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Abstract

Many inverse theorems have been proven using the ordinary modulus of smoothness
but no one proved the invers theorems for approximation by Bernstein’s Durrmeyer operator
in terms 2nd modulus of smoothness.

Subject Classification: 14F10, 41A17.

Keywords: Approximation theory, Bernstein’s Durrmeyer operator, Inverse theorems, Modulus of
Smoothness, Usual weights.

1. Introduction

Zhang.Z studied Bernstin- Durrmeyer operator with usual weights in [4] ,
Bernstein- Durrmeyer with Jacobi weights have been studied in[3], in [9] better
approximation of functions by Bernstin- Durrmeyer type operators is introduced,
Bernstein-Durmayer operator was also modified in [10]. In this paper used
Bernstein- Durmeyer operator to approximate functions using 2nd modulus of
smoothness.

We need define the symmetric difference of function g € Lp(I), 0<p<I as
follow [5,11] :

o) D7 (v (- 2)) oy 2 Ze

gy D= (1)

0 o.w
we can found all types of modulus of smoothness with properties it in [2, 11,12].
The definition of the 2" modulus of smoothness is

Wz ( 9™ p o = SUP ontllgy + 1) —29») + gy = Mllpe, t =0.  (2)
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when g € Lp(I),I = [0.1],0 < p < 1, equipped with norm g and 2™ weighed
function w defined as follow

[

gl < (J; 1l9OIWOIP dy) = llwglly .

where w(y) bounded mapping then there exist c(p) = 1 s.t [[wll,,, < c(p).
Now define Bernstein—Durmeyer operator in Lp ,0<p<
1, with 2nd modulus of smothness

Do), Zas (v+ (1)) 200+t (v - (£-)))

(n+1) Y=o Pri () Pri (DdEW(y)
y Ziari, 9 (y +(= —j)) -29:() + g; (y -(= —j)>-

+(m+ 1) Yoo Pni (V) Pnix (Odtw(y)

+ [ crcn g+ D) koo i ) Prr(®Ow(y)dt 3)
The definition of Bernstein kernel in [7, 8, 13] is
kn(y,t) =(n+1) ZE:O Pn.k ) pn,k(t) 4)

We get the form of final operator by substituted (4) in (3) as follow

Dy (90)=], Zé;l, i (y + (% —j)) —29:) + g (y - (% - J)) w(y)k, (t)dt
o S0 (v +(8-1)) - 2000 + 9.0 - (L= ))hwok ©dt

+, ereny i IWk, (B)dt.
2. Auxiliary Results
1
Proposition 2.1: If g€ Lp,0 < p < 1,then w 2(9 ’t)pm < 25_1”g||p_w

Proof: By (2) we get

1
——1
w2(g 1), , = SUPosnccllgy + 1) = 290 + g = Wllpw < 27 Igllpw-

. a1l .
K,(9,8) = mingesp{llg = fllp + t"ID%gllp} , where D" = 250 i =

1., d, 1Bl =By ++Bs,B= By, Ba) ENLT>0.

Proposition 2.2: Let f € Lp,0 <p < 1,K.(f,t) = w,(f ,¢t)

pw’
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Proof: By proof wy (f,8)p, ~ K(f,t")p,» We can see the proof it in [1, 6] By

properties of modulus of smoothness in [6,12] we get wr(f,8)pq

) (f' é‘)p,a) Then W (ft 5)p,w ~ K(f: tr)p,ar

3. The Main Results
Theorem 3.1: Let gi € Lp,0 < p < 1 then

1EDY @Dl < @1 + 2 (27 P27 gl

Proof: NEDY (@Dl = I J, Sima(ai (v + (1)) - 20.0)

t9i (y - (kn—h —j)) w()k, (O)dt + [ Zgﬂ(gi (y + (k—nh —j)) =29:(y)

+g: (v = (2 -)) ) wok, (Ot + g WO O],
1EDY ol < 27| S, | Zimator (v + (%)) - 20,09
+9: (v = (5 = 1) wO)ky (Odt) 1l

S| 2, (g (y+(i—h—j))—29i(y)+gi(y—

\
(o =1) Pwodky Od || §; crieny 9:0IWIky | 1

Since w(y) is bounded

1
IEDY (gDllpw < 27 [e@wz(gi 1t),  +c®) w2( i ,t)
+c@gillpw]

p,w

, 1 1
IEDY (gD)llpw < c@)2(27 Dwa(gi 1), , + @)@ Dligillpw
By Proposition 2.1 then

1 1

1EDY (gDl < @)1+ 2 (277 P27 llgillp

Theorem 3.2: For g € Lp,0 < p < 1,we have

<

(©))

(6)
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1
, -1 . .
IEDy (gD |lpw < 2P "IEDY(gi) — gillpw-
Proof: This theorem it is satisfy for 1 < g < oofory € N if yi, y2,.,ym is
partition (0,1) , m€ N
. , , 1 , ,
IEDY (gD)llgw < IIEDy(gi) = gillgw < (J, |IEDY(gi) — gi|? w(y)dy)'/4

<20 I EDY)(gi)) — (@D yyes — v 7w i)

1 1
-1 . . . . = .
<20 Y EDY)(Gi) — (iGN Py — P w)) <

1
=1 . .
2v " |[EDy(gi) — gillpw
Theorem 3.3: (Invers theorem) If g€lp,0<p<1l,n€ Nandye€

.1 I . .
Nthena, (gi ,57=) <327 D EPlEDY(9D) = gillp-
Yoo

Proof: Forn > 2 thereexistm,y ENs.tn/2<m<n
IEDy (g1) — gillpw = Infy jo<men IEDY(gi) — gillpw
IEDY (gi) — gillpw < 2%_1 ¥4 llEDy (gi — gi)ll,w by prpostion2.2 and
by theorm3. 2 we get
K (gi,y") < 27 NEDY(gE) = gillyw + 27 IEDY (gDl
25 S IEDY (gi — gDl

1
wy(g ,t),, <327 ) Ep=ilEDY(gi = gDllpw-

5. Discussion and Conclusion

In this work, we used the Bernstein-Durmeyer operator with 2" modules
of smoothness to prove the invers theory in quasi- normed space.
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