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Abstract

Many researchers work on the approximation by the one hidden layer neural network.
However, little work is done on multilayer neural network approximation. Here, we
approximate multilayer neural networks by 2-hidden layers with sigmoid function output.
That is what we shall introduce in our work.
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1. Introduction

Firstly, let us introduce the backpropagation algorithm, which is modified
by the gradient descent method and modified weights and thresholds. So, the
error is minimized between the signal of the network and the desired output. Let
us define B(x) as the output function. The sigmoid function f(x) is

f(x) = —

(1+e7%)

In [1], we can find many mathematical models of neural networks. The
researchers in [2] and [6] can find many applications, such as Pattern
recognition, and show the mechanism of human information processing using
these models. In [2]the authors introduced the back propagational algorithm
(generalized delta rule)and learning rule for multilayer networks.

This article has been corrected with minor changes. These changes do not impact the
academic content of the article.
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The authors in [2] introduced little theoretical research on multilayer
networks. Lippmann in [7] showed that the arbitrary complex decision regions
that contain concave regions, can use 4-hidden layers networks. The researchers
in [4] introduced an example of 3-layer networks with thresholding units in
which Partition space into concave subsets. In [3], the researchers showed that
Pattern recognition applications can form several complex decision regions that
3-layer networks by simulations. In [5], the author proposed a based as
generalized delta rule on the same principle. In [6], Sejnowski and Rosenberg
apply multilayer networks for forming mappings, such as Net.

The authors in [10,11,14], introduced solutions to Hilbert's thirteenth
Problem and proved an estimate for the approximation of continuous function
using 4-layer neural networks.

In [8,13], the authors pointed to a problem: the unit of the neural network
approximation is not a sigmoid function. In [14], the authors used a 3-layer
neural network approximation. The condition of absolute integrability must
satisfy the output function B(x), so it is not a sigmoid function.

In [9], The researchers showed by a multilayer network, it has been known
that any piecewise - linear decision region can be realized.

There is a different Point from the [1] model, which uses the output
function of units, which is why it is a learning algorithm for multilayer
networks. In this work, we started from [9], the integral formula, and proved the
approximate realization of mappings in L, spaces 3- layers networks are
sigmoid functions whose output function is for hidden layers and output
function for input. We use Kolmogorov and Sprecher theorem to prove our
results. Here, we approximate multilayer neural networks in L, by two hidden
layers with sigmoid function output.

For a real-valued function f: K ¢ R® - R

We Can use the following norm

1

Ifll,00 = (S 16Ge Xz, X IPd, . dx, )P

2. Multilayer Neural Networks

Generally, the networks have input, hidden, and output layers. Each layer
consists of computation units. The relationship between the input-output is
through by connection, w; weights, threshold b, inputs x;, output y and
differentiable function B as follows

Y= B(Z%‘zlwixi - b) .

The algorithm of back Propagation is the learning rule of this network in
[2]. The relationship between the input units r and output units s for multilayer
networks defines a continuous mapping from r-dimensional Euclidean space to

s-dimensional Euclidean space. This mapping is called the input-output mapping
of the network.
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In the study of mappings of networks, output functions for hidden layer is
B(x),and output functions for input-output layers defined by multilayer
networks to consider are linear.

Let Points for r-dimensional Euclidean space R" be denoted by X =
(X4,Xy,...,Xp) and the norm of x defined by ||x|| = (Zr . XIZ) 3

i=
In this work, we prove the following theorems and corollaries.

Theorem 2.1 (Kolmogorov): Any f € L,(R"), f(x;,%3,%3,...,%,) € R"
defined on (n = 2) of several variables, we can be represented by [11]

0 =52 xi (Y wilw) )

Where
X;P;; € L, (R™) with one Variable and ; is sigmoid function, which not
dependent on f.

Theorem 2.2 (Sprecher): For each integer (n = 2), there exists areal
Sunction B(x), B([0,1]) = [0,1] dependent on n and having the following
property

If 6> 0, there exists an arational number wy 0 < wy < §, every
function f(x) of n variable on I", we can be represented by[14]

) =3« [Zr,AB(x;+w, - 1)) +j—1].
Where
A and the function X € L,(R") is an independent constant of f.
In [10], the mapping f.x e I - (f, (x),...,f,(x)) € R™ is a 4-layers
neural network with hidden units whose output function are ¥, x;(i = 1, ....m),

Where x; is given in the theorem [14] for f;(x), x;(i = 1,...,m) are used
for the 2- hidden layers and ¥ for the one hidden layer.

