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Abstract

An efficient combination of Adomian Decomposition iterative technique coupled
Elzaki transformation (ETADM) for solving Telegraph equation and Riccati non-linear
differential equation (RNDE) is introduced in a novel way to get an accurate analytical
solution. An elegant combination of the Elzaki transform, the series expansion method, and
the Adomian polynomial. The suggested method will convert differential equations into
iterative algebraic equations, thus reducing processing and analytical work. The technique
solves the problem of calculating the Adomian polynomials. The method’s efficiency was
investigated using some numerical instances, and the findings demonstrate that it is easier
to use than many other numerical procedures. It has also been established that (ETADM)
is a trustworthy technique for solving differential equations. Using the Mathematica 13.3
programme, the graphs of the approximate solutions are presented.

Subject Classification: 49M27, 05C51.

Keywords: Elzaki transform, Decomposition technique, Ordinary differential equations, Iterative
methods, Analytical solution.

1. Introduction

Nonlinear equations of the Riccati differential equation (RDE) type are
particularly important in optimal control, selection, and estimation issues. These
equations are commonly found in science, engineering, and applied mathematics
situations. While some authors solved the RNDE analytically or

* E-mail: dr .huda_hm2019@yahoo . com

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-1868

762 A.M. MOHAMMED AND H. O. ALTAIE

computationally, many others derived their solutions by a variety of ways.
Differential equations can be used as models for a wide range of engineering
and physical problems. and as a result, sometimes it could be challenging to find
closed form solutions for them, particularly for nonlinear ones.The fundamental
theories of Riccati equation with applications to engineering science with a
newer application to economics and finance. Various researchers had made
attempts to the derivation of solutions to the problems by using the classical
approach. Consequently, numerous numerical techniques for solving RDEs have
been created [1-13]. The major goal of this study is to compute the analytical
solutions by a novel mixture Elzaki transform and decomposition method in
order to find the effective solutions of the RDEs.

2. Convergence Analysis

Theorem 2.1: Let's assume Jis a Banach space. Then, the expansion result of
Y&, 1) converges,0 < W < 1, so that ||[Y;(& D] < WIY;_.(& DI, for all
ieN.

Proof: Consider H;(§,1) = PG, 1) + Y1 (x, t) + P (x, t) + - + P (x, ).
It is vital to verify that successions of i-th partial sums H;(Et) are a
Cauchy series in Banach space. In this regard, we consider the following:

1Hi1 &) — Hi GO < 1Hia G DI < plIHGE DI < p? 11 E DI
< - < IFHHE DI
Forevery i,j € N,i < j, it is obtained as
|#: & 1) = H;E D] < [[H1E D) = HE || + [|H42E D) — Ha G 1|

+oe+ 1I7GE D — Hia G DI
Using the triangle inequality as follows :

|#7: &) —HE D] < WA+ W + W2 + -+ WY ||H,(E D,

, —_wi-j
17,6 1) — 26, ]| < W/ (S2) 134,66 D
Hence 0 < W < 1,and 1 — Wi~/ < 1.
1-wit1
Then [|#, ) — #; & D] < (%) 1, G D
SinceH, (&, 1) is bounded, it is obtained as

Jim [|7,6,0) - 36,E D] = 0

3. Numerical experiments

In this section, we consider applying Elzaki Adomian Decomposition
iterative approaches (ETADM) to solve the RNDEs.

Example 3.1: Consider
Y'(t) =1—Y3(t) (1.1) and Y(0) = 0 (1.2)
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Solution: Applying the ETADM on the both side (1.1) with initial condition
(1.2) will give: E[Y(t)] — vY(0) = v? — E[Y2(t)] (1.3)
Taking inverse Elzaki transform on the both side of Eq.(1.5)
Y(t) = E7'(v®) — ET[vE[Y?(0)]]

Here, the ADM represents solution Y(t) of Eq.(1.1) as an infinite series of
components in the form Y(t) = Y-, Y, (t) and the non-linear term Y?(t) can
be represented by infinite series Y2(t) = Y%, A, where A, are Adomian
polynomials Y, Yy, ... ... calculated by

1.d" ©
Ap = [ NErmo A"Yn)]a=0 -

Then, one gets
Yo(®) =t,Yp4r = _E_I[UE[Z;?:O An]]'
So, the other components of the solution can be easily calculated

1
Y, = —E7YvE[A,]] = -3t

- 2
Y, = —E7[vE[A,] =—t°

— 17
Y; = —EvE[A,]]= —zt
62
Y, = —E"'[vE[45]] = 531t
I _ 652868 g1
Ys=-E [VE[A“]] T 73648575

Hence, Y(t) = — =3 + =5 — 2 ¢7 + 22 ¢9 4+ ... Which its closed form
3 15 315 2834

solution is Y(t) = tanh t as shown in the following Figure 1.
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Figure 1
Compasion solutions between the exact and several approximate solutions
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Example 3.2: Consider the Non-linear Telegraph Differential Equation as :

R2IED | 5 IED 029G
telegraph e + Z—ar +J¢, 1) = PrE ;t=0

With initial condition, J(&,0) = €%, J,(§,0) = —2e°

Solution: Applying the Elzaki transform on both side of above equations

0%29(¢1) aJ () _ )
a12 at +EJE 1) = By 982

LELIE D] - IED - vd(E 0 + 2 [FELIE D] - v €, 0)]

FEIE D] = B 557
BZJ(E,T)]

ELI(6, D] = e + LB [P0

(1+v)2 (1+v)2

Ex

+E2

Taking inverse Elzaki transform on both side, and the result will compare
as shown in Figure 2.

JE ) =eS T —tet T+ ETY

v2 %290
(1+u)2ET[ 082 ]

Jo(§,1) = ef T —1ef T
2 3 2 3
ef(” +- )]=f_eé—r_f_ef—r

1+v  (1+v)?

G D) = BT 2

(1+v)2

_ v2 927, (¢,7) t* t5
D& = B [ B [ ) = et - Gt

6 7 8 9
(73 (S' T) = %ef—‘[ - %ef_r !(74(5: T) = %ef—‘[ - %ef—‘[

TlO Tll le T13
=1 _pé T _ L _pé-t =L gt _ L _pé-t
(75(5! T) 10!6 11!6 5 JG(E!T) 121 e 13! €
714 _ T15 _
J,¢, 1) = mes ’ —Heg i
2 3 4 5
Hence, J(§,7) = 5 "(1 =T+ — =+ = — =+ ..

2! 3! 4! 5!
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Figure 2
Compasion solutions between the exact solution and several approximate solutions
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3. Conclusions

To get approximate analytical solutions for the Riccati differential equation

and the Telegraph equation, we have successfully used ETADM in our work. In
the aforementioned cases, we saw that, in contrast to ADM, the ETADM with
the beginning conditions only takes a few iterations and less computational steps
to provide a best approximation to the exact solution. This is demonstrated to be
a practical, efficient, and trustworthy tool for solving differential equations.
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