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Abstract

The fundamental objective of the present this article is to display a complete description
of novel ideas of generalized soft open and closed sets in soft topological spaces, which are
defined as §-8-open and §-B-closed sets. Various essential properties and characterizations
related to these ideas of generalized soft sets have been studied. In addition, the relationship
between several well-known ideas of generalized soft open sets such as soft 5-pre-open, soft
S-semi-open, soft pre-open, soft E-open, soft £-open sets, and soft 6-f-open sets over the
soft topological spaces have been investigated. Furthermore, several appropriate examples to
support our main outcomes have been provided.
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1. Introduction

Soft set theory is an essential and powerful mathematical tool to study
uncertainty and solve complex problems in real life”. The notion of soft sets was
initiated via Molodtsov [1]. The following articles [1, 2] discussed the essential
results of the new theory. A rising number of manuscripts have been written
about soft sets theory and their applications we refer the readers to see [3, 4] .
Maji et al. [5] applied a soft set in multicriteria decision-making problems as
well investigated various basic notions of soft set theory in [6]. A. Kharal & B.
Ahmad [7] presented some characterizations of soft and inverse images of soft
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sets. In 2011, Shabir & Naz [8] initiated the study of soft topological spaces
defined over an initial universe with a fixed set of parameters.

Furthermore, S. Hussain and B. Ahmad [9] further explored the
characterizations of soft open sets and neighborhoods. Subsequently, Akdag and
Ozkan [10, 11] introduced the concepts of soft b-open (b-closed) sets and soft a-
open (soft a-closed) sets, respectively. Anjan and Debnath [12] elaborated on
soft e-open and e-closed sets. More recently, Al-Jumaili and A. Farhan [13]
delved into alternative forms of expanded compact and closed spaces. This
article aims to contribute to the field by investigating various modern types,
such as soft 6-B-open and soft d-B-closed sets, within the context of soft
topological spaces. Various characterizations related to these generalized soft
open and closed sets are established [14,15].

2. Materials and Methods

Definition 2.1:[1] Assume X is an initial universe with E as a set of parameters.
Presume P (X) indicates to the power of Xand @ # M C E E. A pair(D, M)is
said to a soft set(Shortly, S.S) over X', wherever F is map defined as D: M —
P(X) and described via D(e) € P(X) V € € M.

Definition 2.2: [8] Let 7" be the family of (S.S) overX, so 7 is said to have soft
topology on X if it satisfies the next conditions:

(a) @ &X,belongto 7.
(b) The union of any number of (S.S) in 7" belongs to T'.
(¢) The intersection of any two (S.S) in T belongs to T'.

Remark 2.3: The members of T are called soft open sets (Shortly, (S.0.S)).

Remark 2.4: “We have the following implications; however, the converses of
these implications are not true, see [10] and [12] as explained in diagram 1.

Soft regular-set

¥
Soft opon 5ot |

¥

Soft sewi-open set |a=| Soft wopen-set |l Soft pre-open-set

N ¥

Soft b-opon -set Soft F-open-sei

v
Soft f-open-sat

Diagram 1
The relations among some well-known generalized (S.0.S)
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Definition 2.5: [12] A (S.S) (D, M) in (S.7.S) X is:
(a) S-8-Semi-Oiff (D, M) & Cl(Ints(D,M)).
(b) S-3-Semi-C iff Int(Cls(D, M)) E (D, M).

Definition 2.6: [12] A (S.S) (F,A) in (S.T.S) X is:
(a) S-3-Pre-Oiff (D, M) & Int(Cls(D, M)).
(b)  S-8-Pre-C iff Cl(Ints(D, M)) E (D, M).

3. Diverse Characterizations of Soft 6-3-Open and 6-B-Closed Sets
Definition 3.1: A (S.S) (D,M) ina (S.T7.S)(X,T,E) is called:

(a) S-0-3-O set & (D, M) € Cl(Int(Cls(D, M))).

(b) S-0--Cset & (D, M) 5 Cl(Int(Cls(D,M))).

Example 3.2: Let X = {£;, A1y, A3, Ay L, E = {41, 4, 43} &T = {®, X, (G, E)},

wherever (W: M) = {(’ym {’hl})v (%2! {’h’Z' h’4})v (y'S' {hz})}
In that case, (X,T,E)is (X,T,E) & (W, M) isa S-5-3-O set.

Theorem 3.3: Let(D, M) be (S.S) in (§.T.5)X, so:
(@) (D, M)is S-0-3-0 set = (D, M)€ is S-0-/3-C set.
(b) (D, M)is S-6-B-C set & (D, M)€ is S-6-B-O set.

Proof: 1t is follows immediately via Definition(3.1).

