Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 27 (2024), No. 4, pp. 953-963

DOI : 10.47974/]IM-1916

Convex fuzzy distance between two convex fuzzy compact set

Jaafer Hmood Eidi *
Department of Mathematics
College of Education
Mustensiriyah University
Baghdad

Iraq

Ehsan Mejeed Hameed "

Department of Mathematics

College of Computer Science and Mathematics
University of Thi-Qar

Thi-Qar

Iraq

Jehad R. Kider $

Department of Applied Sciences

Branch of Mathematics and Computer Applications
University of Technology

Baghdad

Iraq

Abstract

The first step of this study is to recall the definition and basic theorems for convex
fuzzy metric space (Z, M). Then, the definition of the convex fuzzy distance between two
sets F and ) as well as the convex fuzzy distance from a point z to a set ) are introduced.
Furthermore, the set of all nonempty convex fuzzy compact sets CFC(Z) are proved as a

convex fuzzy complete when the convex fuzzy metric space (Z, M) is convex fuzzy complete.
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1. Introduction

A generalization of the statistical metric space introduced by Kramosil and
Michalek, which is known as a fuzzy metric space [1]. A necessary and
sufficient condition for a fuzzy metric space to be complete presented by A.
George and P. Veeramani [2]. Z. Q. Xia and F. F. Guo used real numbers to
define fuzzy metric space also; they proved the equivalence between complete
metric space and complete fuzzy metric space [3]. Y. Shen, D. Qiu and W. Shen
prove several fixed-point theorems for a new class of self-maps in M-complete
fuzzy metric spaces [4]. S. Ferhan introduces the notion of soft fuzzy metric and
he proved some basic properties of the soft fuzzy metric spaces [5].

Further, M. Dinarvand introduced the fuzzy geraghty contraction type
mapping and fuzzy contractive mapping then proved results on the existence and
uniqueness of fixed points for these two types of mappings on fuzzy metric
spaces [6].

The fuzzy T-metric and fuzzy S-metric are introduced by M. Ralevic [7].
A. B. Khalaf and M. Waleed introduce a new type of fuzzy metric spaces and
they obtained several properties of it [8]. Furthermore, F. S. Fadhel et al. proved
two contraction-mapping theorems on partial fuzzy metric spaces by using the
suggested distance function that is defined over fuzzy points rather than fuzzy
sets and then studied the relationship between the usual distance function
defined over fuzzy metric spaces and the distance function defined over partial
metric space [9]. K. Javed, A. Asif, and E. Savas presented orthogonal picture
fuzzy metric space also they proved basic theorems for this space [10]. The
investigate of two fixed point theorems related with two different contractive
mappings in addition to some theoretical results concerning fuzzy metric spaces,
as well as, studying their relationship with nonfuzzy or crisp metric spaces
where given by J. H. Eidi et al. [11].

Let us give a brief outline of the contents of the paper: in Section 2 we
recall some basic concept for convex fuzzy metric space. In Section 3 we study
the convex fuzzy distance between two sets as well as point to set and give
several properties. Finally, we prove that the convex fuzzy compact sets are
convex fuzzy complete when the convex fuzzy metric space is convex fuzzy
complete2.

2. Convex Fuzzy Metric Space

Let us now introduce some definitions, theorems and remarks, which help
to improve the following results. The notion of convex fuzzy metric as well as
several properties can be found in [12]. Therefore, all the following definitions
and theorems were taken from [12].

Definition 1: If the fuzzy set M': Z x Z —[0, 1]and Z # @ satisfies
1 My,v)el0,1]ify # v;

(i) y=v & M(y,v)=0;

(i) M(y, v)=M(v, y);



CONVEX FUZZY DISTANCE BETWEEN TWO CONVEX FUZZY COMPACT SET 955

(iv) aM(y, w)+ M (w, v) = M (y, v)
VO<a,B <lwith a+f=landV ¢, v,w e Z.
Hence, (Z, M) is said to be ¢-FMS (or convex fuzzy metric space)

Remark 1: If §, o € [0, 1] then (ad +(1—a)o) € [0, 1]V a € [0, 1].
In general if gy, g5, ...,04 € [0, 1] then (a0, + ay0, + ...+ aioy) € [0, 1]
YV ay, ay, ... € [0, 1] with a;+ a,+ ...+ a,=1.

