ek de

e e h e de e e ek de

e e ek de

e e h e

+
−

− + +

− + +

+

−

+ − ∫

 ′ ′≤ − + + − − +∫ ∫


 ′ ′− + + − − +∫ ∫


′+ − − +∫

′ ′≤ − +∫

  

 

 



  ( )( )

( )( )
( )( ) )

( )

( )

( )

2
3

5
8

2
3

0
1

2
3

5
8

1 1
12

9 3
0 0

5 5
8 8

2
3

0 0

1
2

3
5
8

(5 8 ) (1 ) | ( )|

(8 5) (1 ) | ( )|

= | ( )| 2 (1 ) 2

(5 8 )(1 ) | ( )| (5 8 )

(8 5)(1 )

h k

s sh k

s sh k

s sk h h k

s sh k

sh k

de

e e e k de

e e e k de

h e e de e de

e e de k e e de

e e

+

+

+

+− +

+

+





′ ′+ − − +∫

′ ′+ − − +∫

 ′ ′− +∫ ∫


′ ′+ − − + −∫ ∫

′+ − −∫

 

 

 

 



( )( )1 2 1 2

1 1

1

5
8

8 (7 4) 2 3 8 (3 2) 2 522
9 ( 1)( 2) 38 ( 1)( 2) 8 ( 1)( 2)

| ( )| (8 5)

= | ( )| | ( )| ,
s s s s

s s

s

s sk h h k
s s s s s s

de k e e de

h k
+ + + +

+ +
+ + × − + ×− +

+ + + + + +


′+ −∫ 


′ ′ ′+ +



  

where we have used
1

2
( 1)( 2)

0
2 (1 ) = , (2.3)s

s se e de + +−∫

1
1 2

2
0
2 = , (2.4)s

se de+
+∫

1 2

1

5
8 8 (5 2) 3

8 ( 1)( 2)0
(5 8 )(1 ) = , (2.5)

s s

s
s s

s s
e e de

+ +

+
+ +
+ +

− −∫

2

1

5
8

5
8 ( 1)( 2)0

(5 8 ) = , (2.6)s

s
s

s s
e e de +

+ + +
−∫

2

1

1
3

8 ( 1)( 2)5
8

(8 5)(1 ) = (2.7)s

s
s

s s
e e de +

+ + +
− −∫

and
1 2

1

1
8 (3 2) 5
8 ( 1)( 2)5

8

(8 5) = . (2.8)
s s

s
s s

s s
e e de

+ +

+
− +
+ +

−∫

The proof is completed. 

Corollary 1: Under the assumptions of Theorem 1, and if | |′  is a convex 
function, then we have
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( )

( )( )

3 2 1 2
2 3 2

379 2 1571
9 3 192 3 192

( ) ( )

| ( )| | ( )| .

k
h k

k h
h

k h h k

k z dz

h k

+
−

− +

+ − ∫

′ ′ ′≤ + +

  

  

Theorem 2: Assume that all assumptions of Theorem 1 are valid. If | |q′  is 
s-convex, then we have

121
1 13

3 1 22
2 23

1
1

2 | ( )|| ( )| 35 31
9 1 1 8 1

( ) ( )

2 ,
qq h k

p p pp

k
h k

k h
h

q qh k qq khk h
p s s

k z dz

 +
  + + 

 +  − 

 
 + ′ ′+ ′ ′  +  −    +      + + +    

+ − ∫

 
   ≤ +    

  

  

where s is a fixed number in (0, 1] and , > 1q p  with 1 1 = 1.q p+  

Proof: Applying the absolute value in two sides of equality of Lemma 1, 
then Hölder’s inequality, and s-convexity of | | ,q′  we obtain

( )

3 1 22
2 23

1 1
1 1

2
9 3

0 0

1
1

1 1
2

3
0 0

1
1

2
9 3

0

( ) ( )

(2 ) (1 )

|8 5| (1 )

(2 ) (1 ) | ( )|

k
h k

k h
h

qp qpk h h k

q
qpp h k

pp qs sk h h k

k z dz

e de e h e de

e de e ek de

e de e h e

 +  − 

 − + 
 

+

− +

+ − ∫


    ′≤ − +∫ ∫      



   ′+ − − +∫ ∫      



  ′ ′≤ − +∫ 
 

  





