
©

Some inequalities of Hermite-Hadamard for product of two stochastic 
processes

Mohammed Barmaki *
Laboratory Analysis, Modeling and Simulation 
Faculté des Sciences Ben M’sik
University Hassan II 
Av Driss El Harti Sidi Othmane B.P 7955 
Casablanca 
Morocco

Jamal El-achky †

Driss Gretete §

National School of Applied Sciences 
University Ibn Tofail 
BP 242 Av. zip code 14000 
Kenitra
Morocco

Abstract
In this work some inequalities of the Hermite-Hadamard are presented for product of 

two convex, s-convex, m-convex, h-convex and r-convex stochastic processes.
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1.  Introduction

A stochastic processes is defined as function :p × →    where 
⊂   is an interval if for every ,t ∈  with ( , )p t ⋅  being a random 

variable.
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If for all 0t ∈  : 
0

0P lim ( , ) = ( , )p pt t
t t

→
− ⋅ ⋅   then we say that ( , )p t ⋅  is 

continuous in probability in interval .  (see [1, 2, 3])
If for all 0t ∈  : 

0

2
0limE[( ( , ) ( , )) ] = 0p pt t

t t
→

⋅ − ⋅   then we say that ( , )p t ⋅  
is mean square continuous in the interval .  with E[ ( , )]p t ⋅  representing 
the expectation value of the random variable ( , ).p t ⋅

If a random variable exist :p′ →   such that for all 0t ∈  and 
0

00

2( , ) ( , )lim ( ,.) = 0,p p

pt tE t t

t t
t⋅ − ⋅

−→
 ′−  
 

  then we say that ( , )p t ⋅  is Mean-square 

differentiable at a point .t ∈
For more informations the reader may refer to the work of D.S. 

Mitrinovic, I.B. Lackovic, Hernandez JE and Gomez JF [7, 8, 6].

Definition 1.1: Let :p × →    be a stochastic process with 2E[ ( , ) ]p t ⋅ ∞  
for all ∈ τ  Let [ ; ] I; =a b a⊂  0 1 2 3 =nt t t t t b     be a 
partition of [ ; ]a b  and 1[ ; ]k k kl t t−∈  for = 1, , .k n

A random variable :Y →  is called mean-square integral of the 
process 1p  on [ ; ],a b  if we have :

2=
=1 1limE[( ( ;.)( ) (.)) ] = 0k n

k p k k kn
Yl t t −→∞

− −∑ 
 

For all normal sequence of partitions of the interval [ ; ]a b  and for all 
1[ ; ]k k kl t t−∈  for all = 1, , .k n  Then, we write (.) = ( , ) .pY db

a t t⋅∫ 

Definition 1.2: Let ( , , P)   be a probability space and ⊂   and 
: [0,1]h →  be a non-negative function, 0≠h .
• 	� The stochastic process :p × →    is convex, if for all [0;1]l∈  

and ;a b∈  the inequality : 
( (1 ) , ) ( , .) (1 ) ( ,.)p p pla l b l a l b+ − ⋅ ≤ + −  

	 is satisfied.
• 	� The stochastic process :p × →    is called s-convex in the second 

sense, if for all [0,1]l∈  and ;a b∈  and for some fixed [0;1]s∈  the 
inequality : 

( (1 ) , ) ( , .) (1 ) ( ,.)s s
p p pla l b l a l b+ − ⋅ ≤ + −  

	 is satisfied.
• 	� The stochastic process :p × →    is called h-convex, if for all 

[0,1]l∈  and ;a b∈  the inequality: 
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( (1 ) , ) ( ) ( , .) (1 ) ( , )p ph X hla l b l a l b+ − ⋅ ≤ + − ⋅ 

	 is satisfied.

• 	� The stochastic process : [0, )p × → ∞    is said be r -convex, if for 
each ,u v∈  and [0,1]l∈  we have :

1/

1

( ( , .) (1 ) ( ,.)) , 0
( (1 ) ,.)

