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Abstract

In this work some inequalities of the Hermite-Hadamard are presented for product of
two convex, s-convex, m-convex, h-convex and r-convex stochastic processes.
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1. Introduction

A stochastic processes is defined as function S,:7x&—>R where
Z cR is an interval if for every teZ, with SP(T,-) being a random
variable.
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If for all 7, €T : P—limSp(‘L’, )= Sp(TO,-) then we say that Sp(r,-) is
continuous in probability in interval Z. (see [1, 2, 3])

Ifforall 7,eZ : imE[(S,(7,)~S,(7,,))’]=0 then we say that S (z,")
is mean square continuous in the interval Z. with E[S (7,7)] representing

the expectation value of the random variable Sp(r, ).
If a random variable exist S; :& >R such that for all {,eZ and

hmE[w S, (7, )] =0, then we say that S (7,-) is Mean-square

differentiable at 2 point 7 € Z.
For more informations the reader may refer to the work of D.S.
Mitrinovic, I.B. Lackovic, Hernandez JE and Gomez JF [7, 8, 6].

Definition1.1: Let Sp : I x& — R beastochasticprocesswith E[Sp(r,~)2] < 0
for all 7e€Z Let [o;Blclo= 1,<7,<7,<T,<...... <7,=B be a

partition of [o; ] and A, €[7, ;7,] for k=1,...,n

A random variable Y:£ -5 R is called mean-square integral of the
process S,ﬂ on [o; B], if we have :

LmE[(}5S,(4,;)(z, —7,.,) - Y())*]=0

For all normal sequence of partitions of the interval [o; 8] and for all
A elr, ;7] forall k=1,...,n. Then, we write Y(.)= jpS (t,")dr.

k-17
Definition 1.2: Let(£,7,P) be a probability space and ZcR and
h:[0,1] > R be a non-negative function, 2 # 0.

® The stochastic process SP :IxE—>R is convex, if for all Ae[0;1]
and o;B e the inequality :

S,(Aa+(1-1)B,)<AS (a,)+(1-1)S,(B,.)

is satisfied.

® The stochastic process S, : Zx& — R is called s-convex in the second
sense, if forall A €[0,1] and o; € Z and for some fixed s €[0;1] the
inequality :

S, (Ao +(1=A)B, )< A8 (e, )+(1-2)S,(B,)

is satisfied.

® The stochastic process S :Ix&—>R is called h-convex, if for all
A€l0,1] and ;B €T the inequality:
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S,(Ao+(1-A)B, ) <h(M)X(et,.)+h(1-2)S (B,)

is satisfied.

® The stochastic process Sp : I xE—[0,0) is said be r -convex, if for
each u,veZ and A<€[0,1] we have:

{(as;(u,.) +(1-1)S/ (@, )", r#0

S (Au+(1-A),) < (S 0 (S 0 o

Due to impottance in the Theory of Probability and Optimization the
Hermite-Hadamard inequality became popular among researchers. (see
[9, 10, 5]). For more information about the previous definitions and
properties please refer to [11, 12, 13, 14, 15, 16, 17].

2. Main results

Theorem 2.1: Let S,,S,,:TxE— R™ are convex stochastic processes where
IcR

Let o;feZ with a<p, If Spl,sz are mean-square integrables
stochastic process on [, ], then we have

1 (A (i) @p)
ﬂfaspl(%-)«?pz(n)dr < O;ﬁ +#

and

28, (%85)8,, (%8 )< 1178, (2,08 (2 e 4 WP 2D
Where :1(t; B) = S,,(@;.)S ,(0t;.)+ S,,(B;.)S,,(B;.) and p(ar; B) =
Spl(a;.)sz(ﬂ;.) + Spl (ﬁ;.)sz(a;.).

Proof: We suppose S, S, are convex on [o, f], then for all t€[0,1] we
have :

S S (toa+(1-1)B;)<t*S

p1—p2 P

1S,p(05)+(1-7)"S,.S,,(B;) +7(1-7)
[Spl(a;.)sz(ﬂ;.) + Spl(,B;.)sz(a;.)]

Also
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S, S, (A=) +17B;.)<(1- 1)°S,,S,,(05.) + XY (b;)

+T(1-)[S,,(0)S,,(B1) +S,,(B;)S,,(013.)]