 

5
8

5
8

1

1
1 1

1

1
1

0

1 1
1 1

2
3

0 0

2 2| ( )|
3 35 3

1 8
9( 1)

(5 8 ) (8 5) (1 ) | ( )|

2
q q

q
p p p

p

q q

p qqp p qs sh k

h k h kh
k h

s
p

de

e de e de e e k de

+ +

 
 
 

 + 
 

  + + ′ ′ ′+     −   +   +   
+


   ∫      



    ′ ′ + − + − × − +∫ ∫ ∫        

= +
  

 

1

| ( )|

1
.

q q
qk

s

 
     ′+       +  



The proof is finished. 
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Corollary 2: Under the assumptions of Theorem 2, and if | |q′  is a convex 
function, then we have

11

1

1

2 2
1 13 3

3 1 22
2 23

| ( )| ( )
5 3

2 8 29( 1)

( ) ( )

2 .
qq q

p

p

k

k

q qh k h kq
p p

h k
k h

h kk h
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k z dz

   + +
   + +   

 +  − 

  
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+ − ∫

 
 

≤ + 
 

   

  

Theorem 3: Assume that all assumptions of Theorem 1 are valid. If | |q′  is 
s-convex, then we have
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
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


 

  

 

 
,

where s is a fixed number in (0, 1] and 1.q ≥  

Proof: Applying the absolute value in two sides of equality of Lemma 1, 
then power mean inequality, s-convexity of | |′  and using (2.3)-(2.8), we 
have
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  ′ ′= +  

+



 

 

1

1 28 (3 2) 2 52
3)( 2) 17 8 ( 1)( 2)

| ( )| .
qq s s q

s
sh k

s s s
k

+ +− + × + 
 + × + +

  ′ ′+    
 
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11

11

11 1

0 0

11 1

0 0

1

0

3 1 22
2 23

2
9 3

2
3

2
9 3

( ) ( )

2 2 (1 )

|8 5| |8 5| (1 )

2 (1 ) ( )

qq

qq

k

h

q

q

qs s

h k
k h

k h h k

h k

k h h k

k z dz

ede e e h e de

e de e e ek de

e e h e

−

−

 +  − 

 − + 
 

 + 
 

− +


+ − ∫

    ′≤ − +∫ ∫      
   ′+ − − − +∫ ∫        

′ ′≤ − +∫

  





 

1

1

5
8

1

1

1

15
18

0

1

0

1

0

1

2
3

2
9 3

17
8

(5 8 ) (8 5)

|8 5| (1 ) | ( )|

2 (1 ) | ( )|

q

q

q

q

q

q

q
qs

q
q s

h k

k h h k

de

e de e de

se e e k de

se e h e de

−

−





 + 
 

 − + 
 

 
 
 

       

 
 + − + −∫ ∫  
 

   ′ ′× − − +∫      
   ′ ′= − +∫     

+

 

 

5
8

1

5
8

1

1

0

1

1 1
1

0 0

1

2
3

2
3

2
9 3

217
8 3

(5 8 ) (1 ) | ( )|

(8 5) (1 ) | ( )|

| ( )| 2 (1 ) 2

q

q

q

q
qs s

q
qs

q
q s s

h k

h k

k h h k

h k

e e e k de

se e e k de

h e e de e de+

−

 + 
 

 + 
 

 − + 
 

   +  
  

  ′ ′ − − +∫    
  ′ ′+ − − +∫      

  ′ ′= − +∫ ∫  

′+

 

 

 


5 5
8 8

1

5 5
8 8

1

0 0

1 1

2
3

1 2

2
3

2 2
9 ( 1)( 2) 2

8 (5 2) 2 317
8 17 8 ( 1

(5 8 )(1 ) | ( )| (5 8 )

(8 5)(1 ) | ( )| (8 5)

| ( )|

q

q

q
qs s

q
qs s

qq h k

s s

s

h k

k h
s s s

s
s

e e de k e e de

e e de k e e de

h  + 
 

+ +




 + 
 

−
+ + +

+ + ×

× +


′ − − + −∫ ∫


 ′ ′ + − − + −∫ ∫   

  ′ ′= +  

+



 

 