( ( , .)) ( ( , .)) , = 0

r r r
p p

p
p p

u v r
u v

u v rl l

l l
l l

−

 + − ≠+ − ≤ 


 


 
 

Due to impottance in the Theory of Probability and Optimization the 
Hermite-Hadamard inequality became popular among researchers. (see 
[9, 10, 5]). For more information about the previous definitions and 
properties please refer to [11, 12, 13, 14, 15, 16, 17].

2.  Main results

Theorem 2.1: Let 1 2, :p p
+× →     are convex stochastic processes where 

.⊂ 
Let ;a b∈  with < ,a b  If 1 2,p p   are mean-square integrables 

stochastic process on [ , ]α β , then we have 

1 2
1 ( ; ) ( ; )

3 6( , ) ( , )p p d
b

a

h a b r a b
b a

t t t
−

⋅ ⋅ ≤ +∫  
 

and 

1 2 1 2
1 ( ; ) ( ; )

6 32 2
2 ;. ; . ( , ) ( , )p p p p d

b

a

h a b r a ba b a b
b a

t t t   + +
    −   

≤ ⋅ ⋅ + +∫   
 

1 2 1 2

1 2 1 2

Where : ( ; ) = ( ;.) ( ;.) ( ;.) ( ;.) and ( ; ) =
( ;.) ( ;.) ( ;.) ( ;.).

p p p p

p p p p

h a b a a b b r a b

a b b a

+

+

   

   

Proof: We suppose 1 2,p p   are convex on [ , ],a b  then for all [0,1]t∈  we 
have :

2 2
1 2 1 2 1 2

1 2 1 2

( (1 ) ;.) ( ;.) (1 ) ( ;.) (1 )
[ ( ;.) ( ;.) ( ;.) ( ;.)]

p p p p p p

p p p p

tta t b a t b t t

a b b a

+ − ≤ + − + −

+

     

   

Also 
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2 2
1 2 1 2

1 2 1 2

((1 ) ;.) (1 ) ( ;.) ( ; )
(1 )[ ( ;.) ( ;.) ( ;.) ( ;.)]

p p p p

p p p p

t XY bt a tb t a

t t a b b a

− + ≤ − +

+ − +

   

   

Then
2

1 2 1 2 1 2

1 2 1 1 2

( (1 ) ;.) ((1 ) ;.) (2 2 1)[ ( ;.)
( ;.)] 2 (1 )[ ( ;.) ( ; ) ( ;.) ( ;.)]

p p p p p p

p p p p p

t t
Y b

ta t b t a tb a

b t t a b a

+ − + − + ≤ − +

+ + − +

     

    

So,
1

1 2 1 20
1 2

1 2 1 2 1 20
1

1 2 0

1 2 1 2 1 2 1 2
2 1
3 3

[ ( (1 ) ;.) ((1 ) ;.)]

[ ( ;.) ( ;.)] (2 2 1) 2[ ( ;.) ( ;.)

( ;.) ( ;.)] (1 )

= [ ( ;.) ( ;.)] [ ( ;.) ( ;.) ( ;.) ( ;.)

p p p p

p p p p p p

p p

p p p p p p p p

d

t t d

d

ta t b t a tb t

a b t a b

b a t t t

a b a b b a

+ − + − +

≤ + − + +

+ −

+ + +

∫
∫

∫

   

     

 

        ]

Then	

2 1 2 1 2

1 2 1 2

1 1
3

1
6

( , ) ( , ) [ ( ;.) ( ;.) ( ;.) ( ;.)]

