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1. Introduction  
The partial differential equation  

   
      

    ( )               (1) 

The elementary condition [1][2][3][4] 
  (   )   ( )              (2) 

    ,  (     ) of    [   ]    is  continuous  
Assume  ̇  is  semidynamical   ̇      
And ( ̇   )( )    (   ) 
    is unique  solution of (1) ,(2). Is given by:  

 ( ̇   )( )    (   )    ( )   (    )  (    )    [   ]   (3) 

Where    ( )   ∫  
 ( )
      and condition 

 ∫  
 ( )
          (4) 

Definition 1.1:       is a periodical point function of the semigroup ( ̇ )   , 
and a period            ̇           A number     , is named a principal 
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period of a periodical point        the set of all periods (SAP) of     is equal 
     . [5][6][7]” 

Definition 1-2: ( ̇ )    is powered stable system in     for every     , 
 ̇       in   

Definition 1-3: ( ̇ )    is exponentially stable system if and only if there exist 
    and      such that    ̇                  

It [1] there was described properties of the PDE 

   
    

  
                   (5) 

 the elementary condition  
  (   )   ( )               (6) 

The semidynamical system [8][9][10] 
 (   )( )   (   )      (    )      [   ]           

    is solution of (5) and    is solution of (1) then  
                          (   )   ( )  (   )                                                  (8) 
(8) this is connection between (1) and (5) 

  ( )  ∫  
 ( )  ( )

    and    ( )     (9) 

2.     space when       
Formula  21: Suppose that                [   ]   | ( )   ( )|      

             . 

Proof: Substitution (8) by (2) and assuming that       when       ,we 
will find  

  (   )   ∫  | ( )  (   )|     ∫     ∫
 
 

| ( )  ( )|
   |  (   )|    

  ∫   
  
  

 |  (   )|       
  
 ∫  |  (   )|     

  
  
    (   )     

The order direction can be proved in the same way the importance of the 
previous theorem lies in reaching the next theorem. We were able to use the 
results of [1,11,12] and generalize them. As of now , we suppose (2-1). 

Formula 2.2:  {  ( )      
   ( )        }       is a periodical solution of (1) 

Proof:     ,  the  function    defined as: 
  ( )    ( )   (     )  (     )          [  (   )        ] 

  ( )    



FIRST-ORDER PARTIAL DIFFERENTIAL EQUATION� 837

Where   ⃗⃗           this function not no appointment. we proved 
that the function    is periodic solution , this is enough to prove that       ,    
is solution of equation (1), we use the function   as solution to (5) ,   ( )  
 ( )
 ( ).  ̃ is a periodic solution and   ̃     for      

 ,as proved by Brzezniak 
and one of the authors [1]. By hypothesis and theorem 2.1 we draw a similar 
result for the function   . 

Formula 2.3: If  ( )    
  , then the set of periodical points (SPP) is dense in 

          

Proof: let       and    . Fix   such that   *∫   
 |  ( )|   +

 
   

  and  

 
 
   ̃   

            ,     is a periodical solution of (5). 
 (2-2) the formula defined through the function   . By theorem (2-2),     

belong to the set of periodic point. it is enough estimate        . Since 
  ( )    ( ) for   [      ], 0bviously           (     ) [      ] , 
where  [      ] denotes the indicator of the set [      ]. Compensating for (8) 
and applying theorem (2-1) it can be confirmed that   

            [      ]      [      ]    

Formula 2.4: If  ( )    
 , and       then   ̇         

Over and above ,   ( )    
   ,( ̇ )    is exponentially stable system on 

  . 

Proof: Let       be an arbitrary function. 

   ̇      ∫ 
 |  (   )|    ∫ 

 | ( ) ( )|
 
    

  ∫ 
 |  

 ( ) ( ̇   )( )|
 
    

  
   ̇      

When     .and you know that   ̇     , as     [1] , which proves 
the first segment of the formula. from [1] you know that   ̇     
 (    )     . From  it we get that the system is exponentially stable ( ̇ )    

with    
 
           

 ( ( )   ).   

3.  The    Space 
For every   belong to the interval (   ] and for every   [   ], assume 

function on [   ], define   

     (  )              
|  ( )   ( )|

|   |  
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where     (  )     a Holder continuous (HC). formulate     [   ]   

Definition 3.1: Let    space of all (HC) function    on [   ] together   , 
approach at zero and the following condition is fulfilled   [   ]   (  )    

    , there exist periodic solution of (1.5) as well as ( SAP) is dense in 
   . power stability and EXP stability spoke on condition that     and     . 
 
Formula 3.2:  Let  | ( )   ( )|           [   ]                     (10) 
verified. Then       if and only if     . 

