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1. Introduction  
In the past, there are many literature intersect topic of (FC) in widely fields 

of science and engineering. Furthermore offered famous integral transform it is 
effective tool for settling various differential equations (DE),integral equations 
(IE) like Sumudu, Kamal, and ZMA transform method in [6], [8-12], and 
activate it to convert system of (DE), (IE) to algebraic equations easily solved 
[1-4], [7]. The objective of survey, the aim to discovery exact solution of 
(HFODE) and (NHFODE) by using (ZMAT). Also present elementary 
properties of (FC) and (ZMAT) [8-9], [11]. Also show the transform efficiency 
,applicability and attractively by discuses theorems and settling applications of 
(HFODEs) and (NHFODEs). 
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2. Methodology of (FC) and (ZMAT) 
2.1 Major Acquaintance of (FC) 

In this part, recall some of the primary properties of the (FC). Fractional 
derivatives (and integrals as well) definitions may diversified, in [12] Abel-
Riemann (A-R) is most commonly used .Closer the terminology [3],a derivative 
of fractional order in the A-R sense realized as Anywhere      and      
[12].    is the derivative operator: 
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From A-R ,   is the integral operator 
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In [5] a mong share primary properties of fractional as: 
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The fractional derivative of that Caputo has main definition in[1,2] , 
Caputo fractional derivative [4] as: 
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2.2 Major Facts of (ZMAT) 
The (ZMAT) defined the functions in [8] like: 
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In the following some results of (ZMAT) [8-9]:  
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Theorem 2.1: The (ZMAT) of  ( ) is    (   ) then the(1st, 2nd and nth ) 
derivatives of  ( ) by (ZMAT) [8] as: 

   ,  ( )-   
      (   )  

 
    ( )  ...(11)  

   ,   ( )-   
(  )     (   )  

 
(  )   ( )  

 
    

 ( )  ...(12)  

 So on nth order like:  ,  ( )-   
(  )     (   )  ∑  
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Theorem 2.2: The (ZMAT) of the Riemann- Liouville fractional derivative as 
introduce : 
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Theorem 2.3: Let  ( )is afunction and     ,then by make (ZMAT)as: 
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Theorem 2.4: If  ( )is a piece wise periodic function and period 𝓹𝓹, then by  

 (ZMAT): * ( )+   
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3. Applications  
Application 3.1: Consider the general linear (FODE) as: 
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With (IC)   ( )   ( )  ...(26)  
          Take (ZMAT) of (25), after some steps find: 
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Application 3.2: Examine the (NHFODEs)  
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          by (ZMAT) of (29),   and use (IC)   ( )               ...(31)  
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Application 3.3: Investigate the (NHFODEs): 
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Subject to (IC)  ,    ( ( )|   )-     ...(33)  

          Occupy the (ZMAT) of (32) ,      ( )           ...(34)  

Application 3.4: Look the (NHFODEs): 
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With (IC)  ( )    ( )    and 0     ( ( )|   )1     ...(36)  

          Utilize the (ZMAT) of(35) ,     ( )      

     ...(37)  

Application 3.5: Look the (NHFODEs): 
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With (IC) 0     ( ( )|   )1      ...(39)  

          Apply the (ZMAT) of (38), take    , using (IC) and take inverse  

 (ZMAT)   ( )   
     ...(40)  

Application 3.6: Let the (HFODEs): 
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With (IC)  
    (  )
              (  )     ...(42)  

          Apply (ZMAT) of (41),    , using (IC) after that take 
usage(ZMAT) obtain analytical solution: 
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5. Discussion and Conclusion 
In this paper , proposed anew efficient transform named the (ZMAT) to 

settle (HFODEs) and (NHFODEs) with (IC) in the Riemann-Liovill derivative 
sense is easily computable and directly apply to present the analytical solutions 
of initial value problem. The method used here is attractive and effective tool in 
terms of finding exact solutions. In the future, hope to extend the (ZMAT) 
method to solve boundary value problems with consideration for Higher 
fractional order differential equations. 

 Acknowledgments 
The author would like to thank Mustansiriyah University 

(www.uomustansiriyah.edu.iq) Baghdad-Iraq for its support in the present work. 



FRACTIONAL ORDINARY DIFFERENTIAL EQUATIONS� 785

References 

	 [1]	 Caputo, M., “Linear model of dissipation whose Q is almost frequen-
cy independent-II”, Geophysical Journal of the Royal Astronomical Soci-
ety, 13: 529–539, (1967).

	 [2]	 Podlubny, I., “Fractional Differential Equations, Mathematics in Sci-
ence and Engineering”, Academic Press, San Diego, Calif, USA, 198, 
(1999).

	 [3]	 Mittal, R.C. and Nigam, R., “Solution of fractional integro-differen-
tial equations by adomian decomposition method”, The International 
Journal of Applied Mathematics and Mechanics, 4: 87-94 (2008).

	 [4]	 Katatbeh,Q.D. and Belgacem,F.B.M.,“Applications of the Sumudu 
transform to fractional differential equations”, Nonlinear Studies, 18: 
99–112 (2011).

	 [5]	 Herbert Kreyszig, Edward J Norminton, “Advanced Engineering 
Mathematics” Ohio State University Columbus, Ohio, Tenth edition, 
(2011).

	 [6]	 Abdelilah K, Hassan Sedeeg,”The New Integral, Kamal Transform, 
Advances in Theoretical and Applied Mathematics”; 11(4) : 451-458 
(2016).

	 [7]	 H. Z. Mjthap & S.N. Al-Azzawi “Mixing Sumudu transform and 
Adomain decomposition method for solving Riccati equation of vari-
able fractional order”, Journal of Interdisciplinary Mathematics (2019). 
DOI: 10.1080/09720502.2019.1706858. 

	 [8]	 Z.Mohammed Alwan,”(ZMA)-transform method. Journal of Interdis-
ciplinary Mathematics”,Vol. 24, No. 7, pp. 1841–1849 (2021).

	 [9]	 Zainab Mohammed Alwan, “Solution Non Linear Partial Differential 
Equations By ZMADecomposition Method”. Wseas Transactions On 
Mathematics (2021), DOI: 10.37394/23206.2021.20.75.

[10]	 A. Hashim Jasim and Z. Mohammed Alwan Inverse Integrating Fac-
tor Overview, AIP Conference Proceedings 2591, 050035 (2023).

[11]	 Zainab Mohammed Alwan;” Double ZMA-transform for solving 
linear telegraph equation”; Journal of Interdisciplinary Mathematics, 
(2023). DOI: 10.47974/JIM-1558. 

[12]	 Abbood, Mohaimen M., Ebrahim, Hassan H., Al-Fayadh, Ali & 
Obaid, Ahmed J.Measure defined on &Gamma;&ndash;algebra and 
some of their generalizations, Journal of Interdisciplinary Mathematics, 
26:5, 821827 (2023), DOI: 10.47974/JIM-1502. 

		  Received November, 2023