Definition 2: If (Z, M) is c-FMS then

(1) Bu,a)={yeZ: M(u,y) < a} is open fuzzy ball;
2) B, a)={yeZ: M(u,4) < a}is closed fuzzy ball;
with «eZ is the center as well as a €(0, 1) is the radius.

Definition 3: If ((Z, M) is a ¢c-FMC then F € Z is convex fuzzy open if B(#,
a) S Ffor 0 < a < 1andforany § € F.

Definition 4: If (Z, M) is a c-FMC then
(i) @ € Z is convex fuzzy closed if €° is fuzzy;
(i) C=n{DOis fuzzy closed and € € O };

Definition 5: The set D of Z is convex fuzzy dense in Z if D=Z when (Z, M)
is a c-FMS.

Theorem 1: In c-FMS (Z,M) every open fuzzy ball B(w, @) is a fuzzy open set.

Definition 6: In c-FMS (Z,M), a sequence (u,,) is convex fuzzy converge to
in Z(or simply w4, — u, limy_, u,=u) if for each 0< a <1, 3 N with
Muy, ) < a,Vk=N.

Proposition 1: In c-FMS (Z,M), u;, — w if and only if M (u;,,u) —0.

Definition 7: In c-FMS (Z,M), a sequence (1t;,) is convex fuzzy Cauchy if vV
0< a <1, 3 IV satisfying

Mup )< a, Vk,n=N.

Definition 8: If (u;) is fuzzy Cauchy sequence in c-FMS (Z, M) satisfying 3
¢ € Z with u;, — ¢ then Z is convex fuzzy complete.

Proposition 2: In c-FMS (Z,M), if u;, » ¢ € Z then (uy,) is fuzzy Cauchy.

Definition 9: In c-FMS (Z,M)
(1) The set D # @ in Z is convex fuzzy bounded if 3 a €(0, 1) with D c
B(u,a) for some u € Z.



956 J. H. EIDI, E. M. HAMEED AND J. R. KIDER

(i) The sequence (d;) in Z is convex fuzzy bounded if 3 a €(0, 1) with (d})
€ B(u,a) for some u € Z

Theorem 2: In c-FMS (U,m)
(1) if (uy) € Z with u;, > u € Z then (u;) is convex fuzzy bounded.
(i) if(uy) € Z withuy, » u € Z and uy, - d € Z as k— oo. Then u=d.

Theorem 3: In c-FMS (Z, M) if © c Z then
(1) 3 (dy) € D satistying dy— d.;
(i) deD;

Are equivalent.

Theorem 4: In c-FMS (Z, M) if © c ‘U then
(1) VueM,3d e D satisfies M(u, d) < a for some a €(0, 1).
(i) D=2.

Are equivalent.

Definition 10: Assume that (Z,M;) and (F, M) are two c-FMS. If V 0 < a <
1,30 < o < 1, satisfying Mz[T(u), T(#)] < a as & € Z and if My(w, &) <
o then the function 77:Z—F is convex fuzzy continuous at « € Z.

IfV z € Z this is satisfied then T is fuzzy continuous on Z.

Theorem 5: In ¢ — FMS (Z,M) if (uy) € Z with w;, »u €Z as k -
oand (wy) € Z with wy,->w €2Z as k- oco. Then M(u_k,w_k) -
M(u,w) as k — oo.

3. Results and discussion
First, let us introduce the following two definitions:

Definition 11: A c-FMS (Z,M) is convex fuzzy compact if and only if V (gy)
in Z has a subsequence (¢y,) such that ¢y, = z € Z.

Definitions 12: Let ¥ be a subset of c-FMS (Z,M) and let a €(0, 1).

(i) A set B, C XK is a convex a-fuzzy net for X if vV £ €K I 4 € B,
satisfying M'(4, 6)< a.