Definition 3.4: Let (X,T,E) bea (S5.7.S) & (D, M) be (S.S) over X. So,
(a) S-0-B-Interior of (S.S)(D, M) in X indicated via:
S8 — RInt(D, M) = U{(W, M)} € (D, M): (W, M)} is S-5-8-O set of X
(b) Soft J-8-Closure of (D, M) in X is indicated via:
S8 — RCL(D, M) = N{(H, M)} 5 (D, M): (H, M) is S-5-B-C set of X.

Theorem 3.5: Let (X,T,E) be a (S5.T.S) and (D, M) be several soft set in
(X,T,E). So:

(a) S8 —RCL(D, M) =X — S8 — RInt(D, M).
(b) S8 —RInt(D, M) = X — S5 — RCL(D, M).

Theorem 3.6: In a (S.T.5)(X, T, E), we have the following statements:
(a) The arbitrary union of §-6-8-0 sets is a S-0-f3-O set.
(b) The arbitrary intersection of S-0-f3-C sets is a S-0-f3-C set.
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Proof:

(a) Let {(D,M);:1€A}be a family of S-3-B-O sets. so V A, (D, M),
€ [Cl(Int(Cls(D, M) ))]. Now U {(D, M);} € U[Cl(Int(Cls(D,M);)] €
[CL(Int(Cls(U(D, M);)))]. So, U ((D, M);) is soft J-B-open.

(b) The proof follows directly from (a) by taking compliments.

Theorem 3.7: Let(D, M) be a (S.S) in (S.T.5)(X,T,E), so:

(a) (D,M)is S-0--Cset = (D,M) =86 — B8 — CI(D, M).

(b) (D, M) is S-0-p-O set < (D, M) = S8 — RInt(D, M).
Theorem 3.8: Let (X,T,E) be a (S.7.5). So, the next properties hold for S-0-
f3-Closure and S-0-f3-Interiors:

(a) S8 —RCU(P) = ()& S§ — RCI(X) = ().

(b) S8 —RInt(®) = () and S§ — RInt(X) = (X).

(¢) S6 —RCI(D, M) is So-B-closed of X.

(d) S6RInt(D, M) is So-B-open of X.

(&) S8—RCI(D,M) E S5 — RCL(W, M) if (D, M) E (W, M).
(f) $8—RInt(D, M) E S8 — RInt(W, M) if (D, M) E (W, M).
(g S8 —RCI(SS — RCI(D, M)) = S8 — RCI(D, M).

(h)y S6 —RInt(S6 — RInt(D,M)) = S5 — BCI(D, M).

Theorem3.9: Let(X,T,E) be a (S.T.5). So, the following statements hold:
(a) S8 —RCLD, MU (W, M) 3 55 —RCL(D, MU S§ — RCL(W, M).
(b) S8 —RCL(D, M) N (W, M) € 5§ —RCI(D, M) N S§ — BRCI(W, M).

Proof:
(a) As(D, M) E (D, M)TW, M)) or(W, M) € (D, M)TU(W, M))
= §§ — RCL(D, M) € §6 — RCI((D, M)T (W, M))
orS6 — RCI(W, M) €
86 — RCI((D, M)T (W, M),
s0, SSRCL(D, M)YT (W, M) 3 SSRCL(D, M)U
S6 —BCl(W, M)

(b) The proof of this part is similar to part (a) thus omitted.

Theorem 3.10: Let (X, T,E) be a (S.T.S). So, the following statements hold.:
(a) S8 —RInt(D,M)UW, M) 3 5§ — RInt(D, M)USS — RInt(W, M).
(b) S8 — RInt(D, MHNW, M) € S§ — RInt(D, M)NSS — RInt (W, M).

Theorem 3.11: Let(F, A) be S-0-f-0 set in (S.T.5)(X,T,E), so the following
statements hold:
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(a) If8Int(D, M) = &, so (D, M)is S-d-pre-open set.
(b) If 8CI(D, M) = ®,50 (D, M) is S-0-semi-open set.

Proof: Apparent it is follows from Definition (3.1).

Proposition 3.12 [12]: Let(D, M) be soft subset in X, so

(a) SSCls(D, M) = (D, M)UInt(Cls(D,M)) & SSInts(D, M) = (D, M)
NCl(Int5(D, M)).

(b) SPCls(D, M) = (D, M)UCI(Ints(D, M)) and SPInts(D, M) = (D, M)
Nint(Cls(D, M)).

Theorem 3.13: For every soft subset (D, M) of (S.T.85)(X,T,E), (D, M) is
§-0-3-0 set & (D, M) = SPInts(D, M)USSInts(D, M).

