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Abstract

A new class of Nano topological spaces, termed nano pre-open sets, are presented
and explored in this article. Since the Nano topology contains at most five sets, we establish
new structures of nano open sets and nano open covers and new requirement concepts are
discussed like Nano pre-open covers, Nano pre- T_0, T_1, T_2. In this work, regularity and
normality are defined as follows: Nano pre-regular and Nano pre-normal spaces. Many new
theorems are stated and proved.
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1. Introduction

Nano topologies proposed by Lellis Thivagar et al. [10],[11] are introduced
in terms of a subset X of the universal set U defined by the lower and upper
approximations of this subset. The pair (U,R) containing an equivalence
relation R on U is called the space of approximation. In the same equivalence
class, elements are called indistinguishable from each other. Let X < U. For
each set R, the set of objects that satisfy the classification criterion X, is the set
Lrg (X) = Uyeyf{R(x): R(x) € X}. The x-provided equivalence class, R(x), is
said to be the more conservative calculation for X for the collection of objects
that, relative to R, may be characterized as X is the best approximation we have
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Ur(X) and it is equal to Uyey {R(x): R(x) NX # @}, in addition to the set
represented by, which includes objects that cannot be either classified as X or
non-X concerning R, Br(X) = Ur(X) - Lr(X), Specifically, it is referred to as X's
border concerning R.This setting generates a Nano topology tz(X) on U
containing Nano open sets and their complements are called closed nano
sets. (U, Tz (X)) called a Nano topological space [13,14]. Nano pre-interior Nano
pre-closure in nano topological spaces has been defined by Sathishmohan et al.
[9], and different related characteristics were examined. If A € U, The largest
nano open set included in A is called the nano interior of A, denoted by N.
Int(A), while the smallest nano closed set N that contains A is its nano
closure. Cl(A) . Since the nano topology has applications in some medical and
physics models used to solve real-world problems [1] and [2], we tried to
modify these topologies by adding a new class of topologies to these topologies,
hopping to get new results ca applicable in medicine and life in the future.

Tietze [5] and [4] are credited with the original definition of the term
"normal property" in topological space. Aarts [6] then focused their attention on
this matter. The expansions of the concepts of pairwise regularity, pairwise
normality, and total normality were recently introduced by Dorsett [3] and
Jasiml [12].

2. Preliminaries
Definition 2.1: [10] Let U be the universe and X € U, R be a relationship on U
that is equivalent to U. Then
R(X) = {U,0,Lr(X), Ur(X), Br(X)}
To achieve this, we will define the Nano topology on U in terms of X.

(U,tr(X)) called a Nano topological space denoted by NTS, and its
elements are called Nano open sets.

Definition 2.2: [9] A & NTS (U, 7z(X)) is called a Nano Pre-openin U, if
AC N - Int (N - C l(A)) and denoted by Np,, its complement is called a
Nano Pre-closed ( Np().

Example 2.3: Let U ={a,8,6}, X ={a}, %= {{a}, (83,8, 6}}. r(X) =
{U, 0, {a}}. The nano closed sets F = {Q), U,{B, 5}} = {U, ?,{a},{a, B}, {a, 6}}
NfPC(U; X) = {QJ U! {,8! 6}r {6}' {B}}
Definition 2.4: [9] A & NTS (U, tz(X)) is called a Nano-regular open in U, if’
N — Int (N — Cl(A)) = Aand it is denoted by Ngo.

The complement of Ny, is called a Nano-regular closed, and it is denoted

by NRC'

Definition 2.5: [8] U Ny, Nano Pre—interior of A is the set of V sets that are
included in A, and it is symbolized by Np, Int(A) or Npo(A).
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Definition 2.6: [8] N Np. Nano Pre-closure of A is the set of V sets that include
A and is denoted by Np¢ CI(A) or Npc(A).

Definition 2.7: [7] A NTS (U, TR(X)) is called a Nano-T, (or N — T, ) space
fora,b € U and a # b, there exists a nano-open G 3 a in H and b in not in G.

Definition 2.8: [7] A NTS (U, TR(X)) is called a Nano Pre-T, (or Npy — Tj)
space fora,b € Uanda # b,3aNpyset GO a€Gandb & §.

Example 2°9: Let U = {(Z, ,8! 6}' TR (X) = {Q! Ur {a}’ {(l, ﬁ}' {:B}}! NfPO (U' X) =
{0,U,(1a}, (1B}, {a, B}

a+l1f>ae{la}Ape{la}, a#bd=>ac{la}As¢{la}). p =+
§=>1B €{1B}N6 ¢ {1B}.