(il)) The set X is called totally convex fuzzy bounded if V a €(0, 1), 3 a finite
convex a-fuzzy net B, ={64, &,, ..., b} S K.
Now, we introduce some properties for the convex fuzzy metric space.

Lemma 1: Let (Z,M) be a c-FMS and K € Z. If Z is totally convex fuzzy
bounded then X is totally convex fuzzy bounded.
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Proof: 1f (=0 is clear. Let X # @ and let a €(0, 1) be given, there is a finite
ay-fuzzy net By, = {31,%;, ..., 21} S Z for Z where a1=g. Hence KX < U]’-‘=1
cfb(z}, a;). Let Bj= cfb(3;, a;) for j=1,2,...k, which intersect K. Let £; €(X N
B;). Thus By={#,, #,, ..., £} S ¥ is an convex a-fuzzy net for K because for
every £ € X there is 3; € B; and M (%, £;) < §; M (&, 3;) +6, M(3), #;) <
614 + 6,0, =y < a, where 6; + §,=1

Theorem 6: Let (Z,M) be a c-FNS. If Z is totally convex fuzzy bounded and
convex fuzzy complete then Z is convex fuzzy compact.

Proof: Let (z,,) be a sequence in Z since Z is totally convex fuzzy bounded then
V a €(0, 1) there is a finite convex a-fuzzy net B, ={6,,6,, ..., 6x}S Z
satisfying M (2k;» 4/)< a. Now M (Bk;» Bk, )< ¥ M (2kj 7)) + 6 M (65, z,,)=
ya+ Sa= a where y + § =1.

Thus, the subsequence (Zk;) is convex fuzzy Cauchy in Z' Cauchy but Z is
convex fuzzy complete. Thus Zx; — z € Z. Hence Z is convex fuzzy compact.

Notation 1: Suppose that (Z,M) is a c-FMS and let CFC(Z)={Y : Y # 0, Y c
Z, Y is convex fuzzy compact}.

Definition 13: Suppose that (Z,M) is a c-FMS then

(1) Define M (p, )= inf{M(p, £) : £ € K} where M(p, ) is called the
convex fuzzy distance from p to JC . It is clear that M (p, K) =M (X,
p)=Inf{M (%, p): £ € K} since M (p, £) = M (&, p).

(i) Define M'(F, ) = max{ M(#, £): § € F and £ € K } where M (F ,X)
is called the convex fuzzy distance from the set F to K. It is clear that
MEF, K)=MIK,F)=max{ M (% ,§) : £ € K and § € F} since M(#,
)= M (% ,$)

Remarks 2:

(i) For existence of £ € K satistying M'(f, )= M (#,#£) notice that the set
of real numbers I'={M (#, &) : & € K} c [0, 1] has a infinmum point we
prove (infT') € T, define Ly: K — [0, 1] by Ly(&) = M (#,4) forall & €
K then L; is convex fuzzy continuous since M is convex fuzzy
continuous. Consider a = inf{ L; (&): & € Y} for existence of £ € K
satisfying M (#,#%)= a we can find sequence (#y) in K such that Ag(

1
L8y, #)) < [13].
Now using convex fuzzy compactness of K we have (8 ) contains (1?1(].)

such that ffk]. = £ € K. At last, the convex fuzzy continuity of £; implies
that Ly(£) = a.
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(i) Using the convex fuzzy compactness of X and F the definition of
MK,F) is well defined. That is 3 £ € K and § € F satisfy
M (XK, F)=M (%, $)-

Theorem 7: If (Z,M) is a c-FMS then (CFC(Z), M) is c-FMS.

Proof:
(1) IfY # F then 0< M (Y, F) <I;
2 MUF)Oomax{ M#, ¢):FE€Fandy €Y }=0 = M#F, ¢)=0V
feEFadVyeyYoof~yVFeEFadVyeY=Y=F;
() MY, F)=max{ M(y,$) =M. y):y€Yandf €Fi=M(F,Y);
@4 WMWY, F)<yMY,K)+3d MK, YY) forall X € H(Z) with y+6=1.
MY, F)=max{ M($,y):$€EFandy €Y }
<max{y M#, L)+ Mk, y):$EFandy €Y, L EK}
<ymax{ M(#,£):# € Fand £ € K}+ 6 max{ M (&, y):y €
Yand £ € K}
Sy MY, HK)+86 MK, Y)
Hence (CFC(Z), M) is c-FMS.