1

1 28 (3 2) 2 52
3)( 2) 17 8 ( 1)( 2)

| ( )| .
qq s s q

s
sh k

s s s
k

+ +− + × + 
 + × + +

  ′ ′+    
 

Corollary 3: Under the assumptions of Theorem 3, and if | |q′  is convex, then 

we have

1 1

2 2
3 3

3 1 22
2 23

| ( )| 2 251 157 ( )
17

9 83 408

( ) ( )

.
q q

k

h

q q qh k h kq

h k
k h

h kk h

k z dz

   + +
   
   

 +  − 

   
′ ′ ′ ′+ +   

−    
   
   
   

+ − ∫

 
 

≤ + 
  
 

   

  
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3.  Further results

Theorem 4: As in Lemma 1, let   be. If constants < < <m M−∞ +∞  exist 
such that, for every , ],x h k∈  ( ) ,m x M′≤ ≤  then we have

25( )( )3 1 22
2 2 1443

( ) ( ) .
k

h

k h M mh k
k hk z dz − − +  − 

+ − ≤∫  

Proof: Per Lemma 1, we possess

( )
( )

( )

1

0
1

0
1 1

0 0

1

0

3 1 22
2 23

2
9 3 2 2

2
3 2 2

2
9 23 2

2

( ) ( )

2 (1 )

(8 5) (1 )

2 (1 ) 2

(8 5) (1 )

k

h

h k
k h

k h h k m M m M

h k m M m M

k h m Mh k m M

h

k z dz

e e h e de

e e ek de

e e h e de ede

e e

 +  − 

 − + + + 
 

 + + +  
  

 − ++ + 
 

+

+ − ∫

 ′= − + − +∫


′+ − − + − +∫

 ′= − + − +∫ ∫


′+ − −∫

  







 ( )

( )
( )

1

0

1

0
1

0

23 2

2
9 3 2

2
3 2

(8 5)

2 (1 )

(8 5) (1 ) , (3.1)

m Mk m M

k h h k m M

h k m M

ek de e de

e e h e de

e e ek de

  ++ 
 

 − + + 
 

 + +  
  

+ − + −∫ 


 ′= − + −∫


′+ − − + −∫





where we have taken into consideration that
1 1 1

0 0 0
2 (8 5) = (10 5) = 0.ede e de e de+ − −∫ ∫ ∫

Using the absolute value on (3.1)’s two sides yields

( )
( ) )

1

0
1

0

3 1 22
2 23

2
9 3 2

2
3 2

( ) ( )

= 2 (1 )

|8 5| (1 ) . (3.2)

k

h

h k
k h

k h h k m M

h k m M

k z dz

e e h e de

e e ek de

 +  − 

− + +

+ +

+ − ∫

 ′ − + −∫


′+ − − + −∫

  





Given that for any x in [ , ],h k  ( ) ,m x M′≤ ≤  we get

( )2
3 2 2(1 ) (3.3)h k m M M me h e + + −′ − + − ≤
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and

( )2
3 2 2(1 ) . (3.4)h k m M M me ek+ + −′ − + − ≤

Using (3.3)-(3.4) in (3.2), we get

1 1

0 0

3 1 22
2 23

( )( ) 25( )( )
18 144

( ) ( )

2 |8 5| = .

k

h

h k
k h

k h M m k h M m

k z dz

ede e de

 +  − 

− − − −

+ − ∫

 ≤ + −∫ ∫ 
 

  

The evidence is finished. 

Theorem 5: As in Lemma 1, let   be. If ′  is r-L-Hölderian function on 
[ , ]h k  (i.e. there exist > 0L  and 0 < 1r ≤  such that | ( )x′ − ( )|y′ ≤ L
| | ),rx y−  then we have

3
2

1 2 2 3 1 2

2 2

1 22
23

2 ( 1)( 4) 2 (3 2) 51
3 3 2 ( 1)( 2)

( ) ( )

.

k

h

r r r r

r

h k
k h

r r rk h
r r

k z dz

L
+ + + +

+

 +  − 

 + + + − + −       + + 

+ − ∫

≤

  

Proof: From Lemma 1, we have

( )( )
( )( ) )
( )( )

1

0
1

0
1 1

0 0

1

0

3 1 22
2 23

2
9 3

2 2 2
3 3 3

2
9 3

2

( ) ( )