Proof: Let (D, M) be S-8-B-0, so, (D, M) € Cl(Int(Cls(D,M))) by Proposition
(3.12), we get,

SPInts(D, M)USSInts(D, M) = [(D, M)NInt(Cls(D, M))]U
[(D, M)NCL(Ints(D, M))] = (D, M)N[Int(Cls(D, M))UCl(Ints(D, M))] =
(D, M)NCI(Int(Cls(D, M))) = (D, M).

Conversely, Assume, (D, M) = SPInts(D, M)USSInts(D, M), then via
Proposition (3.12), obtain

(D, M) = SPInts(D, M)U SSInts(D, M) = [(D, M)NInt(Cls(D, M))]U
(D, M)NCL(Ints (D, M))])]
= (D, M)N[Int(Cls(D, M))UCl(Ints(D, M))]
€ Cl(Int(Clg(D, M))) = (D, M) and thus(D, M) is S-5-B-O set.

Theorem 3.14: Let (D, M) be soft subset in (S.T7.5)(X,T,E), soS§ —
RCI(D, M) = SPCls(D, M)INSSCls(D, M).

Proof: Clear, S§ — RCI(D, M) € SPCls(D, M)N SSCls(D, M). via definition,
SSRCI(D, M) 5 Cl(Int(Cls(D, M))), as, SGRCL(D, M) is S-0-5-C set of X,
via Prop-(3.12),

SPCls(D, M)N SSCLs(D, M) = [(D, M)TCI(Ints(D, M))])]N
[(D, M)UInt(Cls(D, M))] = [(D, M)U(Cl(Ints(D, M))NInt(Cls(D, M)))]
= [(D, M)UCl(Int(Cls(D, M)))] = (D, M) € §6 — RCI(D, M).

Theorem 3.15: Let (D, M) be a soft subset in (S.T.S)(X,T,E), so S§ —
RInt(D, M) = SPInts(D, M)N SSInts(D, M).

Proof: 1t is similar to evidence of Theorem (3.14) thus deleted.



710 A.M. F. AL-JUMAILI

Theorem 3.16: Ina (S5.7.S)(X, T, E), the following implications hold:
(a) Each S-0-pre-0 is S-0--0 set.
(b) Each S-0-semi-O is S-6--O set.

Proof: 1t is apparent and follows their respective definitions of thud omitted.
Remark 3.17: 'The relationships between soft J-B-open sets and other

corresponding types of generalized soft open are shown in the following
diagram 2.

5-Regular
open

¥

S-d-open

#| S-open ] S-z-open

4 i v 3

S-4-Pre-open S-8-Semi-open 5 Pre-open S-Semi-open

N\ N

S-3-ff-open | I S f-open I

Diagram 2
The relations between S-6-8-O sets and other well-known kinds of
generalized S-O-sets

The converses of these implications are not true in general; see [10],[12]
and the following examples :

Example 3.18: Suppose X = {A,, A, Az, A}, E = {41, 42,43} and T = {®, X,
(FLE),(Fy,E), (F3,E) cev v (F13,E)}, are (S.S) over X, defined as:

(F,E) = {(%1' 2], (%2' {hzﬁs}): (%3: {hlﬁs})}J

(F2,E) = {(%1' {ﬁz,i’nt}): (y*zr {1, A3, h4}): (y*sx {h1f,, /7'4})}i

(F3, E) = {(g1, ®), (42, {#3]), (g3, {41 D}

(Fu E) = {(g1, {1, o2, Fa}), (g2, {1, Poo, Pz, Fa ), (43, {21, Foo, Fi3, Fu D)}
(Fs, E) = {(%1' {ﬁlﬁe}): (y*zr {ﬁz,i’q}): (y3, {hz})};

(Fe, E) = {(%1, D), (%2, {£2}), (¢35, D) };

(Fr,E) = {(%1' {ﬁlﬁe}): (g2, (g P35, 74D), (Y3, {1y, 11, h3})};

(Fa, E) = {(g1, (23}), (%2, (4 }), (g3, { A1)}
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(Fo, E) = {(y1, (A, Ao, Ais, 2a}), (92, (B Fro, s, Ra}), (93, (s oo, i3 ))
(Fro,E) = {(’y’p {ﬁ1/’f3})’ (’y*z' {ﬁz,hs'/’q})' (”4*3' V’q,ﬁz})}i
(Fi,E) = {(%1' {23}, (y’z' {/’vz,/’w.})' (y3, {ﬁz})}i
(Fi2, E) = {(g1, (11, (%2, {(£2]), (g3, P)};
(F13,E) = {(%1' {2}, (y’z' {hz,ﬁs})' (y3 {/’q})}i

In that case, T'is defines a soft topology on X ,hence (X,T,E) is (S.T.S)
over X. Evidently, T7¢ = {Cb,f, (FLE), (Fu E)C, (Fs, E)C e (Fi3, E)C} are
S-C sets. Now, take (W,E) = {(yl, {/Lllﬁz}), (yz, {hzyh3}), (y3, {/Ll_h3})};
consequently (W, E) € (Fg, E)¢ = Cl(Int(Cls(W, E))).

