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Abstract

Convexity is one of the fundamental principles of analysis. In the last decades, many
important inequalities are established for different classes of convex functions. In this paper,
we propose to study a 2-point right Radau type integral inequalities for functions whose
first derivatives are s-convex in the second sense. The cases where the first derivatives are
bounded as well as Holderian are also discussed. Applications to quadrature formulas and
special means are provided.
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1. Introduction

Integral inequalities are a potent analytical tool that are crucial to the
study and development of many problems in several fields of science and
engineering. This concept has a closed relationship with theory of
convexity, see for examples [1, 3, 4, 5, 8] and their references.

As you may remember, a function M:I— R is considered convex if,
for every I, k, in I and every e in [0,1] (refer to [6]), we have

M(eh +(1-e)k) < eM(h)+(1—e) M(k).
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The concept of convexity has been generalized in diverse manners.
One of them is the so-called s-convex function or Breckner convexity
defined as follows:

A nonnegative function M:Ic[0,0) > R is said to be s-convex in
the second sense for some fixed s (0,1], if

M(eh+(1-e)k) < e* M(h)+(1—e)° M(k)

holds for all i,k el and e<0,1] (see [2]).
In this paper we propose to study the 2-point right Radau formula
(see [7]) given as follows:

[ M(2)dz 5 (3M(25) + M(K) )+ E(M),

where E(M) is the associated approximation error.

First, we establish a novel integral identity. We create new 2-point
right Radau type integral inequalities for functions whose first derivatives
are s-convex in the second sense based on this identity. We also cover the
holderian functions and the circumstances when the first derivatives are
bounded. There are applications for quadrature formula and special
means given.

2. Main results

Lemma 1: Let M:IcR— R be a differentiable function on I', h,k eI’ with
h<k and M'eL'[h,k], then the following equality holds

k
SM(ZE)+ L M(k) -2 J M(z)dz

- kThUZeM’((l—e)h+e%)de+}(8€—5)M’((1—e)%+ek)dej.

Proof: Let

I =}2€M'((1—e)h+eL3*")de

1
0
and

1= i(Se—S)M'((l—e)%+ek)de.

Integrating by parts I, we get
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I, =25 eM((1-e)h+e2t)

1
ﬂ)—%{ ((1—e)h+e2k)de

k—h
2k (2.1)
3
= oM (k) - D7 | ME=

Similarly, we get

e=1 1
I, =ﬁ(86—5)/\/1((1—6)%+ek)‘e:0—k—zg ((1—e)L3*"+ek)de
(2.2)

s M) + 5o M (k) 18

Z(k ) 3 k-h? 5

=
Te—=

M(z)dz.

3
The required outcome is obtained by summing (2.1) and (2.2),
multiplying the resultant equality by .

Theorem 1: Let M be as in Lemma 1. If | M'| is s-convex on [h, k], then we
have

S8

M(ZE)+ L M(k) - jM(z)dz

3

k 81 (75+4)+2x3%2
< B MU |+ 5 e

871 (5+1)(s+2)

M)

+ 1(35 —2)+2x5 2 IM (k)|)

8% (s+1)(s+2)

where h 20 and s is a fixed number in (0, 1].

Proof: From Lemma 1, modulus and s-convexity of | M'|, we have

k
2 M(2) + 2 M) -2 [M(2)dz

1
S%({Ze‘/\/l’((l—e)hﬂe%)

1
de+j|83—5I‘M'((l—e)%Jrek)‘dej
0

- S
:%uzew ((1-e)h+e2tek) de+(j)(5—8€)‘/\/l ((1-e)L;k+ek)\de

+(8e- 5)M((1- )2k + ek | de)

ng(IZe((l o) [M(h)| +e | M

)

+ef IM'(k)l)de

)de

+(5- 8e)(

M (2E)

o‘—.m\m
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M)

= %OM'(h) | }26(1 —eyde+ ‘M'(%)

+i (8e—5)( re' | M(0))de)

8

1
[2e" de
0
3

(5-8e)(1—e) de+ |M'(K)| | (5—8e)e'de

S| U

()

o ()

(8e—5)(1—e) de+ | M'(k)| } (8e—5)e’de

M'(Zh;k)

X |G =

k=h

_ 851(75+4)+2x3°*2
9 ((s+l) s+2)|M(h)|+ —

S (5+1)(5+2)

+ 81 (35-2)+2x5°*2 |M (k)|)

8T (s+1)(s+2)

where we have used

_[26(1 e) de = m, (23)
1
£2e“”de =2, (2.4)
5
8 81 (55+2)+3°*2
£(5 8e)(1—e)'de= W (2.5)
5
8 .
_ s _ 5.>+Z
5(5 8e)e'de = e (2.6)
1 s 35+2
i(Se—S)(l—e) de = e (2.7)
8
and
1
81(35-2)+5"2
{ (8e—5)de =" 2" . (2.8)
8

The proof is completed.