Lemma 2: If (Z, M) is a c-FMS and X, F € CFC(Z) with XX S F then
Mp,F) <M(p, X)forany p € Z.

Proof: M(p,F) =min{M(p, §) : F EF—-K} < min{ M(p, #): £ € K}
=M(p, K) since M(p, §) < M(p, £) forall § € F — Y and for all £ € K.

Lemma 3: Suppose that (Z, M) is a c-FMS and Y, F € CFC(Z). We have
(i) IfY < F then M(F,Y) =0.
(i) IfY # F then M(Y,F) #0 and M (F,Y) +0,

Proof: The proof this theorem is direct.

Lemma 4: Suppose that (Z,M) is a c-FMS and Y, F, K € CFC(Z) then
) MY U F), K]=max {M(Y,X), M(F, K)}.
(i) If F € K then M(Y, K) < M (Y, F).

Proof:
1) M[(YUF),X] =max{M(z,£):z€(YUF)and £ € K}
= max{max{M(z,£):: 2 € Y and £ € K } , max{ M (3, £):: 3 €
Fand £ €K }}
=max{M (Y,X), M (F, )}
(i) By Lemma 2, M(y, £) < M(y, ) forany ¢ € Y , £ € Kand § € Fso
MY, K)=max{ N(y,#):y € Yand £ € KX} <max{ M(y,$): ¢y €Y
and § € F} = M (Y, F).
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Definition 14: Suppose that (Z,M) is a c-FMS and Y € CFC(Z) then we define
the extension of Y by B(Y,a) = {z € Z: M(z,y) < «a for all 4 € Y, and
a € (0,1}

Theorem 8: Suppose that (Z,M) is a c-FMS and Y, F € CFC(Z) and a €(0,
1). Then M(Y,F) < a ifand only if Y < B(F,a).

Proof: To prove M (Y, F) < a if and only if Y < B(F, a). Suppose that
M((Y,F) < a then max{ M(y, #): ¢ € Y and § € F}< «a implies Y c{y €
Y:M(y, $) < a,forall § € F,a €0, 1)}. Hence Y < B(F, a).

Now suppose that Y < B(F,a) and let ¢ € Y this implies that ¢ € B(F,
a) so for all # € F we have M'(y, #) < «a forall ¢ € Y. Hence max{ M (y, #):
y€Yand § € F}< a. Thus M(Y,F) < a. Hence M(F,Y)<a & F cC

B(Y, a).

Corollary 1: Suppose that (Y,) is a sequence in CFC(Z) which is convex fuzzy
converge to Y € CFC(U) then for any a €(0, 1) there is NE N such that M (Y,
Y)< a ifand only if Y, c B(Y,a) forall k = N.

Proof: Follows from Theorem 8.

Corollary 2: Suppose that (Y,) is a convex fuzzy Cauchy in CFC(U) so V
a €0, 1) A Nsatisfy M(Y,, V) <a & Y_mc B(Y,,a) Vm,k = N.

Proof: Follows from Theorem 8.

Theorem 9: Consider that the c-FMS (Z, M) is a convex fuzzy complete. Let
(Yy) be a convex fuzzy Cauchy sequence in (CFC(Z), M). Assume that (k,,) is
an increasing sequence with 0 < ky < k, < ..< ky <-- Let (Yx;) € ykj
be a convex fuzzy Cauchy sequence in Z then there is a convex fuzzy Cauchy
sequence ()€ Y, where @}kj =Yk; VjEN.

Proof: We construct (gy) € Yy as follows for 1< k < k; let gy € { ¢ € Yy:
M(y, Yr)= MYk, Y} then gy is exists because Yy is convex fuzzy
compact. Also for j =2 and vV k € { Kj+1, Kj+2, ..., Kjyq } let gy € { ¢ € Yy
M(y, Yx;) = M (Y, yi)}. Clearly /g’ki = Yi; by our construction. Since (%k;)
€ Yy is a convex fuzzy Cauchy in Z let 0< a < 1 3 kj, k, = Nywith M (%,
Yk,) < .

