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Abstract

This paper presents the existence, uniqueness and stability of nonlinear fractional
order systems of the Caputa—Katugampola Fractional Differential with delay Riemann
—Katugampola in finite time, which takes advantage of the “generalized Griinewald
inequality”. Therefore, we propose necessary and sufficient conditions to guarantee the
finite time stability of a system of order 0 < a <1 and we provide a basic criterion for the
stability of systems. We also provide examples and illustrations that show the relevance of
the proposed theory. Moreover, our results indicate that our conclusions are more accurate
than the existing literature on stability requirements.
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1. Introduction

In science and engineering, “fractional” calculus is often overlooked .
Recently, several important results have been obtained in fractional differential
systems [1,2,3,4]. Stability analysis is a major difficulty in fractional differential
systems. While many scientists focus on asymptotic stability, it is equally
important in actual engineering applications to ensure that the state trajectories
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of the system remain within a given constraint over a specified period of time.
Various systems, such as rockets, satellites, flight control systems, and robotic
manipulation systems [5], show the need for short-range operation and
adherence to trajectory constraints. Lazarevic [6] was the first researcher to
study finite-time stability in fractional-delay differential systems. Following [8],
many papers [7-11] applied a similar technique to examine fractional delay
differential systems. These publications, on the other hand, include the
development of their fundamental hypotheses, f(t) = sup_;<g<ollx(t + 8)]| is
not necessarily monotonically growing with respect to t, resulting in F,(t) =

t (t-s)% 1t
f 0 r
necessitating the creation of additional methods that do not rely on the function.
f(&) = sup_repollx(t + Ol -

In this paper to develop a sufficient condition for the finite-time stability of

nonlinear fractional-order delay systems.

CKDEHx(t) = Agx(t) + By Ax(t — T) + £ (£,2(8), REDF x(t — 7)) + Bu(®), t € [0.T]
x(t) = fo f(s)ds, t € [-1,0]

f(s)ds ,in this instance, the Gronwall inequality cannot be used,

(M
Where C’;Df‘ *# denotes the Caputo —Katugampola Fractional Derivatives of
order a,u > 0 RED* denotes the Riemann— Katugampola derivative of order
a>0 ,u>0and x(.) € R" for t€ [—00,T], where 0 < a < b < oo , RKDH
denotes the Riemann —Katugampola Fractional derivative of order 0 < a <
1,p be a positive value . f(.,.,.):[0.T] X R®* X R - R™ , B« 18 a control
matrix and u(t):[0,T] - R™ is a control function. Finely the function x(t) is a
nonlocal function defined on [—7,0], 7 € (—o0, 0).

Preliminaries

This section talks through certain definitions and lemmas relating to
fractional calculus.

Definition 1 [12]: Let a > 0,u > 0, x € L*([a,b]),R), 0 < a < b < . The
left and right Riemann— Katugampola fractional derivatives (R-K FDs) of order

RK n &K1 1
a is defined by *&D"*x(¢t) = r(1 a)( #E)fa (t” T x(1) dt

RK npa.u I 1-u ¢
KD x(t) r(1—a) (t dt)ft e x(7) dr.

Definition 2 [13,14]: Let a > 0,u >0, x € L'([a,b]),R), 0 <a < b < .
The left and right Riemann—Katugampola fractional integrals (R-KFIs) of order

a-1
a is defined by: RKp~®#x(¢) = P(a) t(tu;ru) x(1) :—_Tu
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—a, 1 b (Th-ti\*1 dt
Rllgptaux(t) =@ e ( p ) x(1) prmh

Definition 3 [15, 16]: Let a € (0,1),u > 0,[a,b] ER,0< a < b < oo, The

left and right Caputo —Katugampola fractional derivatives (C-KFDs) are
~ . CKpah —_HT o aep ottt _
defined respectively  by: “oD, " x(t) D (t dt) fa - (x(7)

x(b)) dr,

CK i __—n® g dy b Tt
bD 1 x(8) = s T2 [ e (@) —x(B)) dr

Lemma 1 [6,17]: Let a > 0, g,(t) and g,(t) are nonnegative, nondecreasing
function locally integrable on [0, T) (some T < +o0), g(t) < M, and suppose
that x(t) is nonnegative and locally integrable on [0, T) with

x(t) < g1(t) + g2()GD “x(t)
on this interval. Then x(t) < g,(t)E,(g,(®)t*), t € [0,T),
L
where E, is the Mittag-Leffler function defined by E,(v) = Z?:or(%m

Lemma 2 [6]: Assume 0 < g, < g,,a € (0,1].Theng, *— g, * < (f — g)*

Problem Formulation for Proposal system

In this section, we look at the existence, uniqueness and stability theorems
for -order nonlinear differential equations.