&~ (U,tg(X)) is a Npg — T, space.

Definition 2.10: [7] A NTS (U, tz(X)) is called a Nano-T;(or N — T; ) space if
fora,b€U >a+#b,3aNanopensets G& Hd3a€§G,b&gG&beEH,a¢d
H.

Definition 2.11: [7] A NTS (U, tx(X)) is called a Nano Pre-T; (or Npp — T;)
space for a,b € U and a # b, there exists aNppsets & H 2 a€G,b &G &
beH,agH.

Definition 2.12: [7] A NTS (U, tz(X)) is called a Nano-T, (or N — T,) space
if for a,b€ Uand a+# b,3 disjoint Nan-open setsGand H 3 a € G and
beXH.

Definition 2.13: [7] A NTS (U,tz(X)) is called a Nano Pre-T,(or Npg — T,)
space for a,b € U and a # b, 3 disjoint Np, setsGand H 2 a € Gandb € H .

Example 2.14: Let U ={a,B,6},U/R ={{a},{B}.{B,8}} ,X ={a, 6} and
=(X) = {0,U,{a},{B, 6}}.
The nano closed set
F={U,0,{B,6}{a}}.Npo(U,X) = {0,U,{a},{B}, {6}, {a, B}, {a, 6}, {B, 6}}.

a#pB =2ac{la}ABe{B} = {la}n{1p} = 0.
a#6 2a€{la}\d €8} = {la}n {16} = 0.
B+8 =>PLe{lB}NS {6} = {18} n {16} = 0.

~ (U,tx(X))is a Npy — T, space.

3. Nano Pre-regularity and Nano Pre-normality

Definition 3.1: A NTS (U, TR (X)) is said to be Np, —regular space iff V Np¢,
Vp & Npc3G, H €Npo (U, X), pEGANpc EH, GNH =0.
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Example 3.2: Let U ={aj,a,a;} and U/R = {{a;},{a,}{ay a3}}, X =
{ay, a3}, Tr(X) = {0, U, {a,}, {ay, a3}}. The nano closed set
F={U0, {ayas},{a}}.
Npo (U, X) = {@, U, {a,}, {az}, {as}, {ay, a2}, {ay, @z}, {az, a3}
Nypc (U, X) = {U' @, {az, az}, {ay, as} {ay, @y}, {az}, {a,}, {0»’1}}-
a; € {ay, az} = a; € {a} Aay, az} € {az, a3} 3 {ay} N {az, a3} = 0.

az € {a1} = a; € {ay, a3} AMag} € {a1} 3 {az, a3} N{as} = 0.

as & {a;} = a3 € {ay, a3} AMay} € {ay} 3 {ay, a3} N {a;} = 0.
~ (U,7x(X)) is a Npy —regular space.

Example 3.3: Let U ={ay,a,as} and U/R = {{y},{a,}, {ay as}}, X =
{3}, 7o (X) = {0, U, {a;}}.
The nano closed set F = {U, @, {a,, a3}}.
Npo (U, X) = {Q): U {ai} {ay, az} {ay, a3}}.
Npc (U, X) = {U; ?,{ay, as}, {as}, {az}}-
a; € {ay, a3} = I{a;},{ay, a} € Npg, {1} N{ay as} # 0, € {a;}
May, as} € {ay, a,}.
= (U, 7g(X)) is not a Np, —regular space.

Theorem 3.4: YV Nano regular-space is Npy — regular-space.

Proof: A Nano closed set, F, is assumed x & F Point the Nano regular space
at a certain location (U, TR(X )), 3 Two different open nanosets G and H such
that x € G and F < H. since every Nano open set isNp, set, G and H are Npg
sets ,x & Npc such that x € G and Npe < H. Hence (U,7z(X))is a Npy —
regular space.

Remark 3.5: Every Np, — regular space is not Nano regular

Example 3.6: Let U = {,5,6,2} with U/R = {{a,6},{8},{?}} and

X = {a, 8}. Then the Nano topology is Tz (X) = {U, ®,{a, §}}. Then (U, 7z(X))

is Npo — regular space but not Nano regular space.tz(X) = {U, 0, {a, 6}}.The

nano closed set F = {0, U,{B,2}} .
ag{B,0}=>ac{a,6}N{B,2}cU>{a,s}NnU =+ 0.

= (U, 7 (X))is not nano regular space.