= 2 (1 ) ( ) ( )

(8 5) (1 )

= 2 (1 ) ( ) ( ) 2

(8 5) (1 )

k

h

h k
k h

k h h k

h k h k h k

k h h k

h

k z dz

e e h e h h de

e e ek de

e e h e h de h ede

e e

 +  − 

− +

   + + +   
   

− +

+ − ∫

 ′ ′ ′− + − +∫


′ ′ ′+ − − + − +∫

 ′ ′ ′− + − +∫ ∫


′+ − −∫

  

  

  

  

 ( )( )
( )( )
( )( ) )

1

0

1

0
1

0

2 2
3 3 3

2
9 3

2 2 2
3 3 3

(8 5)

= 2 (1 ) ( )

(8 5) (1 ) ( ) . (3.5)

k h k h k

k h h k

h k h k h k

ek de e de

e e h e h de

e e ek de h

   + + +   
   

− +

   + + +   
   

′ ′+ − + −∫ 


 ′ ′− + −∫


′ ′ ′ ′+ − − + − + −∫

 

 

   

Using the absolute value on (3.5)’s two sides yields 
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( )
( ) )

1

0
1

0

3 1 22
2 23

2
9 3

2 2 2
3 3 3

( ) ( )

2 (1 ) ( )

|8 5| (1 ) ( ) . (3.6)

k

n

h k
k h

k h h k

h k h k h k

k z dz

e e h e h de

e e ek de h

 +  − 

− +

   + + +   
   

+ − ∫

 ′ ′≤ − + −∫


′ ′ ′ ′+ − − + − + −∫

  

 

   

Since ′ is an r-L-Hölderian function on [h, k], from (3.6) we have

5
8

5
8

1 1 1
1

0 0

1 1 1
1

0 0

1 2 2 3 1

3 1 22
2 23

1
3 3

3 3

2 ( 1)( 4) 2 (3 2)1
3 3

( ) ( )

2 2 |8 5| 1

1 2 2 (5 8 ) 2 (8 5)

k

h

r
r r r

r
r r r r r

r r r

h k
k h

k h

L k h

r r rk h

k z dz

L e de e e de

e de e e de e e de

+
+

+
+

+ + +

 +  − 

 − 
 

 − 
 

+ + + − + − 
 

+ − ∫

 ≤ + − +∫ ∫ 
 

 
 = + + − + −∫ ∫ ∫ 
 

=

  

2

2 2
5

2 ( 1)( 2)
.

r

r r r
L

+

+

 
 
 + + 

The proof is over. 

Corollary 4: If ′  is the L-Lipschitzian function and we make the assumptions 
of Theorem 5, we obtain

23 3011 22
2 2 25923

( ) ( ) ( ) .
k

h

h k
k hk z dz k h L +  − 

+ − ≤ −∫  

4.  Applications

Radau quadrature formula

Let °  be the partition of the interval [ , ]h k  into the points h = 0x <

1x < ... < nx = .k  Then, take into consideration the quadrature formula.

( ) = ( , ) ( , ),
k

h
u du Rl ° °+∫  

with

( )1
1 1

1
=0

2
4 3

( , ) = 3 ( )
n

i i i i
i

i

x x x x xl °
−

+ +
+

−  +
 
 

+∑  

and the corresponding approximation error is shown by ( , ).R °
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Proposition 1: Let   be as in Theorem 1 and .n∈  If | |′  is convex, 
then we have 

( )1 2
1 1

1
=0

( ) 2379 1571
18 3 192 1923

| ( , )| | ( )| ( ) .
n

i i i i
i i

i

x x x xR x x°
−

+ +
+

−  +
 
 

′ ′ ′≤ + +∑   

Proof: Using the subintervals 1[ , ]i ix x +  ( = 0,1,..., 1)i n −  of the partition °  
and Corollary 1, we get

( )

1
1

1 1

1 1
1

23 1 2
2 23

2379 1571
9 3 192 1923

( ) ( )

| ( )| ( ) .

i

i

x
i i

i i i x

i i i i
i i

x x
x x

x x x x

x z dz

x x

+

+
+

+

+ +
+

 +
  − 

−  +
 
 

+ − ∫

′ ′ ′≤ + +

  

  

The required outcome is produced by multiplying both sides of the 
aforementioned inequality by 1

2 ,i ix x+ −  adding the resulting inequalities for 
all = 0,1,..., 1,i n −  and applying the triangle inequality. 

