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Abstract

This paper proposes a method for solving fractional partial difference equations using
discrete Sumudu transformation. Some properties of discrete Sumudu transformation were
used. The applications of the test examples for the initial value problems of fractional partial
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difference equations were tested using two methods: the successive approximation method.
The second, homotopy perturbation, was proven efficient with the proposed method.
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1. Introduction

A difference equation or recurrence equation is an equation like this. The
equations show up in many different places and ways, both in mathematics and
the fields of statistics, computer science, electrical circuit analysis, biology, and
other areas where math is used [1-3,8]. This article aims to accomplish its
purpose of providing an efficient, frequent relationship in the interest of
resolving these issues [4,13,14]. In this paper, we have solved the partial
difference equations using a combination of two essential methods, the Sumudu
Transformations and the successive approximation method, and we have
provided an iterative process to obtain the final solution.

2. Simple Model Including Quantity Demand

This section presents a few definitions and axioms of the Sumudu
Transform related to this paper.

Lemma 2.1 [5]: The discrete Sumudu transform for some elementary functions
for |uT+1| > R are as follows:

) SEnDo fm)} = uS{f ()} (1)
i)  S{} =nlu" where 2 =f(f—1)---(f—n+1), n€eN

Definition 2.2: Falling factorial function [12]: The falling factorial power

¥ (read t to v falling) is defined as follows: & = f(f— 1)(f—2)---(f—
r(t+1)

v - 1)) =[leziE—k) = 10) Wherev >0

Lemma 2.3 [11]: If |u7+1| > X, then for the same values of u,

@ S{aAf(R)}w) = %[F ) = f(0)] 2
and in general,

(i) SAFUIW) = u™ [F) - 215 wilaf o], | (3)

3. Sumudu Transform

In this subsection, some properties of the Sumudu transform of the discrete
domain have introduced.
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Theorem 3.2 [7]: Suppose f:N, = R is of exponential order r = 1 and let
v>0with N—1<v < Then for all u € C\ {—1,0} such that |(u + 1)/u| >

r, Saen—o{CA2F} @) = ST IS, )W) — TN2E ukakf (@),

Theorem 3.3 [7]: Suppose f:N, = R is of exponential order r = 1 and let
v>0 with N-—1<v<N. Then for all u€ C\ {—1,0} such that |(u+
D/u| >,

) Sarld"fIW) = (u+ 1)” {1,
11) §a+v—N{Ava}(u) = )N v a{f}(u)

(u+1

4. Fractional Sum Operator and Fractional Difference Operator
Definition 4.1 (the Sum Fractional) [10]: If F:N, - Rand ¢ > 0 is given then
the a™ order a fractional sum of F is defined by:(47°F)(£): = " (U)Z a(t—

o(s))2=LF(s) for f € N, ,where (f— o (s))2=L is the generalized falling
function.

5. Composing Fractional Sum and Difference Operators with some
properties

Theorem 5.3 (Composing a Difference with Sum) [6]: Let F : N, — R be given,

and suppose a,u >0 with Y—1<a < Y.Then we have, AZWA;”F ® =

Ag_uf(f),for t€e .Na+u+}’—a

Definition 5.4 [9]: Let. Y — 1 < a < Y the « th fractional sum with respect to £

of F(x, ) is defined by (A7 *F(x,f) = mz (E—s—1D=21F(x,s).

6. Main Results
This section introduces the discrete Sumudu transform with successive

approximation methods. We present the solution of the type partial difference
equation using a combination involving the Sumudu transformation with the
successive approximation method.
Problem 6.1.1: Consider the fractional partial difference equation
CfAZ+v—NY(wa)_ xAZy(le) =g(xuf)xufe.N0 > (6)
Aly(X,a+l7_N)=yk(X,,0)=fk(X,0) (7)

Proof: By taking Sumudu transform for Equation (6),
S{5A% 1, vy (x, 03— S{ Ay (x, D} = S{g(x t)}, Using Theorem 3.3,

y05,6 = {ZI28 S Fule.0} + Sl Sal x5y, © + 5 D)

Now, applying the method of successive approximation method,
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f N
Ym0 = {ZX3 5,0} + +82h w{ i Sal s Bhym 1 (3,6 +
gx, O m=123,.. (®)

1= 1.3,0,0 = T3 SF.0+ A7 Af,(x,0) + A7g(x,0
Then, y,(x,6) = {Z¥28 SF(x,00) + { A {3 Cr 0] +
{( A2 a2yt © Sf(x,0) + AT Af(x,0) + - +

AT ATE (x,0) + AT xAEZ"‘””g(x,f)>}+ fA-"g(x,f)}

Then the solution y(x,£) = lim,,_,e0 ¥ (X, ©)
Now, we solve the problem (8)-(9) by using the method Sumudu transform
with Homogony perturbation.

