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Abstract

This research aims to present and study the convex subclasses and starlike functions
of the analytic functions defined in the open unit disk U and to investigate the third-order
Hankel determinant H,, for these subclasses related to the exponential function. As well
as the upper bounds of H,, (g) and H;, (g) for the convex and starlike functions, and the

estimates of the coefficients |d,|,|d,|, and |d,| were obtained.
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1. Introduction

Let Q and A denoted by the families of univalent functions and normalized

analytic, respectively, as follows
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Q= {g € A: g is univalent function in U},
and

A={g€eH(A):g0)=g'(0)-1=0, (zeU)},
where //(A): denotes the collection of analytical functions in the open unit disc
U={z:z€¢,|z| < 1}.
For g € A, hence it can be expressed in the series form of Taylor as
follows:

g(z) =z+ Xy, 0,d,2", (z€U), )

where 6, = [# +2]” such that (0 < p < 1), it’s easy to find that [0, = 9,605 =

27,8, = 81, 95 = 243]. For specified functions hq,h, € A, h; is denoted as
subordinated of h, (written mathematically as h; < h,), if there exist a Schwarz
function v(z) analytic in U, with v(0) = 0 and |v(z)| < 1, (z € U) such that
h,(2) = h,(v(2)). This subordination has been indicated by:

hi(z) < hy(2) or hy < hy, (zeWw)
if h, is univalent in A, then
h,(z) < h,(z) © h(0) = h,(0) and h, () c h,(U).
Let L represent the family of analytic functions £ normalized by:
(z) =1+ X7 1uyz", (z € U). 2)
and satisfy the condition (Re €(z) > 0, z € U). Introduced the sequence by

Noonan and Thomas [1], see [2]. It’s clear that, if £(z) € L, then there’s
Schwarz’s function v(z) with v(0) = 0 and |v(2)| < 1, (z € U) such that:

£(2) <g, (z € U).

Many interesting subclasses of Q associated with different image fields
have been studied by different scientists. The most basic subfamilies are starlike
(S;) and convex (C,) see [18], which are analytically defined as follows:

i ={geARe [Zg(Z)] a} &c;={geARe [(zg(z))]>a],

g'(@)
for0<a<1,(zeU).

Recently, finding bounds on the coefficients of a function in a given set has
become one of the most fundamental problems in geometric function theory
because it affects geometric features. Finding the upper bounds on the modules
of Hankel determinants for different subclasses of analytical functions has
become an active area of research in the geometric domain, see [3,4]. Many
researchers have studied and explored the Hankel determinant of the exponential
function. For example, Shi et al. [9] have examined findings about the Hankel
determinants to the inverse of several analytic functions related to the
exponential function, and the third-order Hankel determinant for a particular
family of analytic functions connected to the exponential function was
discovered by Zhang et al. [5]. Some well-known analytical functions associated
with the exponential function have been presented as special cases, as follows:
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S:={geARe [g( | <e}aci={geARe (Zgg((z))) < e},

where (z € ).

The Hankel determinant was introduced by Pommerenke [12,13] and
defined:

dm dpyr o Amin-1
d d e d
Hym(g) = ";H miz ™+ | whereg € Aandm,n > 1.
dm+n—1 dm+n dm+2(n—1)

By assigning different values to n and m, different Hankel determinants
can be obtained:

1 d, ds
[dl ZZ] & [22 33] & |d; d; d4| whered, = 1.
2 a3 3 Qg d, d, d

It’s worth noting that H,,(g) is a function of the classical Fekete-Szego.
For different subclasses of A, upper bounds for |H2,1 (g)| have been obtained by
different authors see [16,17,18,19], the upper bound for H, ,(g) has been found
by many authors see [14,15]. It’s easy to conclude that:

H2,1(g) =d;— d%, 3)
H,, (8) = dpdy — dé, 4)
Hy;1(g) = ds(dydy — d3) — dy(dy — dypds) + ds(d3 — d3). (5)