[ ( ;.) ( ;.) ( ;.) ( ;.)]

p p p p p p

p p p p

d
b

ab a
t t t a a b b

a b b a

−
⋅ ⋅ ≤ +

+ +

∫      

   

Also we have, 
(1 ) (1 )

2 2 2= ta b ta t b t a b+ + − − ++

Then

1 2 1 2
(1 ) (1 ) (1 ) (1 )

2 2 2 2 2 2
;. ;. = ;. ;.p p p p

t ta b a b ta t b t a b ta t b t a b       + + + − − + + − − +
       
       

+ +   

1 1 2

2 1 2 1 2

1 1 2 2 1

1

1
4

1
4

1 1
4 4

[ ( (1 ) ;.) ((1 ) ;.)][ ( (1 ) ;.)

((1 ) ;.)] [( )( (1 ) ;.) ( )((1 ) ;.)]

[ ( ;.) (1 ) ( ;.)][(1 ) ( ;.) ( ;.)] [(1 ) ( ;.)

( ;.

p p p

p p p p p

p p p p p

p

ta t b t a tb ta t b

t a tb ta t b t a tb

t a t b t a t b t a

t b

≤ + − + − + + −

+ − + ≤ + − + − +

+ + − − + + −

+

  

    

    

 p2 2 1 2

1 2 1 2 1 2

2 2
1 2 1 2

1
4

1
4

)][t ( ;.) (1 ) ( ;.)] [( )( (1 ) ;.)

( )((1 ) ;.)] {2 (1 )[( )( ;.) ( )( ;.)]

[ (1 ) ][ ( ;.) ( ;.) ( ;.) ( ;.)]}

p p p

p p p p p p

p p p pt

a t b ta t b

t a tb t t a b

t a b b a

+ − ≤ + −

+ − + + − +

+ + − +

   

     

   

As consequence, we obtain :



SOME INEQUALITIES OF HERMITE-HADAMARD� 431

1

1 2 1 20

1 2 1 2 1 2

1 2 1 2

1
42 2

1
12

1
6

; . ; . {( )( (1 ) ;.)

( )((1 ) ;.)} [ ( ;.) ( ;.) ( ;.) ( ;.)]

[ ( ;.) ( ;.) ( ;.) ( ;.)]

p p p p

p p p p p p

p p p p

d

a b a b ta t b

t a tb t a a b b

a b b a

   + +
   
   

≤ + −

+ − + + +

+ +

∫   

     

   

Finally,

1 2 1 2

1 2 1 2 1 2 1 2

1
2 2

1 1
6 3

2 ;. ;. ( )( ;.)

[( )( ;.) ( )( ;.)] [ ( ;.) ( ;.) ( ;.) ( ;.)]

p p p p

p p p p p p p p

d
b

a

a b a b
b a

t t

a b a b b a

   + +
    −   

≤

+ + + +

∫   

       

Hermite-inequality Hadamard’s has recently attracted the attention 
of numerous academics, and a number of improvements and 
generalizations have been made (See [4, 5])

Theorem 2.2: Let 1 2, :p p × →     are two stochastic processes where 
.+⊂   Let ;a b∈  with < .a b  We suppose that 2p  and 1 2p p   are mean-

square integrable on [ , ].a b
If 1p  is convex and positive on   and 2p  is s− convex, then for all 

]0,1]s∈  we have : 

2
1 1 1( , ) ( , ) ( ; ) ( ; )

( 2) ( 1)( 2)
⋅ ⋅ ≤ +

− + + +∫  p p d
s s s

β

α
τ τ τ η α β ρ α β

β α

and 

1 2 1 2
1 1 1

( 1)( 2) ( 2)2
2 ( ) ;. ( )( ;.) ( ; ) ( ; )s

p p p p s s sd
b

a

a b
b a

t t h a b r a b +
  − + + + 

≤ + +∫   

Where: 1 2 1 2( ; ) = ( ;.) ( ;.) ( ;.) ( ;.)p p p ph a b a a b b+     and ( ; )r a b = 1( ;.)p a
 

2( ;.)p b + 1( ;.)p b 2( ;.)p a

Proof: Since 1p  is convex and 2p  is s-convex, then for all [0,1],t ∈  p1  
and p2  are positives.