Theorem 1: Let @ > 0.Then the equality RED*(RKD “¥x) = x(t) is x(t)
while RED“* (RKD " x) = x(t) is satisfied for x(t) € L;(a,b).0 < a < 1.

Lemma 3 [18]: Let f be a continuous function on a rectangle R = [a,b] x

[c.dlthen [ [ f(x,y)dA have the following — [’([*f(x,y)dy)dx
d,cb

= J. (J, fCy)dx)dy.

Theorem 2: Leta > 0,8 > 0,1<p<0,0 < a < b <o andlet yu€ R
and ¢ €R be such that p=>c. Then for x€ X'(a,b) .Then

RléDt—a’,H (Rth—B,ux) — R’éDt_a_B'”x(t)

Lemma 4 [19,20]: If f(t) € C"[0,+o]andn—1<a <n € z",
L REDFH(RED“HF () = f(©)

f , “f(a) _
2. CKDPMF(E) = BEDIF(0) — s (t — at) e
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Lemma 5: The relation between Riemann—Katugampola fractional integrals
and Caputo —Katugampola fractional derivatives  have the following
Jormulation REp~“H (KD £()) = f(¢)

Lemma 6: Let us consider a nonnegative function a(t) that is locally integrable
on 0 <t < T (with some T<+w) and g(t) that is a nonnegative, nondecreasing
continuous function defined on 0<t<T g(t)< M (constant), where a is greater
than zero. Furthermore, let us assume that u(t) is nonnegative and locally
integrable on 0<t<T, with a constant.

w® =a® +9® f; (= S”)) u(s) ds Then u(®) < a®E, ( g0 (£=2)")

@ t (@ =-sH\*1 x@)
Proof:Leth)(t):%fa( #s ) xrd 't > 0. Then u(t) < a(t) +

Bu(t) imply u(t) < Y123 B*a(t) + B"u(t)
Now to prove
Bru(p) < Jf WOHON (o™,
B™"u(t) > 0asn— +o0 Vte|[0,T)
We are aware that this relation (2) is true when n equals 1. Make the
assumption that it is correct for some n = k. If n is equal to k plus one, then the
induction hypothesis suggests that

B¥*1y(t) = B(B¥) <
g(t)f (t“ S”) [fa (g(S)I"(a)) (s”—rﬂ)"“‘l w(@)dr Sf—su

2

r(a) r(ka) u

Since g(?) is nondecreasing, it follows that

(g(t))kJr1 th— s” a-1 (F(a)) sk ka—1 ds
B¥tlu(t) < fa( ( ) u(@)dr| 5=

re) I I(ka) 2
B’”’lu(t) <
(g f [ I (r@)" t”—‘r”) a- Z)>a_1 (z(t“ —r”))ka_l dsl u(r) 2=
r@ © Ta) \\ & ﬂ T
Since

e[ (gr@)" (at—shyne-t
B™u(t) < fa r((zf)r((kiga) ( ! MS ) ]u(s)ds - 0,n—->ooVte[0T)

—ak

(g(t)r(a)(

u(t) = a(t) r(na+1)

Xl )) u(®) < aE, (90 (1)),

r
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Lemma 7: Let a > 0,u > 0,and x(t) € L'([a,b]),R), 0 < a < b < o then
(D )x(®) = (FEDE* Iy )| < GO N1x(@) = y @Il where

G0 = =2 ((th — a®) (3)

r(i-a)

Lemma 8: Let a>0,u>0,and x(t) € L*([a,b]),R), 0<a<b< o
I*&De “#x(t) = *ED “y@®| < C(Ollx(t) = (@)l where
1 H_gH
() = —— (=) “

pal(@) \  p

Theorem 3: Let x:[—1,T| = R™ be continuous differential function , T > 0
then x(t) is a solution of the Caputo —Katugampola fractional order nonlinear
differential control nonlocal system (1), if and only if

I Aox(t) + Tiy Apx(t = ©) + £ (£,2(8), *EDI*x(t = 7)) + Bu(t)

x(t) = 6))

fotf(S)dS for—t<t<0

Theorem 4: Consider the following Caputo —Katugampola fractional order
nonlinear differential control nonlocal system and KD x(t) = Ayx(t) +

Sy At = 1) + f (£ x(6), "D x (e — r)) +Bu(t) with  (f(t,0,0) =

[0, ...,0]7) has a unique continuous solution

3.1 Stability of  the Caputa—Katugampola and Riemann—Katugampola
Fractional order nonlinear differential control nonlocal system with
maximal interval (0,T]

