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Abstract

We define expansive and topological stability to homeomorphisms on § 9t - spaces.
We offer some basic features of § - expansive homeomorphism. Further, we prove Walter’s
theorem in the context from a § 901 - space, i.e., F- expansive with the F- shadowing feature
is § - topologically stable.
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1. Introduction

Dynamical systems theory is sometimes said to be the study of the
behaviors of map orbits. Among the many methods of studying dynamical
systems, we select the path of general topology [7]. Among the concepts are
topological stability and the pseudo-orbit tracking feature, also known as
shadowing, which is essential in topological dynamics. Utz presented The
concept of expansion ([2]), which is essential in dynamic systems theory on
metric spaces. Another interesting setup for studying the dynamics is fuzzy
clusters and fuzzy metric space. Fuzzy set theory was introduced by Zadeh in
1965, and later, Kramosel and Michalek in 1975 ([3]) defined fuzzy metric
spaces, which different authors have defined. In this paper, we used the
definition of expansive given in [4] and obtained valid results because the
parameter t is constant while the definition of expansive in [1]. The purpose of
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using the expansive definition in [4] is that the proof method is clear and can be
used to study other chaotic properties and obtain valid results without the need
to take inf for all t values as in the definition in [1,8,9]. In section 2, we define
fuzzy metric space,t — § - expansive and § —shadowing feature. In section 3,
we construe the initial features of § —expansiveness and shadowing features. In
section 4, we show the essential conclusion of the article Theorem4.5, the
& —version of Walter's Theorem. It stipulates each @ —expansive
homeomorphism satisfactory to the § —shadowing feature is & —topological
stable.

2. Preliminaries
Let's remember the definition of fuzzy metric space [3].A binary process
*:[0,1] x [0,1] — [0,1]called is a continuous triangular norm (t — norm) if =
it meets the next terms:
1) = isassociative and commutative;
2) = is continuous;
3) a*1 = a foreveryone a € [0,1];
4) a#*b < c¢x*d whenever a < candb < b,(a,b,¢,d € [0,1]).

Definition 2.1 (Kramosil and Michalek [3]): A fuzzy metric space (briefly
FIM — space) is a ternary n (X, M,x) where X is not empty set * is
a continuous t —norm, and M : X X X X (0,00) — [0,1]is a mapping
which has the next features :

toeachx, ¢4,z € X and %,8 > O:

a) M(x,yt) > 0

b) M(x,4,4) =1 ifandonlyif x = y;

©) Mxyt) = M(yx1);

d) Mx,z1t+ 8) = M,y t) * M(y,3,38);

e) M(x,¢,): (0,00) — [0,1] is a continuous map.

We are considered a topology on a & I — space (X, M ,*) as below: Given
a sequence. (x,) in X, that we say (x;) fuzzy converges to x, where x € X, if to
each0 <& < 1 there are N € N s.t M (x,x,,t) > 1- stoeach k = N.
Following this, the converging sequence converges to a singular point. In such a
situation, we say the sequence is convergent. Point out 5, ]\_{ x Wwhenever x;, is
fuzzy convergent to x. We say that a subset 0 < X is open if to each sequence
(xx) converging for some point in O, there is N € Ns.t x, € O For everyone
k = N.That we say (X,M,x) is § —compact if each sequence has a
convergent sub — sequence in X.

A higher idea can also be obtained through the opened covers. Given
f:X - Xand x, € X, we say that f is § — continuous in if x,to each

sequence x,in X like thaty, » x, it holds that. £y, Y » f(x) -Equivalently, to
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every 0 < £ < 1 there is 0 < § < 1 with the feature that if y € X satisfies
M (xo,y,8) > 1- 6 thenM (f (%), f (¥),t) > 1 — e. We say that a map is
a §— homeomorphism if it is § — continuous bijection map with § —
continuous inverse [1].