Then: 
1 1

1 2 1 2 1 2

1 2 1 2

( )( (1 ) ;.) ( )( ;.) (1 ) ( )( ;.)

(1 ) ( ;.) ( ;.) (1 ) ( ;.) ( ;.)

s s
p p p p p p

s s
p p p p

ta t b t a t b

t t a b t t b a

+ ++ − ≤ + −

+ − + −

     

   

so,
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1

1 2 1 20

1 2 1 2

1 2 1 2

1

1
( 2)

1
( 1)( 2)

( (1 ) , ) ( (1 ) , ) ( , ) ( , )

[ ( ;.) ( ;.) ( ;.) ( ;.)]

[ ( ;.) ( ;.) ( ;.) ( ;.)]

p p p p

p p p p

p p p p

s

s s

d d
b

ab a
ta t b ta t b t t t t

a a b b

a b b a

−

+

+ +

+ − ⋅ + − ⋅ = ⋅ ⋅

≤ +

+ +

∫ ∫   

   

   

Also we have :

1 2 1 2

1 1 21

2

1 2 1 21

(1 ) (1 ) (1 ) (1 )
2 2 2 2 2

1
2

1
2

( ) ;. ;. ;.

[ ( (1 ) , ) ((1 ) ;.)][ ( (1 ) , )

((1 ) ;.)]

[( )( (1 ) ;.) ( )((1

p p p p

p p ps

p

p p p ps

a b ta t b a tb ta t b a tb

ta t b t a tb ta t b

t a tb

ta t b

+

+

     + + − − + + − − +
     
     

= + +

≤ + − ⋅ + − + + − ⋅

+ − +

≤ + − + −

   

  



   

1 1 2 21

1 1 2 21

1 2 1 21

1

1
2

1
2
1

2
1

2

) ;.)]

[ ( ;.) (1 ) ( ;.)][(1 ) ( ;.) ( ;.)]

[(1 ) ( ;.) ( ;.)][ ( ;.) (1 ) ( ;.)]

[( )( (1 ) ;.) ( )((1 ) ;.)]

( (1 ) (1 ) )

s s
p p p ps

s s
p p p ps

p p p ps

s s
s

t a tb

t a t b t a t b

t a t b t a t b

ta t b t a tb

t t t t

+

+

+

+

+

+ + − − +

+ − + + −

≤ + − + − +

+ − + −

   

   

   

1 2 1 2

1 1
1 2 1 21

1
2

[ ( ;.) ( ;.) ( ;.) ( ;.)]

( (1 ) )[ ( ;.) ( ;.) ( ;.) ( ;.)]

p p p p

s s
p p p ps

a a b b

t t a b b a+ +
+

+

+ + − +

   

   

Theorem 2.3: Let 1 2, :p p × →     are two stochastic processes where 
+⊂   and ;a b∈  with < ,a b  such that 1p  and 2p  are mean-square 

integrable on [ , ].a b
If 1p  is 1s -convex and 2p  is 2s -convex, then we have :

2 1 21 2

1 2
1 21 2 1 2

1 1
1

1 ( ) ( )
1 ( 1)

( , ) ( , ) ( ; ) ( 1, 1) ( ; )

( ; )

 

( ; )

p p s s
s s

s s s s

d B s s

s s

b

ab a
t t t h a b r a b

h a b r a bG G
G

− + +

+ + + +

⋅ ⋅ ≤ + + +

 = +  

∫  

Where : 1 2 1 2( ; ) = ( ;.) ( ;.) ( ;.) ( ;.)p p p ph a b a a b b+     and ( ; )r a b =
1( ;.)p a 2( ;.)p b + 1( ;.)p b 2( ;.)p a

Proof: Since 1p  is 1s -convex and 2p  is 2s -convex on [ , ],a b  then : 
1 1

1 1 1

2 2
2 2 2

( (1 ) , ) ( ;.) (1 ) ( ;.)