Proposition 2: Let   be as in Theorem 2 and .n∈  If | |′  is convex, then 
we have

1

1

1

1 1

2 11 2 31

0

2
11 1 3

| ( )|
( )

218( 1)

| ( )|
5 3

8 2

( , ) 2

.

q
i

p

q
i i

p

qx xq in i
i i

i

qx x q
ip p

x
x x

p

x

R °

+

 + + −  
 +

=

 +
  ++ +  

 
 ′ ′+

−  
 
 +

 
′ ′ + +       



≤ ∑ 



+


 

 



Proof: Using the subintervals 1[ , ]i ix x +  ( = 0,1,..., 1)i n −  of the partition °  
and Corollary 2, we get

1

1
1

1 1

1

1 1

1 2
11 1 31

23 1 21
2 23

2| ( )| | ( )|3 5 3
2 8 29( 1)

( ) ( )

2 .

i

i

q
q

i i
p

p

x

i i i x

q
qq i i x x qi ip pi i

x xi i
x x

x xf x f f f xx x

p

x z dz
+

+

+
+

+  +
  ++ +  +

 + +  − 

 +  ′ ′+   ′ ′ +−    +       +

+ − ∫

       ≤ +   

  

The required outcome is produced by multiplying both sides of the 
aforementioned inequality by 1

2 ,i ix x+ −  adding the resulting inequalities for 
all = 0,1,..., 1,i n −  and applying the triangle inequality. 
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Proposition 3: Let   be as in Theorem 3 and .n∈  If | |′  is convex, then 
we have 

1

1

1 2
1 1

=0

1
1

( ) 21 2
18 3 3 3

2251 15717
8 408 4083

| ( , )| | ( )|

| ( )| .

q

q

n q
qi i i i

i
i

q
qi i

i

x x x x

x x

R x

x

°
−

+ +

+
+

−  +
 
 

 +
 
 

  ′ ′≤ +∑   
  ′ ′+ +    

  

 

Proof: Using the subintervals 1[ , ]i ix x +  ( = 0,1,..., 1)i n −  of the partition °  
and Corollary 3, we get

1

1

1

1
1 1

1 1

1
1

23 1 2
2 23

21 2
9 3 3 3

2251 15717
8 408 4083

( ) ( )

| ( )|

| ( )| .

i

i

q

q

x
i i

i i i x

q
qi i i i

i

q
qi i

i

x x
x x

x x x x

x x

x z dz

x

f x

+

+
+

+

+ +

+
+

 +
  − 

−  +
 
 

 +
 
 

+ − ∫

  ′ ′≤ +  
  ′ ′+ +    

  

 



The required outcome is produced by multiplying both sides of the 
aforementioned inequality by 1

2 ,i ix x+ −  adding the resulting inequalities for 
all = 0,1,..., 1,i n −  and applying the triangle inequality. 

Application to special means

For each real number h, k, and l, we have:
The arithmetic mean: 2( , ) = a bA h k +  and 3( , , ) = h k lA h k l + +

The p-logarithmic mean: 
1

1 1

( 1)( )
( , ) = ,pp pk h

p p k h
L h k + + − 

 + − 
 , > 0,h k h k≠  and 

\{ 1,0}.p∈ −

Proposition 4: If ,h k  are in   and 0 < < ,h k  then we have

( )

1 1 1
1

3 2 2 3 2 2

3 2 3 2
2( ) 2 (7 4) 3 2 (3 2) 52
9( 2) 32 2

3 ( , , ) 4 ( , )

2 .

s s s
s

s s s ss
s s

s s
k h s sh k
s

A h h k k L h k

h k

+ + +
+

+ + + +

+ +

 − + + − ++  +  

+ −

≤ + +

Proof: When Theorem 1 is applied to the function 1( ) = ,sx x +  the claim 
is derived. 
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Proposition 5: If ,h k  are in   and 0 < < ,h k  then we have
22 2 2

2
25( )

363 ( , , ) 4 ( , ) .k hA h h k k L h k −+ − ≤

Proof: When Theorem 4 is applied to the function 2( ) = ,x x  the claim is 
derived. 
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