Npo (U, X) ={®,U,{a},{6}, {2}, {a, B}, {a, 6}, {a, 2}, {B, 6}, {B, 2},
6,03, {a, B, 6}, {a, B, 2}, {a, 8,23, {B, 5, 0}}.
NTC (U, X) = {U' Q), {ﬁl 6: .Q}, {a: ﬁ! .Q}, {a’, ﬁ! 5}: {5! ‘Q}v {ﬁf .Q}, {ﬁ: 5}1
{a, 2}, {a, 6}, {a, }, {02}, {6}, {B}. {a}} .
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a¢{f,}>ac{a}N{B,2}c{B,2}3{a}n{B,02}=0.
B&f{anN}=>pBe{B 6} N{a, 2} c{a, 2}3{B,6}N{a, 2} =0.
de{a}=>6€{B,6}N{a}c{a}a{B6}N{a}=0.
e{apt=>0ec{Nap}c{ap}a{2}nN{ap}=2.
~ (U, 7R(X)) isNpo —regular space.

Lemma 3.7: If every open cover of a Npy —regular spaceX has a nano locally
finite Npq refinement, then for every open cover {Ug}qcp of the nano space X
there exists a nano closed locally finite cover {V,}qcp of X such that V, C Uy,

foreveryaef.

Proof: By a Np, —regular space of X there exists an open cover W of the nano
space X such that {N W: W € W} is a Np, refinement of {Ua}acp- Take a nano
locally finite Npo refinement {A;} e, of the cover W, for every t € 7z choose
an a(t) € such that N A, Uary, and let V, = Ugy=a N A,. From
Theorems 3.2 and 3.4 it follows readily that {V,},.z is a nano closed locally
finite cover of X and the definition of the V},'s implies that V, c U,, for every

aef.

Example 3.8: Let U = {a, 3,6} and U/R = {{a},{B},{B,6}},X = {a, 8}, 1o (X)
={0,U,{a},{B,6}}.
The nano closed set F = {U, @ ,{B, 63, {a}}.
Npo (U, X) = {0,U, {a}, (83,5}, {a, B}, {a, 63, {B, 63}.
Npc (U, X) = {U,0,{B, 6}, {a, 8}, {a}, (B}, {6}, {a B}, {a, 6}, {B, 63}.
A= {U, {B, 6}} , B is a Ny, refinement of A, B = {{a,ﬁ} B, 6}}
ae¢{p,é}=>ac{a}N{B,6}<c{B,6}>{a}n{B, 6} =0.
B &{a}=p €{B, 6} N{a} < {a}3{p 6}N{a} =0.
§¢f{a}=>6€{B 6}N{a} c{a}>{B, 6IN{a} = 0.

Definition 3.9: A NTS (U, tz(X)) is said to be a Np, —normal space iff
VA, Npc setsof U3 A NB=0.Then G,H € Npy,ACS G and B S H,
GNH=0.

Example 3.10: LetU = {a,a;, a3} and U\R = {{a;},{a;},{a;, a3}}, X =
{all a3}'
TR(X) = {(D, U,{a,}, {aZ,a3}}. Is (U, TR(X)) is a Npp —normal space. The
nano closed sets F = {U, @, {a,, a3}, {a;}}.
N?O (U, X) = {@; U; {0!1}, {az}; {66(3}, {al' a2}' {6‘(1, C(3}, {6(2, (X3}}.
NZPC (U! X) = {U, ®, {aZ! a3}: {ali a3}' {alf aZ}: {a3}! {az}, {al}}~
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{ai} € {ai} and {ay, a3} € {@;, a5}, {a} n{ay, a3} = 0.
{a,} € {a;} and {a;} € {a;},{a;} N {a;} = 0.
{as} € {az} and {a,} € {a,},{as} n{a,} = 0.
~ (U, tx(X)) is a Np, —normal space.

Example 3.11: Let U = {ay,a,, a3} and U/R = {{al}, {ay}, {ay, a3}} X =
{al}a TR(X) = {®) UP {al}} .
The nano closed set F = {U, @, {a,, a3}}.
NPO (UrX) = {Q)’ U’ {al}' {alﬁ a2}’ {al' a3}}'
NTC (U' X) = {U, ®’ {‘ZZ' (X3}, {0{3}, {az}}-
{az} € {ay, @y} and {a3} € {ay, a3}, {ay, ax} N {ay, a3} # 0 .
~ (U, tx(X)) is not a Np, —normal space.

4. Conclusions

In the paper, Using Pre-open sets, I created a new class of Nano
topological spaces, we looked at a few regular and normal notations in pre-open
sets in nano topological spaces. Although our notion differs from the traditional
nano topological concept, it nonetheless satisfies certain of its characteristics.
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