( (1 ) , ) ( ;.) (1 ) ( ;.)

s s
p p p

s s
p p p

ta t b t a t b

ta t b t a t b

+ − ⋅ ≤ + −

+ − ⋅ ≤ + −

  

  
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As 1p  and 2p  are positives. then for all [0,1],t∈  we have :
1 2 1 2

2 1 1 2

1 2 1 2 1 2

1 2 1 2

( )( (1 ) ;.) ( )( ;.) (1 ) ( ;.) ( ;.)

(1 ) ( ;.) ( ;.) (1 ) ( )( ;.)

s s s s
p p p p p p

s s s s
p p p p

tta t b a t t a b

t t b a t b

+

+

+ − ≤ + −

+ − + −

     

   

Then:

1 2

2 1

2

1

1 2 1 2 1 2 01 2
1

1 2 0

1 2 1 2 1 2 1 21 2

1

1

1
1

1
1

( , ) ( , )

[( )( ;.) ( )( ;.)] ( ;.) ( ;.) (1 )

( ;.) ( ;.) (1 )

[( )( ;.) ( )( ;.)] ( ;.) ( ;.) ( 1, 1)

( ;

p p

s s
p p p p p p

s s
p p

p p p p p p

p

s s

s s

d

d

d

B s s

b

ab a
t t t

a b a b t t t

b a t t t

a b a b

b

−

+ +

+ +

⋅ ⋅

≤ + + −

+ −

≤ + + + +

+

∫
∫

∫

 

     

 

     

 2 2 1 1 2 1 21 2

1 2 1 2 1 2

1 2
1 2 1 2 1 2 1 2

1 2 1 2

1

1
1

.) ( ;.) ( 1, 1) [( )( ;.) ( ))( ;.)]

( 1, 1)[ ( ;.) ( ;.) ( ;.) ( ;.)]
( ) ( )1 [[( )( ;.) ( )( ;.)] [ ( ;.) ( ;.)

1 ( 1)
( ;.)

p p p p p

p p p p

p p p p p p

p

s s
B s s

B s s
s s

s s
s s s s

a a b

a b b a

a b a b

b

G G
G

+ +
+ + = +

+ + + +

= + +
+ + + +

+

    

   

     

  2 ( ;.)]p a

Theorem 2.4: Let 1 2, :p p
+ +⊂ × →      are two stochastic processes and 

,a b ∈   with < .a b  We suppose that 1p  and 2p  are mean-square integrable 
on [ , ].a b  If 1p  is 1m convex−  and decreasing on ,  and 2p  is 2m convex−  
then for every 1 2, ]0,1]m m ∈  we have : 

2 1 2
1 ( , ) ( , ) min{ , }p p d M M

b

ab a
t t t

−
⋅ ⋅ ≤∫  

Where :

1 1 2 1 1 1 2 2 2
1

2 2
1 1 2 2

2 1 2 1 1 1 2 2 2

2

1 2

1 2

1 ( ;.) ( ;.) ( ;.) ;. ( ;.) ;.
6

;. ; .

1 ( ;.) ( ;.) ( ;.) ;. ( ;.) ;.
6

p p p p p p

p p

p p p p p p

m m

b b
m m

m m

M m m

m m

M m m

b b

a a

a a a a

b b b b

   
      
   

   
      
   

   
     
   

= + + +
+ + 

= + + +

     

 

     

2 2
1 1 2 21 2

;. ; .p p
a a

m m
m m



   
      
   

+ + 
 
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Proof: Since 1p  is 1m − convex and 2p  is 2m − convex, then we have :

1 1 1
1

X(ta (1 t)b;.) ( ;.) (1 ) ;.p p m
m bt a t  

  
 

+ − ≤ + − 

and 

2 2 2 2 2
( (1 ) , ) ( ;.) (1 ) ;.p p p m

m bta t b t a t  
  
 

+ − ⋅ ≤ + −  

By using the inequality : 2 21
2

( ),cd c d≤ +  then :

2

1 2 2
1 20

2 2
1

1 1 1 2 2 20 1 2

1 2 1 1

1

1
2

1
2

1
6

( , ) ( , )

[{ ( (1 ) , )} { ( (1 ) , )} ]

( ;.) (1 ) ;. ( ;.) (1 ) ;.