Corollary 1: Under the assumptions of Theorem 1, and if |M'| is a convex

function, then we have
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k
3 M (255) + LM(K) - ,%{M(z)dz
2h+

)

< B (3IMI)|+ B M (2

HIZIMK)).

Theorem 2: Assume that all assumptions of Theorem 1 are valid. If |M'|" is

s-convex, then we have

e

1

1 q "

- L 28tk o |7

<kh 7% 2 |_M(h)|r’+‘ [zr kj‘ q +[5P+1+3V+1JP{M[3 ] HM' (k)| }
-9 [p+1j s+1 8 s+1 /

where s is a fixed number in (0, 1] and q,p>1 with +7 =1.

k
ek |+ 2 M(K) - 2 {M(z)dz

Proof: Applying the absolute value in two sides of equality of Lemma 1,

then Holder’s inequality, and s-convexity of | M'[’, we obtain

k
2 M2k )+ L M(K) - 2 {M(z)dz

= =

1
g dejq

(}I -5 |F’dejp U‘M'((l—e)%*"+ek)rdej

<&t (}(26)’”016) U‘M'((l—e)h+e2h3+k]

1

q

= |~

)

<k (}(Ze)pdej

1

— _k=h
1

@((1 —e) M +e q)dej;

(2] " | M) |‘*jdejj“

1
" "
1 M'(—Zh”‘) HM N
5 Laar e 3
8 s+1 :

S —ln

(5—8e)de + }(Se—5)Pderx(}(

q
M,[Z}Hk]
3

s+1

==

[M () +

9(p+1)?

The proof is finished.
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Corollary 2: Under the assumptions of Theorem 2, and if |M'|" is a convex
function, then we have

gM(Zh;kj LMk -2 IM(z)dz

o [ | g v
- ! 2 8 2 )

IY(p+1)r
Theorem 3: Assume that all assumptions of Theorem 1 are valid. If |M'|" is
s-convex, then we have

==

gM[Zh;k) 1 M(k) - jM(z)dz
M'[ )q]q

1
s+1 S+2 q s+1 . 5+2 q
L1z {8 (55+2)+2x3 M’(2h+k)‘ .8 (35—2)+2x5 M,(k)qJ J

k-h
< 9([(54—1 )(s+2) |M (h) |‘7 s+2

8 | 17x8°(s+1)(s+2) 3 17x8°% (s+1)(s+2)
where s is a fixed number in (0, 1] and q>1.
Proof: Applying the absolute value in two sides of equality of Lemma 1,

then power mean inequality, s-convexity of |M'| and using (2.3)-(2.8), we

have

k
S M2k LMD 2 [ M(2)d2

’ dej;
[h -5 |de)l; UISe -5 |‘M((1—e)%+ek)r deﬂ
S% @26( (”’;"jqjdej;

(5- 86)de+j(86 5)de

< k;h[(i Zedejl_; @ 2e ‘M' ((1—e)h + eL;kj

7
+é°

Se—x|u
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" et IM(K) I"jdeJ;J
¥
et | MK Iqjde
" et | MK |‘7jdeﬂ

:ﬁyﬁmumwharfﬂkﬂwﬂﬁﬁ)

)|

(e

x(i|86—5|((1—€)5 ‘M(ﬂ%k)

e

zkgi{(}ze((l-e)s M) +e

3

+i(8e - 5)[(1 o) ‘M(%)

1-1
7

(s

ﬁ@—&{a—w

71 ;
[2e"de
0

" 1(5-8e)(1—e) de+ |M(K) ' ] (5—8e)e'de

(s

" [(8e—5)(1-e) de+ | M(K) [ [(8e— 5)esde]q

5
8
q)

