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1. Introduction  
Let      denote the class of functions of the form: 

          ∑               {        }   
        (1)  

are analytic in   {      such that       }. By assuming that    , 
then         , and let      belongs to the class       then the convolution 
     of two analytic functions is given by: 
             ∑   

                       
where           and  
         ∑   

            
Studies were conducted on the fractional calculus Tremblay operators not 

long ago. These studies have various applications, including the univalent and 
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analytical functions of the open unit disk. Researchers are still keen on studying 
these types of series involving Tremblay fractional (integral and differential) 
operators [1-3]. In [4] the authors defined the following modification fractional 
differential Tremblay operator in terms of integral [2]: 

        ( )  
 ( )

 ( ) (     ) ( 
    

  ) ∫
     ( )
(   )      

 
   

               (                                ( )        )   
Then the generalized fractional differential operator         of three 

parameters studied and introduced in term of integral [5] and given by: 

         ( )  
(   )    ( )
 ( ) (     ) ( 

      
  ) ∫

       ( )
(         )      

 
    (2) 

(                                      ( )        )   
From (2) and for       and       the normalization of fractional 

differential operator               defined in terms of series and presented by 
[6]:  

          ( )    ∑   
   

 (  
         ) (

     
    )

 (            ) (  
     )

             (3) 

   Here, for    ( )  we define the extension normalization of         ( ) 
as follows: 

Definition 1: For  ( )   ( ), let              such that      
    and        we define the following new linear operator  
    

      ( )  ( )    ( ) given by: 

    
      ( )      (        ( ))   ( ) 

     ∑   
      

 (  
         ) (

     
     )

 (              ) (  
     )

             (4) 

The operator     
      defined in (4) can be presented in terms of 

Pochhammer symbols, as follows: 

     
      ( )       ∑   

    
(  
     )(   )

   
(  
         )(   )

   

      (5) 

    From (5), we can note that the operator       
      is considered as a 

special case of the Srivastava-Wright operator [7] provided with fractional 
parameters, and  
       

      ( )   ( ). 
Corresponding to     

      which is given in (5), we introduce the 
generalization fractional differential operator                 ( )    ( ) by the 
form 

                ( )      
      ( )   
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                       (6) 

       ∑ (        
 )

 
[

(  
     )     

   
(  
         )     

   

]                
       

           
            

         
                    

                  
              

      ∑ (        
 )

 
[

(  
     )     

   
(  
         )     

   

]                
       

                                          
           

                      
       (         

             )      (7) 

If      given in (1), then from (6) and (7) we obtain  

        
             ∑ (        

 )
 

[
(  
     )     

   
(  
         )     

   

]       
            (8) 

                                     { } . 

Remark 1: The operator in (8) generalizes the following different types of 
operators: 
         

                    [ ]  
         

            
        [   ]  

         
              

        [ ]  
         

             
      [ ]  

         
                  [  ]  

   Utilizing the operator          
           then new subclass      

         
       of the function is introduced by the following definition:  
Definition 2: Let     

               be the subclass of function        that 
satisfies the following condition: 

   {   
 [               

         
   (         

         )
 
  ]}              (9) 

  where         
          is given in (8). 

   This shows that it fulfills the following inequality: 

 |
      

        
         

   (        
         )

 
  

      
        
         

   (        
         )

 
     

|      
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where              { }      { }                    
Among the characteristics of the subclass     

                that are 
proven in this study are some of the substantial studies in geometric function 
theory, including growth, distortion theorems, and coefficient estimates. 

2.  Main Results  
We begin by estimating the upper bound of the coefficients for the 

functions belonging to the class       
                

Theorem 1: For     and     ,      let   given in (1) and satisfies 

 ∑ [        ] (        
 )

 
[

(  
     )     

   
(  
         )     

   

] 
                  (10) 

then        
                

Proof: Let the inequality (9) is true, we obtain 

 |      
        

         
   (      

         )
 
  |

 |      
       

         
   (       

         )
 
     | 

  = |∑ [        ] (        
 )
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(  
          )     

   

] 
     |           

          

  |   ∑ [        ] (        
 )

 
[

(  
      )     

   
(  
         )     

   

] 
     |           

    ∑ [        ] (        
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[

(  
     )     

   
(  
         )     

   

] 
                

        ∑ [        ] (        
 )

 
[

(  
     )     

   
(  
         )     

   

] 
                

    ∑ [        ] (        
 )

 
[

(  
     )     

   
(  
         )     

   

] 
          

        
where          

          is given in (8), then       
                

 In next results, we obtain the growth and distortion theorems for 
function         

              , respectively: 
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Theorem 2: Let                      . Then for          we obtain 

           

[   ](    )
 
[

(  
     )  

   
(  
         )  

   

]

                   

[   ](    )
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]

  

Proof: From inequality (10), we have 

∑ [        ] (        
 )

 
[

(  
     )     

   
(  
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] 
               

and 

 [   ] (   
 )

 
[

(  
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(  
         )  

   

] ∑       
       

 ∑ [        ] (        
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[

(  
     )     

   
(  
         )     

   

] 
                

Hence, we get 

 ∑       
     

   

[   ](    )
 
[

(  
     )  

   
(  
         )  

   

]

        (11) 

From equation (1) and applying (11), we have 
        |   ∑    

       |           ∑      
       

          

[   ](    )
 
[

(  
     )  

   
(  
         )  

   

]

       

While, the other assertion can be proved as follows 
        |   ∑    

       |           ∑      
       

        

[   ](    )
 
[

(  
     )  

   
(  
         )  

   

]

       

The proof is concluded. 
Likewise, it is possible to demonstrate the following theorem: 

Theorem 3: If                     . Then for         we have 

               

[   ](    )
 
[

(  
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(  
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]
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[   ](    )
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   . 

