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Abstract

This paper’s primary goal is to investigate the harmonic function of the multivalent
analytic functions’ differential subordination result. For this, we get some results in the
complex plane’s open unit disk.
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1. Introduction
Let S,(B) denotes the class of functions f = 6 47 that are harmonic
meromorphic multivalent and sense-preserving in the open unit disk U =
{z€ C:|z| <1}. Where f =6 +17€5,(B), the analytic function # and n
express by
0@2) =2+ X7 00n2"F, n(2) =27+ X7 1,2"F
(p,BEN={12,..};z€ ), )
Denotes Hy,(f) subclass of S, () consisting of function = 6 + 77 , where
0(2),1(2) given by 6(2) = 2P — 350 0,2"F, 1(2) = 277 — £y 12" F .
We introduce a class Wt‘?p(n, p) of harmonic function of (1.1) that

satisfying the follow
1 ts

Re{(1 — &) (— w)

9(p1)g'(2)

1 ta

s (271" (@)
9(p,1g’' (2)

n
Z(pr’(z)) Zg”(Z) p
- > 2
[p Tt ( (zvf'(z))"> 7o | 2o @

Where,
f@) =9, 1)z + X5 9(p, Danz"F
kl! 1 kl = 0
Olknka) = G351 = {kl(kl 1)l —ky+ 1) k #O,

0<p<ppeN,6 =20,5,a €(CteC(/O.

Such type of study was carried out by several authors [1, 3-7, 9-10]

A function f(z) is subordination to g(z) in open disk U if there exists an
analytic function q(z) with q(0) = 0 and |g(z)| < 1 such that f(z) = g(q (z))
for |z| < 1. Denotes by f(z) < g(z), let H;[], K] subclasses of H, () defined
as follows

-
H[J, K1 = {f € Hy(B), % <=,

We denote by G¢,(n,p) the subclass of Wt‘?p (n,p) that satisfies the
relation G¢,(n,p) = H,(B) N Wt‘?p(n, p). See [2,8]

-1<K<j<1

2. Main Result
In the class Wt‘?p (n,p), we derive a sufficient condition for f.

Theorem 2.1: Let f = 6 + 7. If

Znp+1 9, D[P —1) +6(n — P)loy| + X3, 9(n, 1) [(P— 1) +
§(n —P)]|t,| = 9(P,2) —p, (©)
where 0 < p < p,peN’,§ = 0, then f harmonic multivalent in U.
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s(= @)
9(p,1)g'(2)

Proof: Suppose

7 ts

mz) = (1 -96) <_ w>

9(p,1)g' (2)

ta

1"
Z(pr’(z)) _ zg”(Z)
( (P (2" 9'@

p

>__F

to prove that Re{m(z)} = D)
|(P—p) +9(P,2)m(2)| = |(P + p) — I(P,2)m(2)|.

Substituting for m(z) and resorting to simple calculations, we have

[(p —p) +9(p,2)m(2)| =
| P-p)+9(,2)[(1-9)

- (ZP O ER0 0n 2 450 T (D ONHER 9 D)0y 2" FTIHER 0 81T () FY)
n-p-1

it is sufficient to show inequality that

n—p-1

9,2 (E50 an 2 FV4ER, bn (DA

2P (0D on 2T 0 T (DDA 0o 2242 5(m, DTy (P AD"

*o( 90.2)(E0 an 20 P-4 o by, )-B-2)" P )
-B-2
y 2O (00 27 4 S0 1 (D)) g
P P (T 0 27T+ X Ta(2) B D))nF2

) - ) -p- —B-2
2B 00 2P = Bt (D)
o 0n 27 P71 = T2 o (T (B~ D)=

>@+9(@2)—p)—Ln=o9(, D[ -1+ —plloy| |z|"P —
209, D [(p — 1D+ 6(n — p)llr,|lz|"7P C))
and
(v +p) —9(p, 2)m(2)| =
(@ +p)—9(p2)[(1-0)
(- (ZP(9®D,2) o on 2™ P 14T 0 Tn (M F D)) +ER0 I (M) 0n 27 P14 B0, 8 (1) Ty )™ F-D)
B(p.2) (I3 0n z=F-D+T o 7y (2)F-DY" P
_ ZPI@2Er00n 2" 2SRt (D E D)) 45 0 9 () 0n 2245 ()T @2 E
90,2 (T 0 2 FD 4T T (YB-D) P

n-p-1

+6(

)]