Theorem 6.1.2: The solution of equation (8)-(9) is given by
y(x, 6 =lim,_; X520 p79;(x, )
Proof: By taking Sumudu transform for Equation (6), using Theorem 3.2,
[Siy(x, D} — X¥Zs v*fi(x,0)] = S{xAny(x, 0 +g(x, 0}
Using Lemma 2.1 (ii),
(5,6 = (S0 S G0} + Satuon s Sal (Ay(x, D) + g(x, D))
Y X, k=0 1 KX, a+17N(u+1)1v—1; al x aY X, g\X,
We construct Homotopy in the way that is described below:

9, D)@ = yo0x, © — pyo(x, D) +p {TV2 £ filx, 0)

(u+1)N v

uN
+p§a+v N (u+1)N—V Sa{xAZy(x:f) + g(x:f)} (20)
We assume
P&, 0}P) = X209, (21

Substituting equation (21) into (20), then
(p°190(x 6 +p'0 (X, 0 + p*0,(x, 0 + ) = ¥ (x, 0 — pyo(x, O W) +

i
p{ENZ S fel, 0} +p b7 {{ AL 00k, 6) + PO (x, ) + PO, (x, 6 +
)} + {g(x,f)}}, When we do this, we make sure to compare the coefficients

of the term with the same power of p, thenp®: 9,(x,6) =y,(x,) =
fo(x,0)then,p™: 9, (x,6) = A7 xAZﬁm—l(x :'f) = A7V xAgﬁm—l(x' £)
Then the solutiony(x, £) = lim,,_; 3720’ 9;(x, f).
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7. Implementations

In these sections, the test examples of initial value problems of partial
difference equations are implemented to examine the efficiency of the proposed
method.

Example 7.1: Consider the initial value problem difference equation
AFPy(x, 0 + (A%y(x,6) — y(x,6) = I'(0.8)2*¢
x,6€N, ,=2,g(x,6 =I(0.8)2%¢ (12)
Y(x,0) =y,(x,0) = fo(x,0 = 2% (13)
then the exact solution is  y(x,f) = 2*=%2, then
y(x, 60 = 2%+ Sg3[ S{L%y(x,6) —y(x,6) + S{r(0.8)2%€1}1}}]  (14)

Now, applying the method of successive approximation method Hence,

Ym (X, ) = 2%+ S5 [—5—S{ xb%Vm-1(X, ©) = Yn_1 (x, ©) + {I'(0.8)2*E}}}]
IF m=1, then,

(X, =2"+Sg3[———

Then, y;(x,€) = 2%+ A4 (0.8)2%¢1} = 2% + 2% = 2%[1 + =22]

If m=2, theny,(x,f) =21+ t22], if m=3, then, y;(x,f) =
2X[1 + €=02],

The solution y(x,, ) = limy e Y (%, ),y (x, ) = 2¥[1 + £02]

Now, solve the problem by Homotopy perturbation Sumudu transform
Method.

In equation (14), we have, y(x,£) = 2%+ Sgi[ S{ A%y(x,0) —
y(x,€) + S${r(0.8)2*}}}] ,We construct Homotopy in the as following
P, 0} p) = 2%

ST oz Sal 2V, 0 — ¥, + T(0.8)2°¢) (15)

We assume

(u+1)

(u+1)

(u+1)

S{ A%2% — 2% + {I'(0.8)2%€1}}],

(u+1)

P&, 0}P) = X2,p79(x,0 (16)
Substituting equation (16) into (15), then
(P°0(x,0) + p"01(x, ) + p?0,(x,0) + ) =
2+ p A {{ A2 0o (%, 6) + POy (X, ©) + PO, (x, 6) + )} —
("0, ©) + P10, (x,6) +P?0,(x, ) + )} + [(0.8)2°¢},
We compare the coefficients of the term with the identical power of p,
p%:9,(x, 0 =y, (x,0 = fo(x,0) = 2%,



742 A.M. ABED, H. JAFARI AND M. S. MECHEE

then, p™:U,(x,6) = A8 AZ9,_;(x,€) =222 Then the solution
Y&, 0 =limy, Y72, 0 0;(x, 0 = (X, ) + 9 (X, 0) + 9,(8) + 95(x,0) +
v = 2X

In Example 7.1, two methods were used to test the applications of the test
examples for the initial value problems of fractional partial difference equations.

8. Discussion and Conclusion

This paper suggests a method based on the discrete Sumudu transformation
for solving fractional-order partial difference equations. The discrete Sumudu
conversion features were put to use. First, the successive approximation method
was used to examine how well the test instances applied to the initial value
problems of the fractional partial difference equations as shown in the following
Figures 1 to 4.

Fractional-partial-Sumudu-SAM-HPM approximation Fractional-partial-Sumudu-SAM-HPM approximation
SAM f SAM
HPM I HPM
Exact 108 Exact

z-axis

Figure 1 Figure 2
FPAE - SAM-HPM [0,5], m=10 FPAE - SAM-HPM [0,20], m=10
Fractional-partial-Sumudu-SAM-HPM approximation Fractional-partial-Sumudu-SAM-HPM approximation

O sAM
- HPM

z-axis
z-axis

30 50

y-axis 00 x-axis

Figure 3 Figure 4
FPAE - SAM-HPM [0,40], m=10 FPAE - SAM-HPM [0,100], m=10
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