2. A set of lemmas
Several lemmas are presented to prove the first results

Lemma 1 [7, 8, 10]: If £ € L be given by (2), then:

lup| <2, forn=>1, (6)
|ui+j - [)’u‘uj| < 2max{1;|1— 2B}, for B € ¢, @)
lu, — yuil < 2max{1; 12y — 1}, fory € ¢. ®)

Lemma 2 [11]: If £ € L be given by (2), then:
|Dud — Euqu, + Fuz| < 2|D| + 2|E —2D| +2|D — E + F|. 9)

Lemma 3 [6]: Let £ € L given by (2). Then:
[Upgan — pUmu2| < 2(1 + 2p), for u € R. (10)

3. Second and third-order Hankel determinant for S;

The upper bounds are found for the 2nd and 3rd Hankel determinants. In
addition to some initial coefficients. In combination with the class S; [2].

Theorem 1: For g € S, submitted by (1), then:
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[tz @) < 57

Proof: Let g € S;. Then by the Schwartz function (v), that means is v(z) analytic
in U and satisfies the conditions v(0) = 0 and |v(z)| < 1 for all z € U’ so that:
7282 _ v(z)
@  °
Using (1), we obtain:
zg'(z) _z+ Z%o=2 T]Gndnzn

g(2) z+ 35, 6pdyz
= (1+X5n6,d, 2" 1)1 — 0,d,z + (03d3 — 05d3)z* — (63d5 —
292d293d3 + 94d4)23 + (ggdlzl' - 3922d%93d3 + 292d294d4 + egdg -
B5ds)z* — -]
= 1 + 92d2Z + (203d3 - 922(1%)22 + (923d§ - 392d293d3 + 394d4)23 +
(495d5 + 4922d%93d3 - 492d204d4 - 29§d§ - 9§d§)24 + cec. (11)
Using the Schwartz function v(z) in terms of £ € L, this found:

1+v(z)
£(z) = 1—2(; =1+4wz+uz? +uzz®+ -,

it's equivalent to

v(z) _t@D-1 _ ugztupzi+ -
T @D+l 2+ ugz+ upzl+

Using v(z)’s series expansion, we obtain:

2
exp(v(2)) =1+V(Z)+%+@+M+---=1+%Z+(ﬁ—ﬂ)zz+

3! 4! 2 8
(E_ Usup +u_%) 23+ (ﬂ N wu,  ui  ujug +u_‘f)z4 + e (6)
2 4 48 2 16 8 4 384
By equating the coefficients of equations (11) and (12), we get:
u
d, = i (13)
-1 1.2
dy = 7o (w2 + 12), (14)
_ L wiuy _ ui
dy = 60, (u3 T 48)’ (15)
_ 1 ujus  ufup | uj
ds = 865 (u4 += TR 144)' (16)

By using (3), (13) and (14) we find:
[Ha2(@)] = 1ds — d31 = |5 (w + 312) = G)?| = |5 (w2 = 5508,

108
from (8), Theorem 1 has been proven.

Theorem 2: For g € S; submitted by (1), then:

3865
d,d, —d?| < :
|d2d, 3|_104-976

Proof: As mentioned in (13)-(15), we get:
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2
s = a1 = | (52) [ o 222 = 2)] = (5 302) )

_ |uaus 161u%u2 13u% u%

T ls748 34992 1679616 116641
using the triangle inequality means that:

2 —13u§ 161uqu; usz u%
ldody —d3| < | - Tico )
279936 5832 1458 11664
. -13 161
from (6) and lemma 2 to impose values D = JE = and F = —
279936" 5832 1458
then:
2] _ 1 3829 1 3865
|dody — ds| = - = Soir

3 34992 2916 104976
Thus, Theorem 2 was proven.

Theorem 3: Assume that g € S; has the form (1), then:
11
ldy — dads| < —
Proof: Through the use of equations (13)-(15), it’s concluded that:
1 Uy u_% ALY 1
<E (u3 T 48)) (292) (493 (uz ty u1)>|

by using (6) such that |u,| < 2, so:
ldy — dads| <

|dy — dpds| =

11

P =—

5832 729

Now, the proof has been completed.