Theorem 5: The solution to the Caputo —Katugampola fractional derivatives
Riemann—Katugampola fractional order nonlinear differential control nonlocal
system (1) is x(t) € R™ Then the following inequalities holds:
H_gh\&
I 2() Il < 8(OE, (w(®) (=2) ) (6)

u

Proof: Since x(t) has the following formulation,
x(t) =
R =i (on(t) + 51 Ape(t =) + f (6,200, DM x (e — 1) + Bu(t))
[y f(s)ds te[-7,0]
Thus, for 0 <t < T, we have
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t (eh—ct\*1 a
x(© = o o () (A0x@) + D Aux(e = D) + £ (6,200, FEDP (e -
D) +Bu(®)) 45
@Il < IBlllu@)Il ”F( )(t” —a)* + (14,1l + ||Z S Al + L+
LG®) w2 ), (t”;ru) |

Set  8(¢) = lIBllllu()ll ”F( )(t” a), (@) = 4ol + IXT=1 Aill + L +
LC,(t)), implies that

lx@ll < 8t) + (a)(t)(RKD_“'”||sup19€[_f’0] x(t+9)|)).
120 1= 8, (00 (52)7).

3.2 Stability of  the Caputa—Katugampola and Riemann—Katugampola
Fractional order nonlinear differential control nonlocal system with by
using step method.

Theorem 6: Assume that Caputo —Katugampola fractional order nonlinear
differential control nonlocal system (1) satisfy the following conditions lemma
(4) Then the solution of (1) is finite-time stable, if the following conditions is

a
satisfied: 85;(t)Eq04(T) (ﬁ) < & where

52(1) = 8,(T) + (SallAl + L6, (0) s (22
(216, (0Ea0 o) (£2))

L (RO @ Eao(n + 1) ()

r(i+a)

6:(®) = (IBllllu(@ID (& )

r(l+a)

Remark 1: The Caputo —Katugampola fractional order nonlinear differential
control nonlocal system 1.1 is finite-time stable if satisfy the following condition

610) B (F22) < & where 870) = (1B i (22)°
IfT € (0,7].
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Illustrative example

This section presents example that demonstrate the finite time stability of
the Caputo —Katugampola fractional order nonlinear differential control
nonlocal system 1.1 as shown in Table 1.

Example 1: Consider the following the Caputo —Katugampola fractional order
nonlinear differential control nonlocal system 1.1,

K @ o sin(t — 0.1) tsin(t) *€p* (sin(t))
KD x(t) = X1 A (COS(t . 0.1)> + (tcos(t) R’éD;x'”(COS(t))) +

sin (¢t — 0.1) *¥p_*#(0.03) 0 B -
(COS oD R{gD;“'”(o.o4)> +(3) u®. Where u(® = [ (0),1@O1"is a

vector control functions. We have that ,4, = (_12 _03) LA = (_02 (1)) ,A, =

(_13 (1)),,43 =(_72 _14), and. By using inequality (3.6) in Theorem
(3.5) witha € (0,1),L = 1, 1Bl = 1, u(t) = 1

1-a
Solution: [lx(®)]l < IBIu(®)l == (t* — a*)*E, (1 Aoll + IZ7= Aill + L +

al (a)
u u\ @
Lo (5-%)

Table 1
The value of €, for a =0.1,a = 0.9, initial valueof t = 0.2 > a

T w=01p=02u=03pu=04pu=a p=0.6ju=0.7p=0.8|u=0.9
0.2 |6.8483 |4.8298 | 3.4119 | 2.4141 | 1.7105 | 1.2137 | 0.8623 | 0.6134 | 0.4369
0.4 |25.4114(19.1405|14.4740{10.9869| 8.3708 | 6.4005 | 4.9111 | 3.7810 | 2.9205
0.6 |41.8710(32.8082(25.8579{20.4977|16.3403(13.0976|10.5545| 8.5492 | 6.9596
0.8 |56.2449(45.3473|36.8296(30.1335|24.8350|20.6136(17.2277|14.4937{12.2718
1 69.0499(56.9507|47.3603|39.7275(33.6158|28.6870(24.6827|21.4057|18.7047

Conclusion

The Caputa and Riemann —Katugampola Fractional order nonlinear
differential control nonlocal system 1.1 was very difficult for studding since the
fractional derivative types has expression are difficult constriction.The
uniqueness and existence depended on Generalized Gronwall Inequality of The
Riemann — Caputa fractional derivative was presented first time and make good
role in stability of the system .The stability of finite time for our presented
system was depended on maximal interval or on step size of maximal interval
to obtain the guarantee estimation of epsilon.
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