7 . 85+1(35572)+2X55+2 M) qu
17x8% (s+1)(s+2)

M’(zmk}

3

_ k=h 2 4 7 2
‘9[((5+n<s+z>|M(h)| o2

M'(Zh;k]

+

17| 8 (5s+2)+2x3°*2
81 17x8°%(s+1)(s+2)

Corollary 3: Under the assumptions of Theorem 3, and if |M'|" is convex, then

we have

2
k—h

M) LM - 2 M

1

1 1
7’ , 2h+k)
251
< k=h + 17 > ‘M(

M) +2‘M[%j . "s7mof! |
9 3 8 408
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3. Further results

Theorem 4: As in Lemma 1, let M be. If constants —oo<m < M <+ exist
such that, for every x e h,k], m< M'(x)<M, then we have

5(k—h)(M—m)
144 )

<

k
gM(%j%M(k)—ﬁ | M(z)dz

Proof: Per Lemma 1, we possess

k
gM(Mj + 1M -2  M(z)dz

= (jZe( ’((1—e)h+e%)—%+ szJde

9
}Se 5)(/\/1’((1 e)2h+k+ek) ’”+M+m+2de]

1
_ k-h "(1_ 2h+k\_ m+M m+M
= 5 [gZe(M((l (3)h+e—3 ) e )de+ 5 gZEde

+}(8e-5)[/\4'((1-e)%+ek)- m;deew;M}(se-s)deJ
= M[}Ze(M'((l—e)h+ez’1”‘)—"”21\4jde
+j(83 5)( M ((1-¢) 2+ k- m+M)dej 3.1)

where we have taken into consideration that

1
[2ede + [ (8¢ —5)de = [(10¢ — 5)de = 0.
0 0 0

Using the absolute value on (3.1)’s two sides yields

3 M2k 1M(k)—LhEM(z)dz

1
- ’<9’1[j2e‘/\/l'((1—e)h+ez’13*k)—"”zM‘de
0
+}|86-5|‘M'((1-e)%+ek)-@‘de). (3.2)
0

Given that for any x in [h,k], m< M'(x)< M, we get

‘M'((l-e)me@)- mgM‘ <Mom (33)
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and

‘M'((l—e) 2hik +ek)—@‘ < Mom, (3.4)

Using (3.3)-(3.4) in (3.2), we get

gM(zh;k) + LMk -2, j/\/l(z)dz

(k=h)(M-m) [ } 1 _ 25(k—h)(M-m)
< w(£26de+£|86 -5 |dej ==

The evidence is finished.

Theorem 5: As in Lemma 1, let M be. If M’ is r-L-Hélderian function on

[h,k] (ie. there exist L>0 and 0<r<1 such that |M'(x) - M'(y)| <L
|x—y "), then we have

%M[zmk) i %M(k) —ﬁTM(z)dz

1 (L ) 2272 (p41)(r+4)+23 1 (3r-2)+5"2 L
- 313 2242 (14 1)(r4+2) )

Proof: From Lemma 1, we have
k
M2 LMD~ [ M(2)d2
kg( jze(/w (1-e)l+e 2k ) - M()+ M'(h))de
+I (8 = 5)( M ((1—€) 2 ) - 2k 20 e

_ ke hQZe(M’ (1—e)h+eL;<)—M'(h))de+M'(h):j)2ede

+[(8e )(M' (1-e) 2tk ok ) - M'(”’;"J)de+M'(2h3+kﬁ(83—5)dej
kg(l e(M' (1—e)h+eL3+k)—M(h))de
+j(8e 5)(/\/1' (1-e) 2k + k) - M'(L;kj)dHM(h)—M[%)). (3.5)

Using the absolute value on (3.5)’s two sides yields
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3 M(2 )+ T M) -2, 2 [M(2)dz

Vl

£k;hCj)ze‘/\/l’((l—e)h+e2hs+k)—/\/t’(h)‘de

+i|83—5|M'((l—e)%+ek>—/\/l'(%;kj ) (3.6)

de+‘M’(h)—M’(%j

Since M’ is an r-L-Holderian function on [/, k], from (3.6) we have

k
gM(%kj +1M(k) ﬁ{/\/lz)dz

r+1 1
L(jZe’”de + 2’j|83 —5|e’de+ 1)
0 0

(15!)
(%]M [1 + }Ze’”de + 2’%(5 —8e)e'de + Z’E(Se - 5)e'd6J
(15!)

