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Abstract

This research paper introduces a new generalization of the normalized fractional
differential operator, which expands a new direction in our research area. We utilize this
new operator to establish a subclass of p-valent functions. The study focuses on various
characteristics of this subclass, including coefficient inequality, growth, and distortion
properties.
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1. Introduction

Let A(p) denote the class of functions of the form:

f(S) = Sp + Z$=p+1 awsw' (p E N = {1’2'3' "'l})l (1)

are analytic in D = {s:s € C such that |s| < 1}. By assuming thatp = 1,
then A(1): = A, and let f(s) belongs to the class A(p) then the convolution
f * T of two analytic functions is given by:

(f*0)($) =57 + Xh—ps1 awbws” = (T (),
where 7(s) € A(p) and
T(s) = sP + Xh—ps1 bus”.

Studies were conducted on the fractional calculus Tremblay operators not

long ago. These studies have various applications, including the univalent and
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analytical functions of the open unit disk. Researchers are still keen on studying
these types of series involving Tremblay fractional (integral and differential)
operators [1-3]. In [4] the authors defined the following modification fractional
differential Tremblay operator in terms of integral [2]:
I'(o g d (e
TEOf(S) = s (5170 ) fy T dt,
(0<b6<1l,0<a<lsuchthat 1>a—60=0,f(s) EA,s€D).
Then the generalized fractional differential operator TS“'Q"‘ of three
parameters studied and introduced in term of integral [5] and given by:
k+1)%~0r (0 o d tlta-lr(
TEORf(s) = ST (10 ) [§ O G, @)
(0<bd<l0<a<lsuchthat 1>a—0=0,k>—-1,f(s) EA,seED).
From (2) and for 6 > a and x > —1, the normalization of fractional

differential operator Ty k. A - A defined in terms of series and presented by

[6]:

r(-a+o+1)r(*2a2)

TEORF(s) = 5 + Yoo, —
’ = e )

a,s”, s®. 3)

Here, for f € A(p), we define the extension normalization of Te""* f (s)
as follows:

Definition 1: For f(s) € A(p), let 0< 6 <1, 0<a <1 suchthat 1>60—
a=>0 and k> -—1,we define the following new linear operator

Mscfi,g"cf(s): A(p) - A(p) given by:
MEPFF(s): = 5P (T f(5)) * £ (5)

F(L—a+e+1)r(w_—p+“+1)
— P o +1 1 w
¢ i T ) " S @

The operator Ms‘ff"‘ defined in (4) can be presented in terms of
Pochhammer symbols, as follows:

(et ow-»
K+1

(%—a*—@i—l)w
K+1

,0,
M f(s): =sP +E0-, ay,s" ®)
From (5), we can note that the operator Ms‘f‘z‘,e"‘ is considered as a

special case of the Srivastava-Wright operator [7] provided with fractional
parameters, and
M () = f(s).
Corresponding to MS""I;G"‘ which is given in (5), we introduce the
generalization fractional differential operator Km0 :A(p) = A(p) by the

K,A,9,p"
form

Ky3o f(s) = MEPFF(s),
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A
KeGppf () = (9 = DMEf(5) + = sMG () + (1 = 9)s”  (6)

a
—+1)w-
Aw—pn\L (= )(‘%)

=P 4y w
sP+ Y —pe1 (‘P + » C—ar+1) gy AyS
S
0
= Kalgapf(s)
0 0 e
lzciq)pf( ) = Kglq)pf(s)(Ki;,?o,pf(s))
(et owv-p)
— oP oo Alw=p) 2 K+l K1 w
s¥+ 2w=P+1 ((P + ) (%_a+9+1)(w_p) aws
S
6 6 6
K:cnla(p pf(s) Ki‘;qo D ( Kzll(lp‘; f(S)) (7)
If f(s) given in (1), then from (6) and (7) we obtain
(et ) ow=p)
m,a,o — P ® Aw=p)\™ | VT w
Kpclfppf(s) sT+ Zw:p+1 ((P + v ) (%_a+9+1)(w_p) aws™, ()
K+1

0<6<1,0<a<1,1>a—6>0,1>0¢=>1mEeR,=XU{0}.

Remark 1: The operator in (8) generalizes the following different types of
operators:

o Ko3o f(s) =K% f(s) = [4];

o KUY F(s)=KEf(s) = [5,6);
KOVLPF(s) = KLOf (s) = [8];

o Kiaiaf(s) = KPf(s) = [9];

o KLLF(s) = K™f(s) = [10].

fc"lf(f,p f(s), then new subclass ¥75(4, K, ¢;

&, 1, p) of the function is introduced by the following definition:

Definition 2: Let ¥4 (4, k, @; £,1,p) be the subclass of function f € A(p) that
satisfies the following condition:

[ ]
Utilizing the operator K

m,a,0

Re {1 +2 [p(l ) e2enf2 gy (gt £(s)) —

where I*(fo(f‘p f(s) is given in (8).

}>a )

This shows that it fulfills the following inequality:

m,a,6 f

)Kx,l,qo,p )
s

p(1-n (KT f (S))

m,a,0 ’

KO £(s)
p(-n)-RAeP T, q(K;nl“wepf(s)) —1426
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where p e N, me R, =XU{0}, E€C\{0},1>0,n=>0ands €D.