Therefore,(W, E) € Cl(Int(Cls(W,E))).As a result, (W,E)is S-0-f-

Open-’As, Int(Cla(W, E)) = {(%1' {#.}), (’%2'{/‘2,/‘3})' (%3:{h1,h3})} which
doesnt contain(W, E), consequently (W, E) isn’t S-0-pre-O set, also obvious

(W, E) is neither S-b-O nor S-3-O nor S-semi-O nor S-O nor S-5-O and nor S-r-
0. Take (D, E) = {(y1, (ha)), (¢, (s A}, (3, (s £2))), then CI(Ine(Cls
(D, E))) :{(y'l' {h’Z,'ﬁ%})' (y'Z' {’h’l,hﬁ' ’ﬁ%}})' (’y’B' {’hlﬁ /LZ' ’ﬁ’3' /Lz}})}! therefore~
Since (D, E) € Cl(Int(Cls(D, E))). Hence,(D, E) is S-0-5-0 set.

Cl(Int(g’ (D,E)) = (Fs,E)° = {(’9*1' {hz'/u}), (’y*z: {ﬁ1,ﬁ3})' (@3' {fh,hsﬁﬁ)}'
which doesn t contain(D, E), consequently (D, E) isn’t S-J-semi, as well clear
(D, E) is neither S-b nor S- nor S-semi nor S-open nor S-4 and nor S-r-open.

Example 3.19: Let X = {A;, A, A5, A, E = {41, 45, }and T = {®, X, (F,, E),

(Fy, E), (F3,E), (Fy,E), (Fs,E), (Fe, E)}, are soft sets over X, defined as:

(Fi, E) = {(g1, (#1}), (g2, P)}; (F2, E) = {(g1, {£3}), (g2, P)};

(T3' E) = {(’9/’1' {hl"ﬁ’Z})' (%2' (D)}, (T4,, E) = {(%1' {'h’l"h%})! (%2! q))}l

(Fs, E) = {(g1, {11, 12, 13}), (42, )V} (Fo, E) = {(g1, {1, 3, 143), (42, D)}
In that case the soft set (W, E) = {(g¢1, {#2, #4}), (g5, P)} is S-5-B-open,

but it’s neither S-£-O nor S-f-O nor S-b-O nor S-pre-O nor S-semi-O set.

Remark 3.20: In a (S.7.S)(X, T, E), the union of two S-J-f-closed sets needs
not to be S-6-f-closed set as shown in the example below.

Example 3.21: Suppose that (X, T, E) isa (S.7.S) described in Example(3-18).

Let us take the next two (S.S)(M,E)&(B,E) in (X,T,E) which are
described as:

, E):{(y'lr {#i2 23, h4})’ (Yo, 11, Pz, 14 }), (43, {1, Az, A3, /L4})};
(B, E):{(”y)i' {#ip 103, h4})' (”!4}2' {’ﬁ'l' Ay, h4})' (%3' {/Lp sy, IL4})}-
So, (M, E) &(B, E) are S-0-/3-C sets over X, consequently
(M,E)U(B,E) =
{(’9*1’ {hofis, /L4})' (g2, {1, fop, o3, Pa}), (Y3, Py, Pz, Fis, ﬁ4})} =(C,E)
and since Cl (Int(Cl5(C, E))) = X & (C,E). Thus,(C, E) isn’t $-0-8-C set.
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Remark 3.22: Ina (S.7.S)(X, T, E), the intersection of two S-0-5-O sets needs
not to be S-0-3-O set as explain in the next example.

Example 3.23: Suppose (X, T, E) is (S.T.S) defined in Example (3-18). Take,
(S.8) W, E)& (K, E) in (X,T,E) defined: (W, E)= {(¢1, {#1}), (%2, { #2D)};
(5, E) = {(gr, (21 }), (g2, {A3]), (93, {#3])}. So,(W, E) & (X, E) are 5-6:3-O
sets over X, but (W, E)N(XK, E)={(¢1, {#.D}(H, E) is not S-5-5-O set.

4. Conclusion

The main goal of this paper is to introduce and study new concepts of
generalized soft open and soft closed sets, which are called soft 8-8-open and
soft 6-B-closed sets over the soft topological spaces, and several of their
characterizations have been investigated. Also, the relations between soft 3-8-
open sets and other corresponding types of well-known extended soft open sets
have been discussed. “We hope that the findings in this article are just the
beginning of a new structure and will not only form the theoretical basis for
further applications of topology on soft sets but also lead to the development of
information systems and various fields.
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