Theorem 4: [f g € S; is obtained by (1), then'
|H3 1(g)|

486

Proof: From (5), and using tringle inequality, we get:
|H31(8)| < |dslldody — d3| + |dalldy — dyds] + |ds|lds — .
Now, the upper bounds of d;, d, and ds will be found:

1
lds| = |108(u2+ u1)|—Eu2+ |

using (8) we find:
|ds] < . 3=—

36
1 Uy U 1 Uqly Uy u?

) = | (g 22D 2 (), )
486 4 48 486 12 3 16

by tringle inequality and using (7) and (8), we get:

|dyl S 24 ——x2=—"
1458 729

1 __uqug uq ui _ Uglp |
|d5|—1944|(u4 3 )+ 2 (72 6 +u3)|,
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by using tringle inequality and from (6) and (7), and from lemma 2 and
assuming the following values D = i E= l and F = 1, we obtained [18]:

lds| < —— # 2 + —— x z=i.
1944 3888 486
Finally, using the above inequality and the results obtained and previous
theories, we concluded that:
1 3865 11 39601
<= —x— —x— =
|H3‘1(g)| = 36 *Tos076 720 * 720 S5+ 486 54 34012224

So, the proof of this theorem is complete.

4. Second and third-order Hankel determinant for C,

In this part, the 2nd and 3rd Hankel determinants will be found
respectively, in association with the subclass C;.

Theorem 5: If g € C; submitted by (1). Then'
|H2 1(g)|

162"
Proof: Let g € C;. Then (1) can be written as a Schwartz function as follows:
(zg' (@)Y — ev(z)
g@ '
From (1) we obtain:
O — 1 +20,d,7 + (603d; — 462d2)z% + (803 d3 — 180,d,05d; +
1294(14)23 + (2095d5 + 4‘8922d§93d3 - 3262d294d4 - 189§d327 -
1605d3)z* + ---. 17)

By equating equations (12) and (17) we obtain:

d, =2 (18)
1 1
dy = —(u, +53), (19)
o (m e w
dy = 972 ( 2 + 8 96)‘ (20)
— L (wa wus  wfup | up
ds = 4860 ( 2 + 12 24 + 288)' @1

By using (3), (18) and (19) we get:
|H2'2(g)| = |d; — d%| |324 (uz +- u1) (:;)

Therefore, from (6), Theorem 5 has been proven.

324/’

Theorem 6: Let g € C; submitted by (1). Then'

— A2 _xr
|dody — d3] < 419904

Proof: From (4) and (18)-(20) we get:
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3 i2
=1 (M _W) Y2 _E2
ldod,, — d3] = 144 |486 (u3 16) 729 (uz 8 u1)|,
using the triangle inequality is obtained'

dady — d31 < | [us

|104976|| |
By taking (8) and (10), the requlred proof'is obtamed.

69984

Theorem 7: Suppose that g € C, submitted by (1), so that:
1
|dy — dpds| < w18

Proof: Through (18)-(20), it’s obtained:
— -1 _ a2 W _1,2
|dy — dzds| = 1944|(u3 6 )+ 4 (u u1)|

using the tringle inequality is found:

Iy = dods| < |5

| | _ ke
1944 6
and from Lemma 1, the proof of the seventh Theorem has ended.

il ]
77761 |2 1

Theorem 8: Assume that g € C; it was given by (1), so:
1411
|H 3 1(g)|

226748160

Proof: First, the following coefficients ds, d, and ds will be found, and as
shown in Theorem 4 the desired results will be found in the same way.

sl < ) ldy] < o) lds] < -5

Using all subclass C, theorems and the above results, the proof is
complete.

5. Conclusion

The current research addresses convex and starlike functions. These two
subfamilies of univalent functions are linked to the exponential function. Upper
bounds |H, ,(g)| and |H; ; (g)| for subfamilies C* and $* were obtained. The 3rd
Hankel determinant for some other subfamilies of analytical functions with
linear and nonlinear coefficients, aside from the 4th Henkel determinant for this
family of functions, can be discussed in the future.
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