Among the characteristics of the subclass ¥3'9(4,k, @; E,1,p) that are
proven in this study are some of the substantial studies in geometric function
theory, including growth, distortion theorems, and coefficient estimates.

2. Main Results
We begin by estimating the upper bound of the coefficients for the
functions belonging to the class f € ¥3'4(4, k, @; E,1,p).

Theorem 1: For s € D andm € Ry, 1 = 0. let f given in (1) and satisfies
o Aw—p)\ (%4'1)(‘;:—?)
=pralp + 0w =) (9 + 222) 7 | o, <€, (10)

(m—a+9+1)w
K+1

then f € ¥'o(4, k, @; E,1,p).

Proof: Let the inequality (9) is true, we obtain

;nocﬂ ( ,
p(1 - )L’c) n(Ke £(s) -

ma@
—|p1 - )M n (Ko f(s)) —1+2€

a
—+1 —
Aw-p)\™ ( 1 )%

= XW=p+1lp + 0w —p)] (¢ + z ay [s* 7
w=p+1 ( p (m—a+9+1 )(‘:é_:f) w
o Aw-p)\™ (%4—1 )(W_p) w—1
— 25+Zw=p+1[p+r1(w—p)] ((,0+ » ) ( a+9+1)( ) ay s |
K+1 w— P
(e +1)(w -p)
o A(W p) K+1 1
< Xw=p+1lp +n(w —p)] (@ + lawlls* =
w=p+1 ( 14 ) (K+1 a+9+1 ("’Z_'_f)_ w
it w-p)
o ﬂ.( ) K+1 " _
—2€] = Zzpialp + n(w = )] (0 +2E __MH*; {law 1”1
K+f
< Sopualp + 0w = p)] (9 +222)" et lay,| -
= 4w=p+l 14 (m—a+9+1)(v’z:f) w
€] <0,
where K::‘Aa(pgpf(s) is given in (8), then f € ¥7'9 (4, k, @; E,1, p).

In next results, we obtain the growth and distortion theorems for
functionf (s) € ¥3'9 (4, k, @; E,1, ), respectively:
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Theorem 2: Let f € ¥3'9(A, K, ; E,0,p). Then for |s| = r < 1, we obtain

p+1 p+1
Elr <Ifs)| <P + ks

rP — 13 3
(egr+1) 1 m (egr+1) 1
K1 1) ( K1

2 m
[p+11](<p+5) (egg-a+6+1) 1 [p+11](<p+5 —a+0+1) 1
K+L

(250
Proof: From inequality (10), we have

et )w-p)
© A(W—p) m (K+1 o1
— <
S-pulp + 00w —p)] (o +222) ey || < I€]
K

and

(eatt) 2

2’ m K [oe)
[P + I]] ((P + ;) L lZw:p+1|aw| =<

@
(x+1_a+9+1)L
K1

i palp + 1w —p)] (¢ + | |q,| < [€].

2 a+0+1

A(w—p))m i t)oop
(rc+1 )M
K+1

p

Hence, we get

€]
Z$=p+1|aw| <

m
K+1

a
e at0+1) 1

p+l(o+3)

) } (an

K+1

From equation (1) and applying (11), we have

IF ()| = |sP + Bpapes aw s¥| S IsPI+ 1P T lay |
€l +1

14
G |
K+1

a

e at0+1) 1
o

While, the other assertion can be proved as follows

If ()] = [s? + Zepr1 @ s¥| 2 IsP] = P B0 41lay |
€]

<r?+

m

p+l(o+3)

>7rP — rp+1

m
K+1

(%—a+9+1) 1

p+)(o+3)

(eFrt1) 1 }

[Z=1
The proof is concluded.
Likewise, it is possible to demonstrate the following theorem:

Theorem 3: If f € ¥3'5(A, K, @; E,0,p). Then for |s| = r < 1 we have

(p+1)€] P < | <
@ rP<|f () =
(K+1 )ﬁ

(%—oﬁeﬂ)L
K+1

prp_l —_

[p+n](<p+%)m
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(p+1)l€]

m| (GEr) 1
A) l(

prP~t +

il e
[p ﬂ](‘p » %—a+9+1) B

K+1
Proof: Let f € ¥7'9(A,k; E,1,p). Then from (10), obtain

€]
Z$=p+1|aw| <

m| Gt
) l(

Il

K+1

[3
m—a+9+1) 1

p+nl(e+;

[Z=1
also, from (1), we have

If ()] = [psP™ + Ziopraway s~ < pre™t + (p + DrP Z5-p alaw|

(+1)lel

(ert1) 2
K+1

(%—a+9+1)L
K+1

<prP ' 4 P,

pl(p+d)

Similarly, we can prove that
’ > p—-1 __ (p+1)I€] P,

|f (5)| Z pr ) 1 r
+1

m K
[P‘Hl](‘P"';) (KL_H_CH'G‘HL)L
K+1

This finishes the theorem assertion.

3. Conclusion

The results of this study are applicable to the fractional differential
operator in a complex domain within the open unit disk U. We have introduced
a normalized fractional differential operator based on the generalized Tremblay
operator of p-valent functions. Additionally, we have included growth and
distortion theorems, as well as coefficient estimates for a class of p-valent
functions defined by using the new fractional differential operator.
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