( ;.) ( ;.) ( ;.

p p

p p

p p p p

p p p

m m

d

d

m m d

m

b

ab a

b b

t t t

ta t b ta t b t

t a t t a t t

a a a

−

   
      
   

⋅ ⋅

≤ + − ⋅ + + − ⋅

    ≤ + − + + −    
     

= + +

∫
∫

∫

 

 

   

   1 2 2 2
1 2

2 2
1 1 2 2

1 2

) ;. ( ;.) ;.

; . ; .

p p p

p p

m m

b b
m m

m

m m

b ba   
      
   

   
      
   

 +
+ + 

  

 

Then :

2

1 2 1 1 1 2 2 2
1 2

2 2
1 1 2 2

1 2

1

1
6

( , ) ( , )

( ;.) ( ;.) ( ;.) ;. ( ;.) ;.

1 ;. ; .
6

p p

p p p p p p

p p

m m

a a
m m

d

m m

m m

b

ab a

a a

t t t

b b b b

−

   
      
   

   
      
   

⋅ ⋅

 ≤ + + +  
 + +  

∫  

     

 

Theorem 2.5: Let 1p  is 1h convex−  and 2p  2 ,h convex−  ;a b ∈   with 
< .a b  If 1 2p p   are mean-square integrable on [ , ]a b  and 1 2 [ , ],h h L a b∈  Then :

1 1

1 2 1 2 1 20 0

1 ( )( ;.) ( ; ) ( ) ( ) ( ; ) ( ) (1 )p p d h h d h h d
b

ab a
t t h a b t t t r a b t t t

−
≤ + −∫ ∫ ∫ 

and
1

1 2 1 2 1 21 1 01 22 2
1

1 20

1 1
22

( ) ;. ( )( ;.) ( ; ) ( ) ( )

( ; ) ( ) (1 )

p p p ph h
d h h d

h h d

b

a

a b
b a

t t h a b t t t

r a b t t t

   
   
   

 +
  − 

− ≤

+ −

∫ ∫

∫

   
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Where : 1 2 1 2( ; ) = ( ;.) ( ;.) ( ;.) ( ;.) andp p p ph a b a a b b+    ( ; )r a b = 1( ;.)p a
 

2 ( ;.)p b + 1( ;.)p b 2 ( ;.)p a

Proof: Since 1p  is 1h convex−  and 2p  is 2 ,h convex−  then :

1 2 1 2 1 2

1 2 1 2 1 2 1 2

1 2 1 2

( (1 ) , ) ( (1 ) , ) ( ) ( )( )( ;.)
(1 ) (1 )( )( ;.) ( ) (1 ) ( ;.) ( ;.)
(1 ) ( ) ( ;.) ( ;.)

p p p p

p p p p

p p

h h
h h h h
h h

ta t b ta t b t t a

t t b t t a b

t t b a

+ − ⋅ + − ⋅ ≤

+ − − + −

+ −

   

   

 

Then
1

1 2 1 20
1

1 2 1 2 1 20
1

1 2 1 20

( (1 ) , ) ( (1 ) , ) [( )( ;.)

( )( ;.)] ( ) ( ) [ ( ;.) ( ;.)