(2P (B O 271 + 3y T (2) P D))nF—2
(58000 P — Eira (DO )”_B_Z]

H 2(ZP (S0 0 2P + 50 T, () FD))"

Eeo 0 27 P71 = B (T (D) A-D)n=h 1

S@-9@2)+tp)+ X9, D [(p -1 + 6 —plloy| |z]"P +
Zn=o ¥, D [(p — 1) +8(n — pllt,llz|™P %)
From (4) and (5), we have
(@ —p) +9(p,2)m(2)| — |(p + p) — 9(p, 2)m(2)| > 2(9(p,2) — p) —
Y=o, D [(p—1) + 8 —pllop| — X3-e9(, D [(p -1 +
§(n —p)llty,l.
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The harmonic functions
f(Z) = Z_p + Z‘?lo=0 19(71,1)

Xn
[(p-1)+6(n-p)]

n-p © Yn AL
z + Y=o I(n,D[(p-1)+8(n—p)] @)
(6)

Crolxn] + 2oyl = 9(p, 2) — p) by the coefficient bound (3) and (6),
we have
Yn=o9(, D[ -1 +6(n—pllog| + X5 9(n, D[P - 1) +
§(n— P)]|t,l

= Z7?lo=019(n! 1) [(P - 1) + 6(71 - P)] ﬁ(nyl)[(plj?)Lé'(n—P)]
Yo 9 D[P —-1)+ 6(n—P)] lynl

I, [(p-1)+6(n-p)]

= Z?f:olxnl + Z;'f=0|3’n| = 19(17, 2) — p-
Now, we prove the condition (3) for function of (1) to be in the class

Gep(n, p).

Theorem 2.2: Letf = 0 + 7], then f € G;,(n,p) if and only if

Zn=p+1 9, D[P —1) + §(n — P)]oy, + Xiepi1 9, D[(P — 1) +
§(n—P)r, <9(P,1) — P

Proof: Since G¢,,(n,P) € WZ,(n, p),
So, we prove that “only if “part of this theorem
Let f(z) € G{,(n,P) by (2), we get

S ts . ta
Re(9(n,2) | (1 — &) [0 T @Y ) 5(_ @P6' @+ @)’ )
Y )I( )<ﬂ(p.1)(e'(z>—m) " 9(p.2)(68'(2)-1"(2)
[p » <Z(zpe'(z) + —rl’(Z))”) (0@ -1@)] _
(zr0'@+1 @) ) (0'@-1@)
Re{d(p,2)[(1 - 6)

(= OO0 00 5" 5yt (A )) 800 2" 50 ")
92 (55 0n 2D 7, () (n-B-D)"

n-p-1

+9(p,2)6
(- 20D Eizm 2B 258 oy (D FD)) T 9oy 2 B2 -5E 51Ty ()T ]
O 2) (B8 o 2B 55y T ()B-2)" P

22 (S0 0 7P+ Sy 10 (D))"
(ZP((T=g On 2V F 1 + X T (2) (P~ D))nh=2
2(Eoon 2" P I-F ot (Z_)(n_ﬁ_l)))n_ﬁ_z
- (ERegon 2" F 1= o tn (Z_)(n_ﬁ_l)))n_ﬁ_l B
=Re{d(p,2) — Xr-o9(n, D) [(p — 1) + 6(n — p)lo, 2P — X7, 9(n, 1)

[(p—1D+6(n—plt, (D"} =p.
If we choose z to be real and z - —1, we get

)n—[f—l

[p+t
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I(P,2) - Lnzo 9, D[P -1 +6(Mm - Ploy, — X709, 1) [(P -
1)+ 6(n—P)lr, } = p.
So, we get
Lo 9, D[P -1 +6(Mn—Ploy + Ei-o 9, D [(P—1) +6(n —
P)lt, <9(P,2) —p
This completes the proof of the Theorem 2.2.
Theorem 2.3: Let f = 6 +1 € S,(B). Then f € H;[],K] if 0(2) *
7z (V])—zp ()p(llv)zp
<¢) + &Kn(2) (%) #0 [v|=1,0<|z| <1

(1-72)~P+1

Proof: Let h(z) = w then h € H;[], K] if and only if

(z"’h (Z)) —14+)z
T3, D () 1+ Kz’

or
(Z"’h’(z))’ 1+ Jet
h'(2) 1+ Kel?