Remark 2.1[4]: Suppose(X, 4) is being metric space(briefly 2t — space). Then

t
M(JC, Y, t) - Md(xl Y, t) - t+d ()

ab is a § — metric defined on X (is called the criterion I — space [5]), the

topology 7, resulting from the metric & and the topology 7,, are same.

with the t—norma *x b =

Definition 2.2 [4]: Suppose(X,M,*) be a W — space. We say so & —
homeomorphism f : X — X has § — pseudo — orbit tracing features on X,
if to every 0<e <1 and t > 0, there are § € (0,1) so that for a given
sequence {x;} with M(f(x), xx41,t) > 1 — 6 for k € Z (called 6-
pseudo orbit) there are a pointp € X st M(f* (p), xy,t) >1—¢ fork € Z.

Definition 2.3 [1]: Let (X,M,*) be a FM— spac.We say thatF —
homeomorphism f :X - X is t — & — expansive if there is e € (0,1) s.t to
givenx # yandt > Othereare k € Zst M( f*(x), f¥(y),t) < 1—e.

Theorem 2.4 [6]: If (X, M ,*) is a fuzzy metric space, then:
i) Forgivena,b € [0,1],a* b = 1limpliesa =b =1;
it) The inequalityt < & implies M (x,4,£) < M (x,4,8), Wwhere
x,y€ X
Proof: One can deduce the first property immediately. To prove (ii) put= % +
7 then
M(x,4,8)=M@xyt+ r)=Mxyt)*M(y,y,7) =
M (x,4,%£) *1 = M (x,4,t). One can prove the following theorem by direct
calculations.

3. Public features

Lemma 3.1: Suppose (Xy, My,*1) and (X, M,*,) be two fuzzy compact metric
spaces (briefly FEM — spac, ¢ : X, = X, be § — homeomorphism .To each
0 < & < 1 there are § € (0,1) with the property

M, (x,y,t) >1—8,then M5(p(x), p(y),t) > 1 —¢.
Proof: Suppose that there is a pair of sequences. (x), (yi) in X; with property
that M (X, Vi, t) > 1 — % By fuzzy compact, we can assume that x;, X x

M.
and y, - y with x,y € X;. since givent > 0 and each 0 <n < 1we have for
k € N we have

M, (x,y,t) = M, (x, xk,g) *, M (xk,yk,g) *; My (yk,y, g) >
A-mea(1-1)sa-mn.
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Thenx =y
Suppose m € N s.t
(1 —i) *, (1— %) > 1 — &. And then with continuation to ¢ in x,

My (@), 9 i), ) = M (9, 0(6),5) %2 M, (00, 0 310).5),

Corollary 3.2: Let (X;, My,*,) be § € M —space and f: X, = X, is being §F —
homeomorphism. For every 0<e<land N = 1thereexists0<d <
1 with the features that ift My(x,y,t) > 1— 6, thereafier My(f*(x), f¥(y),t)
> 1—¢ foreach |k| <N.

We say that ¢ : X, — X; is a semi — conjugation (or a conjugation)
between g and f if it is a § — continuous map (or an homeomorphism) on
(X1, My1,%) like that @ ° f = g°¢ . In the latter case, g is named disorder of

f-

Proposition 3.3: Suppose (X;, M,*,) and (X,, M,,*,) be two FEM — spaces.
Suppose f:X; = X;and g: X, - X, be two & — homeomorphisms and
¢+ X; = X, be aconjugation between f and g. Then g is t — § — expansive
if and only if f is so.

Proof: We suppose that 0 < § < 1 is expansive fixed from g .

M (g (e (), 8" (0(). ) > 1= 6.
Let 0 <e <1 of Lemma 3.1 to the homeomorphism ¢~! and § > 0.
Given x,y € X;. Since f = ¢~1°g° ¢ then for every k € Z it follows that
M, (8 (9(x), 8"(p (1), ) =

M9~ (@ (0), (97 (¢ (h()) ) = My (FE GO, F4), ) > 1 —e.

We conclude that f is t — & —expansive.
Conversely, we suppose so 0 < e < 1 is an expansive fixed to f .
Mi(fe), fE Gty >1—e
Let 0 < § < 1be of Lemma 3.1 the homeomorphism ¢ and e > 0. Given
w,z € X,.Since g = @°f°p~then for every k € Z it follows that
My (G0, fE ), 1) = My (o (4 (07 (@), o (fH (07 (), 1)
= MZ(gk(Z)l gk(w), t) > 1- 6;
We conclude that g is t — § —expansive.