Then
8,18, (10 +(1-1)B;.)+ S, S, (1= +1;.) < 28 =2t +1)[S,, S, ()
+8,.8,(B; )]+ 201- 1S, (0 )Y (b)) + S, (B )S,, (023.)]
So,
I;[SP]SPZ(Ta +(1-1);)+ 8,8, (1-D)er +1;.)ldt
<[8,8,(05)+S,,S,,(B;.)] jol(ztZ —2t+1)dr +2[S,,(;.)S,,(B;.)
+8,(B;)S,,(0:)]] (1~ T)de
=218,8,1(@;.)+ 8,8, (B; )+ 58,1008 ,(B;) + S, (B; )S, ()]
Then
50 118,098,090 < 118,038,503+ 8,,(Bi)S,,(B:.)]
+218,(05.)8,,(B;) + S, (B;)S,(e:)]

Also we have,

ﬂ _ ta+(1-7)pB " (1-7)a+tp

2 2 2
Then
S (a+ﬂ, JS [a+ﬁ‘ j_ S (Ta+(1—r)ﬁ+(1—‘c)a+tﬁ_ )S (m+(1—‘c)ﬁ+(1—r)a+tﬁ, j
2 )22 )T e 2 2 )T 2 2

< %[Spl(m +(1-1)B;.)+ S, (A=) +7B;)I[S , (o + (1-7)5;.)
+8,(1-1)a+16;.)]< %[(Splsz)(m +(1-7)B;.)+(S,, S, (A-T)r + ;)]
#1128, (03)+(1-1)S (B A-1)S 4 (0:) + 7S , (Br)] + 1 [(1-7)S, (0t;.)
28 (BIES o (0.) + (1= 1)S L (B3 )] < 2 1(S 1S, ) (e +(1-7)B;.)
HS, S (A=) + 7B )]+ 2T (1= D)(S,,S,,)(0) +(S,,S,,)(B3.)]

HE + A= 1P1S,,(03.)8,,(B) + S, (B1)S, (e}

As consequence, we obtain :
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S48 )8, (485 ] < 1 [HS, S0+ (1-D)B;)
S (A=) + 7B, )T + SIS, (05.)8,,(05.) + S, (B3)S ,(B5.)]

F118,,(@3.)8 4 (B:)+ 8, (B;)S,(t:.)]

+(S,

Finally,
25, (‘“ﬁ,.)s [‘“ﬁ j X plspz)(r Yt
(8,803 + (8,18 (B + 218, ()8, (i) + 8, (B:.)S, (0]

Hermite-inequality Hadamard’s has recently attracted the attention
of numerous academics, and a number of improvements and

generalizations have been made (See [4, 5])

Theorem 2.2: Let S,,S,:IxE—>R are two stochastic processes where

IcR". Let a;BeT with a<b. We suppose that S,, and S,,S,, are mean-
square integrable on [o, B].

If S, is convex and positive on 7 and S, is s—convex, then for all
s€]0,1] we have :

(e f)d———— p(as )

| 1
ﬂ—aLSP(T’.)SPZ(T’.)dTS (s+2) (s+1)(s+2)

and

(S, pz)(wﬁ ]< I (S, S )EAT+ ey (s+2)n(a [3)+( 2P B)
Where: n(a;,B):Spl(a;.)sz(a;.)+Spl(ﬁ;.)sz(ﬁ;.) and p(o;B) = Spl((x;.)

sz(ﬁ;.) + Sp](ﬁ,‘.) sz(a;.)

Proof: Since Sp1 is convex and sz is s-convex, then for all 7€[0,1], S,
and S, are positives.
Then:

(8,810 +(1-1)B;) S TS, 8, )@+ (1-1)(S,,S,,)(B;.)
FT(1-1)° S, (@)8,,(B:) + 7 (1-1)S,,(B;)S, ,(x3.)

S0,
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j 15 (o +(1-1)B,)S,,(vor + (1-7)B, )dT = ﬁ%a j ” 8,(7,)S,,(z,)d
< g 15,0(0308,,(05.)+.8,,(B3)5,,(B:)]

1

iy [ (@S, (B + 8, (Bi)S ()]

Also we have :

( )(a+ﬁ ] Spl(fm(; 0B (- );mﬂ jsz[TaJr(;—r)ﬂ_i_(l—)z;Hrﬁ;‘j

< le[ pl(m +(1-1)B,)+ Spl((l —-T)o+ Tﬂ;.)][sz(m +(1-1)8,")
+8,(1-1)a+1p;.)]

< 108,8,)(0 + (1= 1)B;) (5,8, (L~ D)er + ;)]
188,03+ (=018, (BN -7)' S, (0) +7°8,, (8]
5 1A=)8,,(03) + 78, (BNE'S 5 (05 + (1=7) S ,(B;.)]
< S, S )+ (1-0)B3) +(S,8,) (1= D)o+ 7B;)]
A @) (1= DE)S, (@38, + 8, (Bi)S,, (B3]

1

pe (T +(1=1)"NIS,(05)S ,(Br) + S, (B)S,, (003)]

+

Theorem 23: Let §,,S,:IxE—>R are two stochastic processes where

IcR" and a;BeT with a<pf, such that S and S, are mean-square
rl p2

integrable on [a, B].