It follows that

0 <6 <2m, z€eU.

1+ Je
1+ Ke®
the above inequality is equivalent to

[(z7Ph' (@) —h( )
Since (th’ (Z)) =h'(z) *

———]#0.

)ZP ’
zP 1+Je? z7P
0+hn - -
@)+ [(1 — 227 1+ Ke® (1-2)7
. 2,0 o

= ' N ETs) o
= et )\ W@ * | Sy | (- LT e=e!

(_619_1) )
o z7P+4(-ef-))z2P - i
ye” {B(Z) ( 2if_ ])(1 22)=P+1 77(2) ({ (/—K)(ew//) }/(1 - Z) Zp(_K —e 9))}

_elf_ . —ett—
_1 | — UK * - -
y{@(Z) 10 (1—72)-p+1 1(2) elt(-Kk—eif)(1-z2)~Pt1

Now ifz; —z, # 0 and |z;| # |z,| then z; — &7, # 0,]¢| = 1, i.e.,

IR i) B Keiez‘”+—(_1<;iexi)e k

U-K) _
Y(~k- eze) 6(z) * elt(1—72)-P+1 §n(z) * eit(—K—el0)(1—z2)-P*1

) L, N ) Ly
_ 1 z p+WZ (-K)(-e7¥(@)P+ =) (z)~%p
- y(—K—eig) IH(Z) * eO‘t(l 72)-p+1 fT](Z) eit(l_ZZ)—p+1 .

Since arg(1 — ¢) =t # m, we have the result.

z72P
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3. Conclusions

This article presents more findings on the harmonic and conformal

functions, along with the subordination function's applications in a novel class of
derivatives of multivalent analytic functions in the open unit disk of the complex
plane that are connected to linear operators.

References

(1]

(2]

(3]

[4]
[5]
(6]

[7]

(8]

9]

(10]

AL-Ameedee, S. A., Atshan, W. G., & Ali AL-Maamori, F. On sand-
wich results of univalent functions defined by a linear operator. Jour-
nal of Interdisciplinary Mathematics, 23(4), 803-809 (2020).

AL-Ameedee, S. A., Atshan, W. G., & AL-Maamori, F. A. Second
Hankel determinant for certain subclasses of bi-univalent functions.
In Journal of Physics: Conference Series, Vol. 1664, No. 1, p. 012044,
(2020, November). IOP Publishing.

Al-Shbeil, 1., Shaba, T. G., & Catas, A. Second hankel determinant for
the subclass of bi-univalent functions using g-chebyshev polynomial
and Hohlov operator. Fractal and Fractional, 6(4), 186 (2022).

Altinkaya, S., & Yalcin, S. Initial coefficient bounds for a general class
of biunivalent functions. International Journal of Analysis (2014).

Amann, R. and Rossell6-Méra, R. (2016). After all, only millions?
mBio 7(4).doi: 10.1128 /mBio.00999-16.

Frasin, B. A., & Al-Hawary, T. Initial Maclaurin coefficients bounds
for new subclasses of bi-univalent functions. Theory and Applications
of Mathematics & Computer Science, 5(2), 186 (2015).

KOWALCZYK, B., & Lecko, A. Second Hankel determinant of loga-
rithmic coefficients of convex and starlike functions. Bulletin of the
Australian Mathematical Society, 105(3), 458-467 (2022).

Murugusundaramoorthy, G., & El-Deeb, S. M. Second Hankel de-
terminant for a class of analytic functions of the Mittag-Leffler-type
Borel distribution related with Legendre polynomials (2022).

Murugusundaramoorthy, G., Vijaya, K., & Giiney, H. O. Certain sub-
classes of bi-univalent functions associated with the Chebyshev poly-
nomials based on Hohlov operator. Tbilisi Mathematical Journal, 11(2),
153-166 (2018).

Al-Ameedee, Sarah A. & Obaid, Ahmed J. () New results and applica-
tion of differential quasi subordinations for higher-order derivatives
of meromorphic multivalent functions, Journal of Interdisciplinary
Mathematics, :, 1-8, DOI: 10.47974 /JIM-1483.

Received March, 2024