Moreover, because () is a convex fuzzy Cauchy in CFC(Z), then 3 N,
satisfy M'(Y;, Y,) < a V k, n = N,. Now, consider N =min{ N; , N,, then for i,
n > N implies that M(g;, 4n) < 81 M (G, Yi;) T8, M (Ykj Yky)H63 M (Y,
Gn), Where §; + 8, + 8;=1 wheni € { Kj_;+1, kj_1+2, ..., kj }andk, ;+1 <n
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< ky. Since M(Ypy, Yi;) < a then there exists 4, € Yy N[B(Yx;), a)], then
M(ﬁm, ’y’nj) <a.

Similarly, we can show that M (¢, 4y) < t. Hence for all i, n > N,
M(gi, Bn) < 6; a6, atd; a =a.

Thus () € Yy is a convex fuzzy Cauchy.

Notation 2: If (Yy) is a convex fuzzy Cauchy in CFC(Z) with Y, - Y €
CFH(U) then Y = {z € Z: there is a Cauchy sequence (g )€ Uy such that

Yk >3}

Lemma 5: If (Y,) is a convex fuzzy Cauchy in CFC(Z) with Y, > Y then Y
# Q. When the c-FMS (Z,M) is a convex fuzzy complete

Proof: Consider Ny € N with N; < N, < ...< Ny < ... satisfies M (Y, Y,,) <
(zik) for all j, n = Ny. Choose ¢y, € Yy, but M(Yn,,Un,)< (%) so we can find
YN, € Yy, such that M(¢yn,, ¢¥n,)< (%). Pick yn; € ‘yNj with 1< j< k satisfies
M(Yni_,, $N)< (G=). Thus because M (Y, Yn_,) < () and g, € Yn,
we can find ¥n,,, € Un,,, such that M(yn,, ¥n,_,)< (zik). Consider ¢y, _,
be in Yy, ., that nearest to %y, . Continuo in this manner (yNj)e yNj such that
M (g, Yny_,)< (35). Then for Ny, Ny, > Ny

MY, Yn,) < 6 MYN, YNy, +6, M (YN, YT
+ON Ny M (Yny_ys YNy
where §,+ 8,+...+ On;-n,=1.

Now

1
MY, Yn,) < 81 ) +8; () + .. +0n-n, () < B-

For some 8, 0< 8 <1.Using Theorem 9 3 (wy,) € Y; satisfying wy,; =
;. Hence lim «w; € Y. Therefore, Y # @.

Lemma 6: If (Y, ) is a convex fuzzy Cauchy in CFC(Z) with Y, - Y then Y is
a convex fuzzy complete.

When the c-FMS (Z,M) is a convex fuzzy complete.
Proof: Suppose (y;) € Y; with ¢; = ¢ to prove ¢ € Y V I, I (gix) € Yk
satisfies ¢k — ;. IN; € N satisfies M (¢n;, ¢)< (%). Also, 3 n; € N satisfies
M(YNyn;» YN;) < (%). Therefore

M (Yngnis 9) < S MG Yng) +6, Mg, )< 8 Q)+ 8, Q= Q.
where §; +8,=1. Put d, = %, n; We see that d,,, € Yy, and dp, - .
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Now by Theorem 9, (dy,) is extended to (z;) € Y; thus ¢ € Y hence Y is
convex fuzzy closed. Therefore, Y is convex fuzzy complete because Z is
convex fuzzy complete.

Lemma 7: Suppose that c-FMS (Z, M) is a convex fuzzy complete. If (U,) is a
convex fuzzy Cauchy in CFC(Z) with Y, » Y then V a €0, 1) 3 NE N such
that Y < B(Yy, a) for all k = N.