( ;.) ( ;.)] ( ) (1 )

p p p p

p p p p

p p

d

h h d

h h d

ta t b ta t b t a

b t t t a b

b a t t t

+ − ⋅ + − ⋅ ≤

+ +

+ −

∫
∫
∫

   

   

 

so, we obtain the first inequality :
1

2 1 2 1 2 1 20
1

1 2 1 2 1 20

1 ( , ) ( , ) [( )( ;.) ( )( ;.)] ( ) ( )

[ ( ;.) ( ;.) ( ;.) ( ;.)] ( ) (1 )

p p p p p p

p p p p

d h h d

h h d

b

ab a
t t t a b t t t

a b b a t t t

−
⋅ ⋅ ≤ +

+ + −

∫ ∫
∫

     

   

Also we have

1 2 1 2

1 1 1

2 2 2

1 2

(1 ) (1 ) (1 ) (1 )
2 2 2 2 2 2

1
2

1
2
1 1
2

;. ; . ; . ; .

; [ ( (1 ) , ) ((1 ) ;.)]

[ ( (1 ) , ) ((1 ) ;.)]

p p p p

p p

p p

h

h

h h

a b a b ta t b a tb ta t b a tb

ta t b t a tb

ta t b t a tb

       + + + − − + + − − +
       
       
 
 
 
 
 
 
 
 
 

= + +

≤ + − ⋅ + − +

× + − ⋅ + − +

≤

   

 

 

1 2 1 2

1 2 1 1 1 1 2 2 2 2

1 2 1 1 1 1 2 2

2
1 1
2 2
1 1
2 2

( )( (1 ) ;.) ( )((1 ) ;.)

[ ( ) ( ;.) (1 ) ( ;.)][ (1 ) ( ;.) ( ) ( ;.)]

[ (1 ) ( ;.) ( ) ( ;.)][ ( ) ( ;.)

p p p p

p p p p

p p p

h h h h h h

h h h h h

ta t b t a tb

t a t b t a t b

t a t b t a

 
 
 

   
   
   
   
   
   

+ − + − +

+ + − − +

+ − + +

   

   

   2 2(1 ) ( ;.)]ph t b− 

Then we obtain:

1 2 1 21 1
1 22 2

1

1 2 1 2 1 2 1 20
1

1 2 1 20

1 1
22

( ) ;. ( )( ;.)

[( ))( ;.) ( )( ;.)] ( ) ( ) [ ( ;.) ( ;.)

( ;.) ( ;.)] ( ) (1 )

p p p p

p p p p p p

p p

h h
d

h h d

h h d

b

a

a b
b a

t t

a b t t t a b

b a t t t

   
   
   

 +
  − 

−

≤ + +

+ −

∫

∫
∫

   

     

 
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Theorem 2.6: Let 1 2, : ]0, [p p I × → +∞    two log-convex stochastic processes 

on   and ;a b ∈   with < .a b  Then we have the following inequality: 

{ }
1 2

1 2 2

1 1 2 2

2 2

1

;. ; .

1 [ ( , ) ( ;.) ( , ) ( ;.)]
2

( ;.) ( ;.) ( ;.) ( ;.)
2

p p

p p p p

p p p p

a b a b d
b

a

a b a b

b a
t t t t t

a b a b

   + +
   
   

−
≤ ⋅ + − + ⋅ + −

+
≤

∫

 

   

   

Proof: We have :

1 2 1 2

1 2

2 21 1
2 2

1 1

1
22 2 2 2

1 1(1 ) (1 ) (1 ) (1 )
2 22 2 2 2

;. ; . ; . ; .

; . ; .

1 ( ( (1 ) , )) ( ((1 ) ;.))
2

p p p p

p p

p p

tb tb

a b a b a b a b

ta t b t ta t b t

ta t b t a tb

       + + + +
       
       

   + − − + + − − +
   
   

 ≤ +  

= + + +

   
≤ + − ⋅ − +   

      

+

   

 

 

2 21 1
2 2

2 2

1 1 2 2

1 1 2 2

1
2

( ; .) ( ; .) ( ; .) ( ;.)
2

1 ( ( (1 ) , )) ( ((1 ) ;.))
2

[ ( (1 ) , ) ((1 ) ;.) ( (1 ) , ) ((1 ) ;.)]

p p

p p p p

p p p pa b a b

ta t b t a tb

ta t b t a tb ta t b t a tb
+

   
+ − ⋅ − +   

      

≤ + − ⋅ − + + + − ⋅ − +

≤
   

 

   

Then,

1 2

1 2 2

1 1 2 2

2 2

1

( ;.) ( ;.) ( ;.) ( ;.)
2

;. ; .