If Sp1 is s, -convex and S is s, -convex, then we have :
B
G b S, TS (TT < (e B)+B(s, +1,5, + (et p)

T(spI(sp)
sl+sz+1[ (O! ﬁ)+sl 2 T(s1+sp +1)p( ﬁ):l

Where : 10 )=S,,(@)S,,(25)+S,,(B;)S,,(B;) and (e B) =
8,(@5) S,.(B7) + S,(B;) S,,(@)

Proof: Since Sp1 is s, -convex and sz is s,-convex on [e, 3], then:
8,0+ (1-1B,) ST, (@) + (1-1)1 S, (B7)
S, (ro+(1-1)B,) <728 () +(1-7)2S,,(B;.)



SOME INEQUALITIES OF HERMITE-HADAMARD 433

As S, and S, are positives. then for all £ €[0,1], we have:
(8,8, (T +(1=1)B; ) <E77(S,, 8, ,)(0;) + 77 (1-7) S, ()5, (B;.)
(111,838, (050 +(1-1)""(S,,8,,)(Br.)
Then:
o j ’S (2,98 ,(z, )t
< L8, 8,)(@)+(5,8,)(Bi )]+ 8, (@3S, (B:), 7 (1=7)" dr
8,(B)S 50, 7 (1~ 1) de
< g l(8,8)(@)+ (8,8, )(/3;.)]+Sp](a;.>5p2(/3;.)B(sl+1,s2+1)
+ ﬂ(m (@3)B(s, 41,5, + 1) = 118, 8,)(@)+(S,8,))(B:.)]
+B<s +1,5, + D[S, (03)S,,(B;) + S, (B;)S, (01:)]

- 5, LG
_Sl+52 [[( p1 pz)(a )+( pl pz)(ﬂ ) 1 21_,( +1)

+ pl(ﬁ;.)Sp2 o;.)]

[S,,(e;)S,,(B;-)

Theorem 2.4: Let S,,S,,: T <R"xE& > R" are two stochastic processes and
o,Bel with o< p. Wesuppose that S, and S,, are mean-square integrable
on [a, Bl If S, is m, —convex and decreasing on I, and S,, is m, —convex

then for every m,,m, €]0,1] we have :

B .
ﬁ% [78,(2,98,,(z,)dz <min{M,, M,}

Where :

M == Spl(oc;.)+5pZ(oc;.)+m1 pl(a )8 [ ]+m28p2(oc )S [—

m

J
s s

|

|

I\J

M, = 2] 8,85+ S8 5, (8108, [ 50+ (Bi)S, [ 2

+m*S [ .}+m28
m

17pl
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Proof: Since S, is m, —convex and S, is m, —convex, then we have :
X(ta+(1-t)b;.) < T8, (0;.) + m, (1-7)S,, [mﬂl ]
and
S ,(ta+(1-1)B,) <18, (0;.) + m,(1-17)S,, [m% j
By using the inequality : cd < %(c2 +d?), then:
o j 8 (r,)8,,(t,)dr

<2 [TUS, (ra+(1-T)B, ) +1S,(ror+ (1-7)B, ) Mt

< jo {(TSpl(a;.)er](l—r)Spl [rlez +(18p2(a;.)+m2(1—1)8p2 [r’i;.Dz}dr

=2[5p1(a}-)+5pz(a;')+ml S ()8, [ ]+rr128ﬂ(06;.)5p2 [m%,]

"5 (1,98 (2, )
8B+ 8,8+ m S, (108, [ 5 +mS B0, 25

1
g{ my pl +m28p2( zf‘ﬂ

Theorem 25 Let Sp] is h —convex and S, h,—convex, oa;BeZ with
a<p.If S8, are mean-square integrable on e, B] and hh, € L[a,b], Then :

ﬁ% [ ‘s ST )T < n(es; ﬁ)jh (0)h, (7)dT + p(cx; ﬁ)j h(1)h,(1-T7)dt

and
1 o+f,
w(&,ﬂspg[z,.j 50 [1(8,8,)(@ e < (e B[ (0, (e

+p(a; B[ I, (2, (1-1)dx
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Where © 1(@36) =S, (23)8,,(5)+ 8, (B:)S,(8;) and p(es ) = ()
Sp(Bi) + S,(B;) Spy(ex;)

Proof: Since S, is h, —convex and S,, is h, —convex, then:
Spl (toe+(1-1)B, -)SpZ(T(X +(1-7)B,)<h, (1')%12(1')(‘5;1‘5;2 Ne;.)
+h (1-1)h,(1-7)(S,,S,,)(B;.) + b (D)h,(1-7)S , (et;.)S , (B;.)
+h, (1-1)h, (7)S,, (B;.)S,, ()

