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Subclass of bi-starlike function associated with touchard polynomials
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Abstract

The current paper aims to study bi- starlike functions. It presents a new class using
Touchard polynomial, which fulfills the subordination conditions. In addition, an estimation
of the Taylor-Maclaurin coefficients |a,| and |a,| was found.
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1. Introduction

In (1939) Jacques Touchard studied a polynomial called the Touchard
polynomial or an exponential polynomial or Bell polynomial and it is a
polynomial with binomial sequence. Let y be a random variable of Poisson
distribution and an expected value § and a kth moment is E (y*) = T} (§), and

this lead to T, (2) = e~ ¢ Z?:o%zk- [1] After a period of time Touchard
introduced the coefficient of the pdlynomial after the second force as follows:

k-1 £
0 (k—-1)* _
X(@) =2+ B, e 7k ,z €D
where ¢ > 0 and £ > 0, by the ratio test the radii of convergence of the series is
infinite.[1] we define the function Gf(z) in the following form: 62(2) =

z‘l}lf(z),z # 0.The function Gf can be simplified as follows: 62(2) =1+
— 2Af— — 43 3¢ _ —

(Ce™¥)z + (2t e C)zz+(Te C) z°+-,(¢Ce ¢ >0). We note that

the function 6’2 is analytic with non- negative and non- zero parts in UD, with

62(0) =1, (Gf)’(o) > 0, and 6€(UD) is symmetric w.r.t the real axis. Let g

signify the class of holomorphic functions in the open unit disc UD =

{z:z € Cand |z| < 1} and normalized as y(0) = 0 and y’(0) = 1 which is in
the following form

x(@) =z + X, a z* M
If both the function y and its inverse y~! in UD are univalent then it is said
to be y € o bi— univalent in UD and let £ denotes functions of the bi—
univalent class in unit disc UD and this class is not empty because it contains a
set of functions. Since y € £ given by (1) has the Maclaurin series , after
computation we find that the invers of the function § = y~! has the following
expansion see[2-5]
W) = xtw) =w — a;w? + (2aF — ag)w?® + - 2
For convex and starlike functions are subordinate to a superordinate
function Ma and Minda define a subclass, they consider the holomorphic
function 72 with non- negative and non- zero parts in the UD, m(0) = 1 and
m'(0) > 0, and m maps UD onto a space starlike w.r.t 1 and is symmetric w.r.t
the real axis. So, it is supposed that 7 is an holomorphic function with non-
negative and non- zero parts inUD with m(0) =1 and m'(0) > 0, and
m(UD) is symmetric w.r.t real axis.These functions are as follows m(z) = 1 +
m,z + myz? + myz® + -+, (my > 0). [6]if both y and y~* are Ma— Minda bi—
convex or starlike then y is convex of Ma— Minda type or bi—starlike of Ma—
Minda type. Previously, Brannan and Taha presented certain sub — classes of £
explicity bi—starlike of order O( 0 < O < 1) denoted by §;(0), as well as bi—
convex functions of order O which is represented by C.. For y € §£(0) and
X € G which are non- sharp estimates on the first established two
Taylor—Maclaurin coefficients |a,| and |a;|. Nonetheless for each subsequent
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Taylor—Maclaurin coefficients solve the coefficients problem. |a,|(n €
N\{1,2}; N = {1,2,3, ... }) is still a work in progress.

Definition 2: Let y € £ be defined by (1) and y € SE(#, 62) If the following
two conditions holds:
Z ! V4
e < @ ©)
w¢' (w)
Q- +uwg' (w)
where £ > 0,( >0and0 < u <1,z,w € UD and & = y~! given by (2).

<&lw), @)

Remark 3: For a function y € £ assumed by (1) and u = 0, then 35(0, Gf)
satisfies the conditions:

zx'(2) Y] wé' (w) y)
<
e Gg(z) and o) <& (w),

where z,w € UD and & = y~1 given by (2).

