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1. Introduction 
Since the papered of the Runge Kutta method by the German researcher 

Carl Runge in 1895 [1], and the development of it still until now. Montijano [2] 
introduced explicit RKN methods for numerical solution of second order linear 
inhomogeneous IVPs. Ajiya [3] presented numerical solution for optimal control 
problems by using predictor corrector methods. Jasim [4] found a new Runge 
Kutta method by using the Heronion mean instead of classical arithmetical mean 
and the forward backward technique. So, the need of new methods are necessary 
in this time [9,10]. Here, in our article we found a new connect between 
predictor and corrector parts to present our new method we called it (PPCHeM2) 
by parallelism employing Heronian mean, and we found the interval of absolute 
stability of it. 

2. Formula of the Heronian mean : 
Evans [5] presented the first Runge Kutta of the Heronion mean method 

which take the form,  
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 Our PPCHeM2 forward part calculate      
 depending on both   
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more than to calculate backward part     we need to use both       and   

 . This 
can allow to get the full advantage to calculate   

  and     simultaneously.  
So, we can write our PPCHeM2 as : 
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By used   as a function of   only. So, (4) and (6) becomes:  
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We can illustrate the difference between our new PPCHeM2 connection 
(shown in Figure 1 bellow) and the old method of Jasim [4] which (shown in 
Figure 2) 

 

 
Figure 1 

Represent the old method of Jasim [4]. 
 

 
Figure 2 

Represent our new PPCHeM2. 
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3. Deriving of PPCHeM2 formula : 
PPCHeM2 forward part has form: 

     
    

   
                  

  ⁄    (9) 
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For deriving forward part of PPCHeM2, we need to expansion of    and 
  . so, 

             ,                                    
Now, 
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Gathering (11) and (12), we get:  
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Substituting (13) in (9), 

     
    

   
             ⁄           

  ⁄
                    (14) 

By comparing the equivalent terms of Equation (13) with Taylor series of 
the form,     
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So (9) and (10) becomes, 
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 Now, to deriving backward part of PPCHeM2 let 
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 Gathering (19) and (20), we get: 
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Substitute (21) in (17), 
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Comparing the equivalent terms of (22) with Taylor series of the form, 
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We get, 
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Thus (22) becomes, 
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Finally equations (15), (16), (23) and (24) represent our new PPCHeM2. 

4. Analysis of stability for PPCHeM2: 
 By using the equation  ́     where         constant [6-8],we try to 

determine the absolute stability interval of PPCHeM2 by applying it on the 
forward part, which has the form, 
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Since  ́     then, 
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Sub. (26) and (27) in (25) 
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 The last equation (28) is fulfilled the condition of absolute stability if 
| |   ,  

and this achieving when      (        ), which represent stability region 
of PPCHeM2 by consider h=0.05 as shown in Figure 3, and h=0.1 as shown in 
Figure 4. 

5. Applying PPCHeM2 method in an example: 
We used the IVPs  ́    ,  ( )   , step size h = 0.05, 0.1 . In Table 1, 2.  
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Table 1 
Results of PPCHeM2 when step size h =0.05. 

  y exact  
slution 

                     |     | |     | 

0 1 1 1 0 0 
0.05 1.0512710963 1.0512764369 1.0100501670 5.3405723e-06 0.04122092929 
0.10 1.1051709180 1.1051818730 1.0613266040 1.0954961e-05 0.04384431404 
0.15 1.1618342427 1.1618510999 1.1152320401 1.6857206e-05 0.04660220260 
0.20 1.2214027581 1.2214258202 1.1719012670 2.3062066e-05 0.04950149114 
0.25 1.2840254166 1.2840550017 1.2314759873 2.9585056e-05 0.05254942937 
0.30 1.3498588075 1.3498952500 1.2941051688 3.6442486e-05 0.05575363874 
0.35 1.4190675485 1.4191112000 1.3599454171 4.3651505e-05 0.05912213144 
0.40 1.4918246976 1.4918759277 1.4291613671 5.1230138e-05 0.06266333045 
0.45 1.5683121854 1.5683713828 1.5019260948 5.9197336e-05 0.06638609062 
0.50 1.6487212707 1.6487888437 1.5784215499 6.7573020e-05 0.07029972078 
0.55 1.7332530178 1.7333293960 1.6588390108 7.6378135e-05 0.07441400706 
0.60 1.8221188003 1.8222044350 1.7433795630 8.5634699e-05 0.07873923730 
0.65 1.9155408290 1.9156361948 1.8322546021 9.5365856e-05 0.08328622684 
0.70 2.0137527074 2.0138583034 1.9256863619 0.00010559594 0.08806634551 
0.75 2.1170000166 2.1171163671 2.0239084704 0.00011635053 0.09309154611 
0.80 2.2255409284 2.2256685850 2.1271665342 0.00012765652 0.09837439426 
0.85 2.3396468519 2.3397863941 2.2357187521 0.00013954218 0.10392809982 
0.90 2.4596031111 2.4597551483 2.3498365611 0.00015203723 0.10976654996 
0.95 2.5857096593 2.5858748322 2.4698053154 0.00016517292 0.11590434383 

1 2.7182818284 2.7184608105 2.5959249993 0.00017898209 0.12235682913 
 

 
Figure 3 

Results of PPCHeM2 when step size h =0.05. 
 

Table 2 
Results of PPCHeM2 when step size h =0.1 

  y exact slution                      |     | |     | 
0 1 1 1 0 0 

0.1 1.10517091807 1.1052147338 1.0100501670 4.38157394e-05 0.0951207509 
0.2 1.22140275816 1.2214949977 1.1152649008 9.22396203e-05 0.1061378572 
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Figure 4 

Results of PPCHeM2 when step size h =0.1. 

6. Conclusions and discussion the numerical results of PPCHeM2  
 From observing the results of PPCHeM2 in the Figure 1 & 2. And the 

tables1 & 2, we notes that our new method is has a very good results comparing 
with the exact solution in column2, and we see that the difference between the 
results of backward part (in column5) with the exact (column2), are much better 
than the results of forward part (column6 ) with the exact (column2). 
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