Lemma 2.3: If f(x) € L,(R™) then F(w) € L,(R")

Proof: We have
T ll, = N @l = [fn FOO® G x|

< |fipn FOOW () x|,

< lIfll; iwll,
= Ifllz wlly < NIflly lwlly -
Since f,w € L,(R") and since L,(R") c L,(R"),
So, that [|f]|,, |[w]|, < oo.
This implies to
F(w) € Ly,(R™).
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Theorem 2.4: Let k be a compact subset of R™, Let B(x) be anon Constant
Sunction and f(x1,%3,X3,...,Xy) be a real valued function in L,(k). Then there
exist M € Z* and real Constants b;,c;(i = L...M),w;(i=1,...,D,j=
1,...,n) such that
£*(Xq, .0 Xy = 2it G B(ZIL, wijx; —by)
Satisfies

X1, -0 Xp) = £ Xqp oo X lp < c(P)wy (£, 8)p,
where

For £k c R" - R, there exists a two - layers network whose a linear

function with output functions for input-output layers which has an input-output
function f*(x4,...,%x,) and the function B(x), whose output functions for the
hidden layer

Such that

”f(Xll .. -an) - f*(Xl yun 'Xn)”p < C(p)WV (fl 8)])

Proof: We can find H > 0, and we define Iy (X4,...,Xp), lou (X4,...,Xp) and
Ju (Xq,...,%Xp) as
H H
IH (xll vee :xn) = f—H f_Hlp (Z?zl Xiw; — WO)
where
1 . _ x x
Y (x) € L' —topology is defined by ¥ (x) = B (—) -B (—

S+ 65—
6 and « by the Paley - wiener theorem in [12], the real analytic is the Fourier

transformF (w) (w = (wy,..., Wn))of f(x), such that
k
”IOO,H (xlt Ty xn) —f (xl' Ty xn)”p < Wv(f'; )p- (1)

By finite integrals on k, we will approximate I, ;.

IH*,H (Xl,...,xn) =
H H Hx* 1
f—H "'f—H [I—H*l’b (Z?zlxiwi - WO) X mF(Wl,...,Wn) X

exp(iwo)dwo] awy,...,dw,.

) for some

We can take H* > 0 so that
k
||1H*,H (x1: [REY] xn) - Ioo,H (xl' [EEY] xn)”p < Wv(f'; )p' (2)
By using the equation [9]

[ (B xow; — wo) exp(iwg)dwo =

n *
fzi:l Xiwi+H

I (6) exp(it)de. exp(i Sy xw))
From F(x) € L,topology and compactness of [—H, H] ™ * k,
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We can take H*, so
Hx* . o
f_H* P (Xizq xiw; — wo) exp(iwg) dwp — f_oo* Y Qi xw; —
wp) exp(iwg) dw,
< I (Eisy xiwi — wo ) exp(iwg) dwo — P (X X;w; — wo)exp(iwo) dwylly
wy(f ) em™ Iyl
= (208 I IF@ g dx+1
Since ¥ and F are belong to finite dimensional space then
wy(f Z)emMip@i,
(2 [ oSS IF @)l dx+1)

e S SR AIF @Ol dx on k.

IFllp
» T e S IF GO

x [ D NFGN, [ [ IIFCON,

Wu(f ‘E)
”I—H*,H (xll'--lxn) - IOO,H (xl'---'xn)”p < (foooo---fjooollF(r;C)llpdx+1)

x [0 I NF @, dx < cw, (£.5)
from (1) and (2) we get for any H, H* > 0,
”f (qy e xn) — Iy (xl'-'-'xn)“p <c(p) wy(f, 5)p-
So, we can approximate f (x) by the finite integrals I« ;;, (x) on K.

It can be represented by the Riemann sum and by two-layer networks.
Then f(x) can be represented approximately by two-layer networks.

Proposition 2.5: Let f(x) € Lp (R) and B(x) is a sigmoid function for an
arbitrary compact subset K of LR. and an arbitrary wy(f,8), >0, there
existM € Z* and real constant

a;, b, c;(i =1,...,M) such that

If(x) =M ¢; B(a;X + b)ll, < c(@)wi(f,8),, hold on compact
subset K.

Proof: We suppose that K = [0,1]", and we apply Sprecher's theorem to g,,(x)
(r = 1,...N) and represent g, (x) by the form

g,(x) = meﬂxp [Zzlhiz/) (ci+t G-1)+j- 1] ,(p=1,..N)

i=
Where
h,t are constants. We can approximate the functions by using a sigmoid
functionBand apply our Proposition to the function Yy, .
LetK;(j = 1,..2m + 1) be the images of [ 0,1 ]" by mappings

m
Aj:erh"z,b(xi+t(j—1))+j—l,(j=1,2,...,2m+1)

i=1
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we can take ks of & neighbourhood of K € L,(R)(P =1,..,N) are
approximated by

You(X) = XLy Com B(aimx + biy) 3)
So,
1%, 00 = YOI, < @) wic (.6, 4
We can approximate A;jon [0,1]" by 4;, S so that
12;Ge) = 2; S|, < min(r, 8). )
Where r sufficiently small, and we can approximate 1 (x) by
YS(x) = Xioy ¢ B(aiX + b)) (6)
On ¢ neighborhood of [0,1] and set
4is() = T s +tG - D) +j -1 )

So, by (5) is satisfied.
By using transformation
Iy, [ O] = 2 v (A5 (0)]
= Yt Yo [Aj(x)] - Z}z_;nlﬂpr [Aj(x)] + z:Jz'=ml+1 Yp.m [Aj(x)] -
?;nflyp.M [Aj,s(x)]
Then, we get g,(x)(p = 1, ... ..... N), are approximated by
T Yy [4s(0)](p = 1,...N) on [0,1]"

3. Conclusions

If f €L,(R),0 <p <1, then there exists a neural network of 2 hidden
layers with a sigmoid activation function as the best approximation function of

f.

4. Future Works

As a future work, we can use neural networks with more than 2 hidden
layers of another activation function kind as the best approximation functions in
quasi-normed spaces.
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