Proof: Let                   . Then from (10), obtain 

 ∑       
     

   

[   ](    )
 
[

(       )  
   

(           )  
   

]

   

also, from (1), we have  
        |      ∑     

         |               ∑      
       

                

[   ](    )
 
[

(       )  
   

(           )  
   

]

     

Similarly, we can prove that 

 |     |                

[   ](    )
 
[

(       )  
   

(           )  
   

]

     

This finishes the theorem assertion. 

3. Conclusion 
The results of this study are applicable to the fractional differential 

operator in a complex domain within the open unit disk U. We have introduced 
a normalized fractional differential operator based on the generalized Tremblay 
operator of p-valent functions. Additionally, we have included growth and 
distortion theorems, as well as coefficient estimates for a class of  -valent 
functions defined by using the new fractional differential operator. 

 
References  
 [1] Kadhavoor R. Karthikeyan and Gangadharan Murugusundaramoorthy, 

Properties of a Class of Analytic Functions Influenced by Multiplicative 
Calculus, Fractal and Fractional 8.3, pp.1-13(2024) ,‏.  

 [2]  Amina Ahmed Awad, Fawzan Ismail Sidky and Doaa Shokry 
Mohamed, On subclasses of analytic functions defined by using Tremblay 
fractional derivative operator, International Journal of Nonlinear Analysis and 
Applications 14.1, pp. 3025-3035, (2023).‏ 

 [3] H. M. Srivastava, Manish Kumar Bansal and Priyanka Harjule,  A 
Class of Fractional Integral Operators Involving a Certain General Multiindex 
Mittag-Leffler Function, Ukrainian Mathematical Journal 75.8, pp. 1255-1271, 
 ‏.(2024)

References 

	 [1]	 Kadhavoor R. Karthikeyan and Gangadharan Murugusundaramoor-
thy, Properties of a Class of Analytic Functions Influenced by Multi-
plicative Calculus, Fractal and Fractional 8.3, pp.1-13, (2024). 

 [2]	 Amina Ahmed Awad, Fawzan Ismail Sidky and Doaa Shokry Mo-
hamed, On subclasses of analytic functions defined by using Trem-
blay fractional derivative operator, International Journal of Nonlinear 
Analysis and Applications 14.1, pp. 3025-3035, (2023).

 [3]	 H. M. Srivastava, Manish Kumar Bansal and Priyanka Harjule,  A 
Class of Fractional Integral Operators Involving a Certain General 



SOME CERTAIN PROPERTIES ON ANALYTIC P-VALENT FUNCTIONS� 945

Multiindex Mittag-Leffler Function, Ukrainian Mathematical Journal 
75.8, pp. 1255-1271, (2024).

	 [4]	 Rabha W. Ibrahim, Adam Kılıçman and Zainab E. Abdulnaby,  
Boundedness of fractional differential operator in complex spaces, 
Asian-European Journal of Mathematic, 10.4, pp. 1-12, (2017).

	 [5]	 Adam Kılıçman, Rabha W. Ibrahim and Zainab Esa  Abdulnaby, On  a 
generalized fractional integral operator in a complex domain, Applied 
Mathematics and Information Sciences 10.3, pp. 1053-1059, (2016).

	 [6]	  Adam Kılıçman, Rabha W. Ibrahim and Zainab E. Abdulnaby, Upper 
bound of fractional differential operator related to univalent func-
tions, Mathematical Sciences 10, pp.167-175, (2016).

	 [7]	  H. M. Srivastava, Some Fox–Wright generalized hypergeometric 
functions and associated families of convolution operators, Applicable 
Analysis and Discrete Mathematics 1, pp. 56-71, (2007). 

	 [8]	 Rabha W. Ibrahim, On generalized Srivastava-Owa fractional opera-
tors in the unit disk, Advances in Difference Equations 2011, pp. 1-10, 
(2011).

	 [9]	 Fatima M. Al-Oboudi, On univalent functions defined by a general-
ized Sălăgean operato, International Journal of Mathematics and Math-
ematical Sciences 2004, pp.1429-1436, (2014).

[10]	 Grigore Stefan Salagean, Subclasses of univalent functions, Complex 
Analysis—Fifth Romanian-Finnish Seminar, Part 1 (Bucharest, 1981), 
Lecture Notes in Mathematics, Springer, Berlin, vol. 1013, pp. 362–
372, (1983).

		  Received March, 2024