1 [ ( , ) ( ;.) ( , ) ( ;.)]
2

p p

p p p p

p p p p

a b a b d
b

a

a b a b

b a

a b a b

t t t t t

   + +
   
   

−

+

 ≤ ⋅ + − + ⋅ + −  

≤

∫
   

 

   

Theorem 2.7: Let 1 2, : [ , ] ]0, [p p a b × → +∞    are two r convex−  and 

0 convex−  stochastic processes respectively on [ , ]a b  and > 0,r  Then we have 

the following inequality : 
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1 2

2 2
2 21 1 2

2 2
21 1

1 1

1

( ;.) ( ;.) ( ;.)1 1
2 42 ( ;.)( ;.) ( ;.)

( )( ;.)

[ ( ;.) ( ;.) ]ln

( ( ;.) ( ;.))

p p

r r
p p p

p pr r pp p

p p

r
r

d
b

ab a

b a b
ab a

t t

b a

a b

+ +

−

   −          +   −   
≤ + −

≠

∫
  

 

 

 

 

Proof: Since 1p  is r convex−  and 2p  0 ,convex−  for all [0,1]t ∈  we have : 
1

1 1 1
1

2 2 2

( (1 ) , ) ( ( ;.) (1 ) ( ;.) )
( (1 ) , ) [ ( ;.)] [ ( ;.)]

r r r
p p p

p p p
t t

ta t b t a t b

ta t b a b −

+ − ⋅ ≤ + −

+ − ⋅ ≤

  

  

Then : 

2

1

1 20
11 1

1 1 2 20

1 ( , ) ( , )

= ( (1 ) , ) ( (1 ) , )

[ ( ;.) (1 ) ( ;.) ] [ ( ;.)] [ ( ;.)]

p p

p p

r r r
p p p p

d

d

d

b

a

t t

b a
t t t

ta t b ta t b t

t a t b a b t−

−
⋅ ⋅

+ − ⋅ + − ⋅

≤ + −

∫
∫

∫

 

 

   

Using the Cauchy inequality: 
11 1

1 1 2 20
21 1 2 2 2

1 1 2 20 0

[ ( ;.) (1 ) ( ;.) ] [ ( ;.)] [ ( ;.)]

1 1[ ( ;.) (1 ) ( ;.) ] [ ( ;.)] [ ( ;.)]
2 2

r r r
p p p p

r r r
p p p p

d

d d

t t

t t

t a t b a b t

t a t b t a b t

−

−

+ −

≤ + − +

∫

∫ ∫

   

   

Let 1 1 1= ( ( ;.) ( ;.) ) ( ;.) ,r r r
p p pS t a b b− +    then : 

2 2 21 1 1
1 10 1 1

( ;.) ( ;.)
2 ( ;.) ( ;.)

[ ( ;.) (1 ) ( ;.) ] =
r r

r r p pr
p p r r

p p

r
r

d b a

b a
t a t b t

+ + −   
   +   − 

+ −∫
 

 
 

and 

1 2 2 2 2 2 2
2 2 2 20 2

( ;.)1
2 ( ;.)

[ ( ;.)] [ ( ;.)] = [ ( ;.) ( ;.) ]ln p
p p p p

p
dt t b

a
a b t b a−  

 
 
 

−∫



   

Conclusion

In this paper, we obtained a crucial inequalities of Hermite-Hadamard 
for the product of two convex stochastic processes. within the future new 
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inequalities for the other convex stochastic process can be obtained using 
similar methods during this study.
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