Proposition 3.4: Suppose (X, M,*;) and (X,, M,,*,) be two FEM — spaces.
Suppose

f:X,->X andg:X, > X,be two §— homeomorphisms ang :
X; — X,be aconjugation between f and g. Then ghas & — shadowing
feature if and only if f is so.
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Proof: We suppose g has the & —shadowing feature. Through Lemma 3.1, to
each 0 <& < 1thereis 0<e<1to ¢ 1 Of the § — shadowing feature
there is § € (0,1) with a feature that each § — fuzzy oseudo orbit (Yy)rez
to g maybe € — fuzzy tracking at some point in X,. Suppose §; > 0 be a
figure satisfactory Lemma 3.1 to & and ¢ . Then, it is sufficient to see it every
61 — fuzzy pseudo orbit (x})xez to f is & —fuzzy tracking through
some point.This situation y, = @(x;) to k € Z.Since My (f (), Xg41,t) =1 —
6, for k € Z, we have

M (i), Yierrs t) = M (@(f (61)), @ (Xes) £) = 1= 6.

Thus (g,) is a &— fuzzy pseudo orbit to g and so to
k € 7. M,(g%(2), yx41,t) = 1 — e.For some z € X,. Subsequently, to k € Z, it
follows that

M (f (907" (2)), %0 t)
= M (07 (a"(2)), 7 (Xpes1),t) 2 1 — &1

Hence, f has the § — shadowing feature.

Conversely, we suppose f has a shadowing feature. By Lemma3.1 , to
each 0 < e < 1thereis 0 < g < 1to ¢ .Of the § — shadowing feature there
is 0<6; < 1with a feature that each &, — fuzzy pseudo orbit(x;)iez
to f perhap &, — fuzzy tracking at some point in X;.Suppose § >0 be a
satisfactory figure Lemma 3.1 to &; and ¢~!. Then it's sufficient to see it every
6 — fuzzy pseudo orbit (y,) to g is € — fuzzy tracking through some
point. This situation x,, = @~ (y,) to i € Z.Since M5(g(¥i)), Yi+1,t) =1 =6
to k € Z, we have

Ml (f(xk))' Xk+1) t)
= M1(‘P_1(9(}’k)): ‘P_l(Yk+1)' t) =1-4;.

Thus (x;) is a §; — fuzzy pseudo orbit to f andto k € Z. M, (f*(y),

Xg+1,t) =1 — g For some y € X;. Subsequently, to i € Z it follows that
My(s* (9 3)), ¥1,t)

= My (o(f*1)), p(xps1) t) = 1 — €.
Therefore g has the § — shadowing feature. O

Corollary 3.5: The § — expansiveness is independent of the select follower & —
metric on X, whenever the fuzzy metric induction himself compact § — topology
on Xj.

4. Stability
Let (X;,My,*;) be a FM—space and F,G: X; —» X; be F—
continuous maps, we define
W(F,G) =M (F (x),G(x),0).
Given § — continuous map g: X; — X; defined on the § — metric
space(X;, My,*1) ,0 € (0,1) that we say g is § — fuzzy close to f whenever
W(f,q) > 1 — 6.
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With those symbols, we are considered the next definition of & —
topological stability. Point out through Iy, the identity map on Xj.

Definition 4.1 [1]: We say so f is & — topological stable if per € € (0,1) there
are 6 € (0,1) like that to each § — homeomorphism g & — fuzzy close for
f yonder a semi-conjugation

¢ X, = X, between f and g, such that M(go, le) =>1-e

Lemma 4.2: Let (X{,My,*;) be FCM — space and f: X; - X, be
& —expansive homeomorphism with expansive fixed 0 < e < 1. Given 0 < ¢ <
1 there are N > 1 like that if My(f*x), f*(y),t) = 1- e, for every |k| <
N ,then

Mi(x,y,t) > 1 — ¢.