Proof: V a €(0, 1) 3 N € N satisfies M'(Yy, Y,) < a V k,n = N. Thus for k >
n = N, Yy € B(Y,,a). To prove that Y < B(Y,, @) let ¢ € Y so I (¢,)€ U;
with ¢; = . Therefore, with k > N, M(¢,¢) < @. Thus ¢ € B(Y,, a)
because Y, is convex fuzzy compact of Y, this implies that B(Y,, a) is convex
fuzzy closed. Thus ¢y € B(Y,, @) Vk=Nsoy € B(Y,, a). Hence Y c
B(Y,, ) Vn=N.

Lemma 8: Suppose that c-FMS (Z,M) is a convex fuzzy complete. If (Y, ) is a
convex fuzzy Cauchy in CFC(Z) with Y, - Y then Y is convex fuzzy compact.

Proof: 1f Y is not totally convex fuzzy bounded then for some 0 < @ < 1 so
does not exists a finite a-convex fuzzy net. Thus 3 (y;) € Y satisfies M'(y;, ¥;5)
> « for i #j. This present a contradiction.

Using Lemma 7, n > N satisfies Y < B(Y,,a). For each aw; there is a
corresponding ¢; € Y, for which M'(w,4;) < f with B < a. Since Y, is
convex fuzzy compact and (#n;) € () convex fuzzy converges. Thus 3 ¢,
and Yn; satisfies M (¢n; Y¥n;)< 0 where 0 <o < 1 with o < a. Now

M (Wh;, Wn))< 53 M (Why, Yn,) 165 M (Yn;, Ynj,) 183 M (Yny, Wry),
where §;+ &, + 63=1. Then

M (W, Wi))< §;+ 6, at §3a < a.

Thus Y is totally convex fuzzy bounded and by Lemma 7, Y is convex
fuzzy compact.

Theorem 10: If the c-FMS (Z, M) is a convex fuzzy complete then (CFC(Z),
) is a convex fuzzy complete.

Proof: Assume that () is a convex fuzzy Cauchy sequence in CFC(Z). Now
by Lemma 5, Y # @, also using Lemma 6 Y is convex fuzzy complete.
Therefore by Lemma 7, Va € (0,1) 3 N € N satisfies Y € B(Yy, a) Vk =
N.Now Lemma 8 U is convex fuzzy compact. Therefore, to prove Uy, — Y it is
sufficient to prove for 0 < a < 1 3 N satisfies Y, € B(Y,a) Vk > N.Because
(Yy) is a convex fuzzy Cauchy thus VO < @« < 1 3N €N satisties
MYy, Y,) < aVk,n = N.Thus for k,n = N, Yy € B(Y,.q).

Let k = N we will show that Y, € B(Y, a) . Let ¢ € Y then In < N;
<N, <...<Ng<..
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and for k,n = Nj Yy © B(Y,, %) note that Y, %(yNi,g) . Since ¢ € Yy
there is ¢n; € Yy; such that M(y ,wy,) < (% ).

But yn, € Y, thereis ¢y, € Yy,such that M (yn,, ¥n,) < (% ).

Similarly 3 (#n;) satisfies ¥n; € 'yNi and M (YN, YN;_,) <(2;% ).

After finite steps causes M(y, ¥N;) < (a/2)Vj, as well as (¥n;) is a
convex fuzzy Cauchy. Thus each ‘yNj c SB(’yk,% ) and (%;) converges to a
point 4« and because %(yk,% ) is convex fuzzy closed u € %(yk,% ). Moreover,
M(u, Yn;) < () implies

M (g, w) < 8 My, Yn;) +6, M(Yn;, w) < 8,G) +6,G)=3 < a.

Then, M(y,u)< a. Thus Y, € B(Y, a) for all k = N. Hence Y - Y
consequently (CFC(Z),M) is a convex fuzzy complete.

4. Conclusion

In this study we use the convex fuzzy metric M to define the convex fuzzy
distance from a point z to a set Y as well as the convex fuzzy distance between
two sets F and Y then we introduce the set CFC(Z2) by {Y : Y # 0, Y < Z,Y is
convex fuzzy compact}. Thus our aim is to prove the c-FMS, CFC(Z) is convex
fuzzy complete when the c-FMS (Z, M) is convex fuzzy complete.
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