9242 (14 1)(r44) 423741 (3r—2) 4572 L
2242 (r11)(r+2)

The proof is over.

Corollary 4: If M’ is the L-Lipschitzian function and we make the assumptions
of Theorem 5, we obtain

< 301 (k h) L.

k
%M(L;kj * %M(k) a ﬁ{M(Z)d‘Z 2592

4. Applications
Radau quadrature formula
Let Y be the partition of the interval [k, k] into the points h = x, <

x, < .. <x, = k. Then, take into consideration the quadrature formula.

If/\/l(u)du =AM, Y)+R(M,T),

with

n-1
MM Y) = 3 80 (30 28 o M,

and the corresponding approximation error is shown by R(M,Y).
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Proposition 1: Let M be as in Theorem 1 and neN. If |[M'| is convex,
then we have

Proof: Using the subintervals [x,,x,,] (i=0,1,..,n-1) of the partition Y
and Corollary 1, we get

ROV, )< T S 1+ 5 Bz |

157 4
+Higp M)

%MEZXiEXi+1) 1M(xl+l)— o j M(Z)dz

<x1+1 Xi1 379
- 9 ( lM(x)|+192

M![2x +x1+1]
3

157
MG

J

The required outcome is produced by multiplying both sides of the

1+l —Xi

aforementioned inequality by , adding the resulting inequalities for

all i=0,1,..,n-1, and applying the triangle inequality.

Proposition 2: Let M be as in Theorem 2 and neN. If | M'| is convex, then
we have
[2){ +xl+1J

7
[Wx,»u o J
2

2x,+x;, ’ .
+(5P+1 317*1) [ [ ] +|M(x"”)|q]
8 2

Proof: Using the subintervals [x,,x,,] (i=0,1,..,n-1) of the partition Y
and Corollary 2, we get

==

2
|R(M Y)|< Z x1+1 xz) 2
i=0 18(p+1)

2xj+Xj
M T M(x,,,) -

% Tl M(z)dz

Xiy1—X
f [Zr +X;, ]

o 2x;+x;,1 7 L
f 3 " ( 5p+1 +3p+1 ); 2 +|f (i1 )lq
2 8 2

The required outcome is produced by multiplying both sides of the

aforementioned inequality by “2 %, adding the resulting inequalities for
all i=0,1,..,n-1, and applying the triangle inequality.

==

(If ()l +
< Xis1 _x:' 2
I(p+1)»
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Proposition 3: Let M be as in Theorem 3 and neN. If | M'| is convex, then
we have
qJ]r

IR(M, 1) < 3 G ( MG + 2| (25
i=0

408

1
q
157 q
21 +157 IM(xM)Ij .

+17[251 ‘M' 2x +x,+1j

Proof: Using the subintervals [x,,x,,] (i=0,1,..,n~1) of the partition Y
and Corollary 3, we get

X
3 2X+X |4 1 __ 2
] M( : ]+ LM, - 2

< 1+1_x ( IM'(x)] + ‘M’ 2x +Iz+1)

qjﬂ

1
17| 251 ¢r( 25, +x+1 157 | Aqt g |
g [408‘f l j +408|M(xi+1)|J

The required outcome is produced by multiplying both sides of the

aforementioned inequality by **, adding the resulting inequalities for
all i=0,1,..,n-1, and applying the triangle inequality.

Application to special means

For each real number h, k, and 1, we have:
The arithmetic mean: A(h, k)—? and A(h,k,1)= h*;”’

The p-logarithmic mean: L (h k)= (%ng h,k>0,h#k and
peR\{-1,0}.

Proposition 4: If h,k arein R and 0<h<k, then we have
\3As+1(h hk)+ kT -4

2k=h) [ pps 23S+2(7s+4)+35*2/2h k +23S+2(3572)+5S*2 ke
9(s+2) 342 \ 3 3s5+2 ’

Proof: When Theorem 1 is applied to the function M(x)=x"", the claim
is derived.
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Proposition 5: If I,k arein R and 0<h <k, then we have

B4, I K)+ K 4L (k)| < D",

Proof: When Theorem 4 is applied to the function M(x)=x?, the claim is
derived.
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