Proof: Let 0 < ¢ <1 be given then to each N > 1 there exists two sequences
(xy ), (yy ) in X;such that forall |j | < N

M(f7 Cen ) f n ) )= 1-e
and there is a sequence(ty) in (0, +o0) with the property that M; (xy , Yy , ty) <
My My
1 — &. By fuzzy compactness, we can assume that Xy — X and Yy — Y

withx,y € X;. Letn € Zandt > 0. For every N € such thatjn| < N we
have

MG, F ),
2 36 (7769, 7060, ) 4 36 (726, 100,
M (£ Om). 2 0).5)

t t
= M, (£, fEG),5) #1 (1 = €) v MFOn ), F4O)5):
By continuity, we obtain that M;(f*(x),f*(y),t) = 1 — e, then
x = y.
Lemma 4.3: Let (X;,My,*;) be & —metric space and f: X; —» X; §—
expansive homeomorphism with the & — shadowing feature. Exists 0 < ¢ <

1 and 0< 4§ <las follows feature each & — fuzzy pseudo orbit(x;)yez
maybe € — fuzzy tracking in f singular point in X;.

Proof: Suppose 0 < e <1 be §— expansive fixed from f .pick 0 <e <1
achieving (1 — €) *; (1 — €) = (1 — e)andselect § € (0,1) conforming
to & of the §— shadowing feature. Suppose that there are a
6 — fuzzy pseudo orbit (x;)xez maybe to f that & — fuzzy traced by x
and y.Given k € Z ,t > 0 we have

My(FeCO, ), 0) > Mu(FH (), x05) *1 Mi(ae f4(),2) >
QA-9*x0-8=1-ec
Since f be t — § —expansive map, we've x = y.
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Theorem 4.5: (Walter §—  version) Every § — expansive
homeomorphism with the & — shadowing featureon an FEM —space
is fuzzy topological stable.

Proof: Suppose 0 < e < 1 be an expansive fixed from f.Pick 0 < e < 1 and
0 <6< 1of Lemma 4.3. We can assume so (1 —¢&)*; (1—¢)*; (1—
g)> (1-e).

Allow g: X; —» X,;be a homeomorphism like that W(f,g) > 1—6
and x € X;. We claiming it the orbit (g¥(X))pez s a
&6 — fuzzy pesudo orbit to f. Actually, through the identification of
W(f,g),toeachk € Zandt > 0 .we have

M (f (64(0)), 6" (0, t) = My (f (6*(0)), 8(s* (), 8) = W(f,9) > 1- 6.

Through Lemma 4.3, there is a unique ¢(x) € X; like that (g*(x))xez
maybe € — fuzzy tracking through ¢(x) to f . This identifies ¢ : X; — X;
which satisfies

M (¥ (), g*(x),t) > 1- ¢, Vk € Z,Vx € X.
Following we display it ¢ is asemi — conjugation between f and g .
M (F*(p(a(x))), "1 (x),t) > 1 — &,Vk € Z,and forevery k € Z,

My (14 (f (0(0)), 61 (), )

= My (F* (p(x)), "1 (x),t) > 1- &

We have that ¢(g(x)) and f (¢(x)) scoring in X;, that e — fuzzy trace
the § —fuzzy pseudo orbit (gk+1(x)) ez Through Lemma 4.3, it bears that
Qo g=foqp. Atlast, we display it ¢ is § — continuous. Suppose 0 < ¢ <
1. Through Lemma 4.2, we can select N like that M, (f*(w), f¥(v),t) =
1-e,V|k| < N,which implies thatM;(u,v,t) > 1— 0. Furthermore it,
through Lemma 3.1 we selectn > 0, like that M;(x,y,t) > 1 — n implies
that

My (g*(x),6"(¥), t) 2 1 — & V[k| < N.
Forx,y € X; suchthat M, (x,y,t) > 1 — nand & > 0 we have
M (f* (), f¥ (e (1)), €)
= M1(p(8“(0)), 9(g* (), ¢)
> M, (9(5“(0)), 8500, 5) x1 My (800,640, 5)

A EUORICEDIES

> W(p, L) * My(g*@), 6 3),5) « W(p, 1)
> -8 nl-ex1-e
> 1-e
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Forall |k| < N.Therefore M, (x,y,t) > 1 —n implies that

Mi(p(x), o), t) > 1 - o,

And so continuity ¢ is proved.
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