Then
[18,(zo+(1-1)B,)S (2 + (1-T)B, )r <[(S,,S,,)(es;)
HS,8,)(B: ][, I (Dl (DT +[S,,(0)S 5 (B.)
8,858 4 (@)1, (D), (1~ T)dz

so, we obtain the first inequality :

ﬂ%a ) ﬁ 8,(7,)8,,(7, )T <[(S,,8,,)(@;.) +(S,,S,, )(B;.)] jol h, (T)h,(1)dt
HS,,(@5)8,,(B3) +S,,(B3)S 5 (@1 1y (7Y, (1= )T
Also we have

S [M;.js (M'J -S (Ta+(;—r)ﬁ+(1—)¢;+fﬁ;.j8 (Ta+(;—f)ﬁ+(l—);c+fﬁ;.j

pl 2 p2 2 pl p2

<h (%J [S,, (te+(1-7)B,)+S,,(1-1)a +1;.)]
xh, (%J [sz (ta+1-7)B,)+ sz((l D) +18;.)]
<h G) h, (%J(Splsz)(m +(1-1)B;) +(S, S, )(1-T)oc +1B;)
+h, [%J h, [%J [h, (T)Spl (a;.)+h,(1- ’L')Spl (B;)1[h,(1- T)sz (0;.)+h, (T)sz (B;)]
sl (1)1, (1), (1= 0)8,, (0 + B (D)8, B (0, (05.) + 1, (1= )8, (2]
Then we obtain:
1 a+f. 1 (B )
<[, S, 0)+(S,S,)(B: [ 1y (D, (DT +1S,,(e3.)S,,(B;.)
+8,,(B;.)S,, (5] fo] h, (1)h,(1-1)dz
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Theorem 2.6: Let S,,,S,, : IxE —]0,+0[ two log-convex stochastic processes

on I and o;B €T with o < B. Then we have the following inequality:

o+, oatf.
s, {Tj S, (Tj
: %{ﬂ—% .[f[Sp(T/ ')Spl (@+b-1;)+ SPZ(T’ .)SF’Z (a+b-7;)lde
S,(03)8,,(B;)+ S ,(0:.)S,,(B5.)
- 2

Proof: We have :

a+pB. o+f. 1 o+f. a+pB.
S.(%)s, (T”]SE[‘SM( s, (4P j]
_1 To+(1- T)ﬁ (1-7)+tb . to+(1-1)B | (1-7)+tb,
—ESnl( ! 2 j+23p2( Coby j

< %[(Spl(m +(1-1)B, -))2} {(Spl (A-7)a+ Tﬂ;'))z}

+%{(8p2<m+<l—r>ﬂ,~»2} {(sﬂ«l—r)omﬂ;.))ﬂ

< %[Sp] (ta+(1-17)B,)S,,(I-1)a+16;.)+S,,(ta +(1-17)B,)S , (1 -T)er + 7;.)]

= 5@, (B1)+8,2(05)5,2(B;)
- 2

Then,

o+f, o+,
Sl 518 %57

S e LS 98, @ b=7) 5,598 (0 b=l |

< S(@)S(Bi1+S,2(@3)S,0 (B
- 2

Theorem 2.7: Let Spl,S :[a,b]xE —]0,+00[ are two r-—convex and

0—convex stochastic processes respectively on [er, B] and r >0, Then we have

the following inequality :
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B Lo (58w e

1( r 1B =Sy ] 1 2 271 [ Sp2(B5)
< P - . _ . P
_2(r+2][ ST tasT ]+4[spz(ﬁ,.> 5,,(e:.) ““[s,,z(a;.)}

(8,,(0:) % 5, (B:.)

Proof: Since Spl is r —convex and sz 0—convex, forall 7 €[0,1] we have :

Spl(roc +(1-1)8,)< (TSP1 (a;) +(1- T)Spl(ﬂ,’ )y
8,,(to+(1-7)B,) < [S,, (0 )FLS,, (B; )]

Then :
508,08, 9
S, (ta+(1-1)B,)S,,(ror +(1-7)B, )de
< [0S, (@) +(1= 08, (B VIS, (0T 1S, (B3] "
Using the Cauchy inequality:
[12S, (@) +1-0)s, (B V18,00 )TS, (B )1 de

< %j;[Tspl(a; ) +(1-1)S,,(B; .)r]7 dr + Ej:[gpz (0 )P°LS,,(B; )P de

Let S=KS,,(es.) -8, (ﬁ-.)’)+S (B;.), then :

I8, @ +(1=0)S, (B T de = r][w T >]

r+2) 8B =S ()

and

[18,, (@[S, (B:)F ¥ dr = 218 ,(B;) = S, (0 )11n[ ‘”]

Spa(a;)

Conclusion

In this paper, we obtained a crucial inequalities of Hermite-Hadamard
for the product of two convex stochastic processes. within the future new
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inequalities for the other convex stochastic process can be obtained using
similar methods during this study.
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