Proof: The assume       , it leads to that    is a (HC) function together with  
 , as well as        [   ]   (  )   . Gives us   

  [   ]  ( )         [   ]    
| (   )  (   )|

|   |  

         [   ]    
| ( )  (   )  ( )  (   )|

|   |  

       [   ]| ( )|        [   ]    
|  (   )   (   )|

|   |  

       [   ]|  (   )|        [   ]    
| ( )  ( )|

|   |  

Take advantage of  (9) and (10) , you obtain: 

 | ( )|   ∫  
 

 ( )  ( )
     ∫ 

          
  is (HC) with the exponent  . if it   

 
  turns out to be a Lipschitz function, 

For   [   ]  

 |. 
 
 ( )/

 
|  | 

 
 ∫  

 
 ( )  ( )

     
   ( )  ( )

 |  | 
 
 ∫ 

       | 

  | 
  
    |   

  
     

  [   ]  ( )     ( [  ]  (  )       [   ]|  (   )| ( 
 )

 
). 

For this, ( )     and      . In the same way ,we prove that    , suppose 
that     .  

Formula 3.3: If  ( )    (   ] , For any t_0, there exists such        that     
                 (11)  

And  
  ̇                  ,   .  (12) 

Proof: Let    be not on assignment  (HC) function for exponent  , and defined 
on the [      ] with the conditions is fulfilled: 
    (    )  (    )    ( )    (13) 
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    (    )    (   )  (   )    ( )     (14) 
the following function is defined    on (   ]: 

   ( )    ( )   (     )  (     ) for   [  (   )        ] 
  (   ]      

 (  (   )        ] is whole interval. 
Since is supposition of the continuity of    on [      ] , its bounded, i.e  
     ,  |  ( )|   ,    [      ]. previously, for   

[  (   )        ] ,we have the following checks:  
|  ( )|    ( )   (     )|  (     )|     ( )      [      ]   ( )      ( ) 

When     .      [      ]   ( ). Using  (1.4) ,   ( )    , we conclude 
form this  ( )   . Thus we will get function   exact on the whole interval 
[   ]. Property (11) from (12), as well as  property (13) from (14).  

Assume   ( )    leads to      , see [1]. From  theorem (12), we see 
now        

Formula 3.4:   ( )    ( )  , (SPP) of (1) is dense in   .  

Proof: Let    be a function not no assignment      .   

   ( )    ( ) (   (  (   ))  (     )  ∑ 
         (     )) 

When      (   )  (    )    ( ) and   [  (   )        ]. It 
sufficient to make the following observation to prove the correctness of the 
definition.  
 
  (  (   )  ) (   (  (   )      )  (  (   )  )     ∑ 

         (  (   )      )) 

    (  (   )  ) (  ( )    ∑ 
         (  (   )      )) 

    (  (   )  ) (   (  (   )   (   )  )  (  (   )  ) (   )   ) 

 ∑ 
         (  (   )      ) 

   is a consequence of (3-6). continuous vanishes at zero . 
Let      Since                that  [      ]  (  )   

  and 

 [      ]  (  )   
 .  we know that   ( )   ( )

 ( ) from (1.8),   is periodic 
solution of PDE (1.5).    ( )    (SPP) of  PDF (1.5) is dense in    [1],and 
also so   (    )   

  and   (    )   
  . 

Therefore    (     )   [      ]  (     )   [      ]  (     ) 
   (    )    (    )   [      ]  (  )   [      ]   

Formula 3.5: If  ( )    and       , then   ( ̇   )     
Over and above, if  ( )   , then ( ̇ )    is exponentially stable system. 
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Proof: Taking advantage of theorem 2-2 and the proof in the same way, we find 

   ( ̇   )         [   ]    
|  (   )   (   )|

|   |         [   ]    
| (   ) ( )  

 (   )
 ( ) |

|   |  

       [   ] |
 

 ( )|         [   ]    
| (   )  (   )|

|   |  

       [   ]| (   )|        [   ]    
|  
 ( ) 

 
 ( )|

|   |  

     (  (   )       [   ]| (   )| (
 
 )
 
) 

As we know        in    for every     . This requirement  
  (   ̃)     is return to the results of paper [1]. We draw the following from 
the like, source 
         (   )    .  
| (   )|  |(   )( )|  |(   )( )  (   )( ) |    (   )     (   ) 

since  ( )   ,this gives exponential stability of the system ( ̇ )    together 

with     (  (  )
 
) as well       ( ). 

4.  Conclusion 
we describe a system ( ̇ )    generated through the first order partial 

differential equation (1-1).we found that some properties were realized in the 
space          , such as periodic solutions , their density for   ( )    

  , 

and exponentially stable in this space when  ( )    
 . We also saw their 

realization in the Holder continuous functions, if   ( )    (   ]  then 
periodic solutions and density of (1.1), and also  ( )    achieved 
exponentially stable .So these properties were deduced in two spaces       
    and   .     
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