4. Coefficients estimates for the functions in the class J; ([1, 62)
Lemma 4.1: [7] If x(2) = ¥%_, ¢, z¥ ,z € UD, is analytic function in UD such
that |x(2)| < 1forall z € UD, then |c;| < 1,|c | <1 —|ci|% k = 2,3, ....

The upper bounds of the first two coefficients of the functions belonging to
the calss are found in the following results.

Theorem 4.2: Let y given by (1) be in the class SE(M, GE) 0<u<1and
£>0,(> 0. Then,

Ce S [3¢eC
la,| < (5)

\/|(u—1)2(c22"—1 e=0)+3(u?-4u+3) (¢ e—@)ZI'

and

- ST
2Ce +6(C€ ] (6)

as| < )
las| < lu—1 (u-1)2

where u # 1.

Proof: Let y € 3¢(p, Gg) and & = y~! . From (3) and (4), we have

2@ _ e

A-wx@)+puzx'(2) GC( S(Z)) @)
_ww
A-w)EW)+uwé' (w) GC (t(w))' )

and the functions s, t are of the form
s(z) = ez +e,z% + -+, ®
t(W) = b1W + bzwz + °ty (10)
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s(z) and t(w) are analytic in UD with s(0) = t(0) =0, and [s(2)| <
1, |t(w)| < 1forall z,w € UD. By using Lemma (4.1), we find that

le;] <1and|b;| <1,foralli €N. (11)
By substituting (9) and (10) in (7) and (8), respectively, we get

1+2apz+3a3z%+-. _ - 206-1 ,—C) o2
1+(3—-p)azz+(4—p)azz?+- =1+ (Q e )S(Z) + (C 2 € )S (Z) e

1-2a,w+3(2a%-az)w?+:-
1-(u+Dazw+(2u+1)(2a%—az)w2+-
1+ = 1Dazz+ [(u — Daz — (U — 4p + 3)a3] 2> + -
=1+ (Cee)z+[Ce e, +P2 e 2] 22 + -,

=14 (Ce ™ )tw) + (P21 e ) t2(w) +

and
1+ u—Da,w+ [2(u— Daz + (u? — 4p + 3)az]lw? + -
=1+(Ceh)w+|[Ce b, +*20 e b2 w2 + -

This leads to the following relationships

(u—1a, =Ce ey, (12)
(u—1a; — (u* —4p+3)ad = CeCe, + (P27 e b e?, (13)
and
(u—1Da, = (e by, (14)
2(u—Das + (U2 —4u+3)a3 = Ce by, + (2201 e b2, (15)
From (12) and (14), we have

e; = by, (16)

and —(u — 1)2a3 = (Ce™)"[b? —2¢],

2

a2 = —(Ce™0) [ —2¢f] (17)

(u—1)2
Multiplying (13) by (2) and subtracting (15), using (17), we get
2 _ (ce=9) [bo-2e] .
2= (K& — (18)
(u-1)2(¢*2¢71 e=C)+3(u2-4p+3) (Ce™C)
Applying (11) for the coefficients e, and b, we obtain (5).
Now by subtracting (13) from (15), using (16) and (17), we have

=C(p,—
ay = = — 9 (u — 3)a] (19)

_ e Sha—en) | 2(ce™) (u-3)(2e2-b3)
= + :
u-1 (u-1)?2
Applying (11) for the coefficients e,, e,, b; and b,, we deduce (6).

Remark 4.3: Let y assumed by (1) be in the class SE(O, Gf). Then,
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Qe_c 3ce ¢

|(2-1e=)+9 (ce=0)?

|| SJ ,and [ag] < 2¢ e~ + 18(C e %)

Remark 4.4: Let y assumed by (1) be in the class Sg(u, G%) Then,

ce™C|3ce~¢ 20e™S | 6(C e_g)zlu—Sl
la,| < wolasl <+ (-2’
J|(I‘—1)2(C2 e=0)+3(u2-4u+3) (Ce=0) | lu—1] u—
where y # 1.

5. Discussion and Conclusion

Through the use of Touchard polynomial, the study first defines a new
class and finds the initial Tayler coefficients. Hence, to define another class, a
linear combination with Touchard polynomial is utilized.
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