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Abstract

Ideal theory and base theory of algebraic structures play an important role in studied.
In this study, we focus on studying bases of ideals in algebraic structures. The algebraic
structure LA-T" -semihypergroups is very interesting to study. This structure is generalization
of many algebraic structures, for example, commutative semigroups, commutative T’
-semigroups, LA-semigroups, LA-T" -semigroups, commutative semihypergroups, etc. Many
results in these algebraic structures were extended to results in LA-T" -semihypergroups.
On the other hand, the results in these structures are the special cases of results in LA-T'
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-semihypergroups. The main purpose of this paper is to introduce the notion of two-sided
base of an LA-T -semihypergroup with pure left identity. We prove that every two-sided
base of an LA-T" -semihypergroup with pure left identity is one-element base. Finally, we
prove that the compliment of union of all two-sided base of an LA-T" -semihypergroup with
pure left identity is maximal proper I -hyperideal.

Subject Classification: 16Y60, 08A72, 03G25, 03E72.
Keywords: LA-T-semihypergroups, Two-sided bases, Maximal proper T-hyperideals.

1. Introduction

The algebraic hyperstructure notion was introduced in 1934 by Marty
[4] at the 8th Congress of Scandinavian Mathematicians. In binary classical
algebraic structures, the product of two elements must be an element,
while in the algebraic hyperstructure, the product of two elements is not
an element but it will be a non-empty set.

Let H be a non-empty set and P'(H)=P(H)\{J} denotes the set
of all non-empty subsets of H. The map o:H xH — P"(H) is called the
hyperoperation or the join operation on the set H. A couple (H, ) is called
a hypergroupoid. This structure is one of generalization of groupoids. Let
A and B be two non-empty subsets of a hypergroupoid H, we will denote

AoB= |J acb, acA={a}oAandacB={a}oB.

aeA,beB

Fabrici [3] first introduced the concepts of two-sided bases on
semigroups. The notion of I -semigroups was introduced by Sen
[5]. This algebraic structure generalize semigroup. Many results in
semigroups were extended to study in I' -semigroups. Results in [3]
have been extended to results on a I -semigroups by Changpas and
Kummoon [2]. The aim of this paper is to extend the results of a two-
sided bases to LA-T -semihypergroups. The algebraic hyperstructure
of an LA-T -semihypergroup was defined by Yaqoob and Aslam [6] as
a generalization of many algebraic structures, for example, commutative
semigroups, commutative I -semigroups, LA-semigroups, LA-T
-semigroup, commutative semihypergroups, etc. The rest of this section,
we recall certain definitions and results needed for our purpose. These can
be found in [1, 7, 8, 9].

Definition 1.1 : ([6]) Let H and T" be two non-empty sets. The algebraic
hyperstructure H is called a left almost G-semihypergroup (abbreviated as
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an LA-T -semihypergroup) if every y €I is a hyperoperation on H, i.e.,
xyy < H for every x,y €H, and for every y,f €I’ and x,y,z€H we
have (xyy)B(z) = Gy y)Blx).

The law (xyy)Biz}=(zyy)Blx} is called left invertive law.
Through out the paper H will denote an LA-T -semihypergroup unless
otherwise specified. Let A and B be two non-empty subsets of an LA-T
-semihypergroup H. We define

A}/B=U{a7/b|a eA,beBand y T}

Also,
ATB = UA;/BzU{a;/bla €A,beBandy el'}.

yel

Every LA-T -semihypergroup satisfies the law
(acb) f(cy d) = (accc) f(by d)

forall a,b,c, d eH and «,f,y €I'. This law is known as I" -hypermedial
law (see [6]).

Definition 1.2 : ([6]) Let H be an LA-TI" -semihypergroup. A non-empty
subset A of H is called a sub LA-T -semihypergroup of H if ATA c A.

Definition 1.3 : ([6]) A non-empty subset A of an LA-T" -semihypergroup
His a right (resp., left) G-hyperideal of Hif ATH c A (resp., HTAc A), and
itis called a I' -hyperideal of H if it is both a right and a left I" -hyperideal.

Definition 1.4 : A proper I -hyperideal M of an LA-T" -semihypergroup H
is said to be maximal if for any I -hyperideal A of H,M c A c H implies
M=A or A=H.

Definition 1.5 : Let H be an LA-T" -semihypergroup. An element e e H is
called a left identity if a eeya forall a e H and y €I

Definition 1.6 : Let H be an LA-T" -semihypergroup. An element e e H is
called a pure left identity if {a}=eya forall a eH and y €T.

Obviously, every pure left identity is a left identity but the converse
is not generally true.
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Example 1.7 : Let H={x,y,z,t} and T ={f,7} be the sets of binary
hyperoperations defined below:

B X y z t Y X y z t

x | b {0 fxh x | fx} {x} {x} {x}

y | bzt {z} (z 8 y | I vzt {z2 {yzt
z | fxb {zb iz {2 z {x} {z} {z} {z}

o {ytt {2 {28 t x vt {20 {yt

Clearly H is not a I' -semihypergroup because {y,z,t} = (tSt)y{y} =
{t1B(try)=1{y,t} Thus H is an LA-T -semihypergroup because it satisfies
left invertive law. It is easy to see that ¢ is a left identity of H, but ¢ is not a
pure left identity of H.

Example 1.8 : Let H={a,b,c,d,e} and I'={f} be the sets of binary
hyperoperations defined as follows:

B a b c d c
a {a} {a} {a} {a} {a}
b faf bt {d  {adt {d
c {a} bt bt fadt (b}
d ot fadt fad} {lady {d
c {a} {b} {c} {d} {c}

Then H is an LA-T -semihypergroup. It is easy to see that e is a left
identity and e is a pure left identity of H.

Lemma 1.9 : Let H be an LA-T -semihypergroup with pure left identity e. Then
the following statements hold.

(1) Forall x,y,z€H and y,p €T,

txly (vBz) = {yly (x B2).
(2) Forall x,y,z,weH and y,f,a €T,

(xy y) B(zaw) = (wy z) f(yax).
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Proof: (1) Consider
{xly (yB2)

(eax)y(ypfz) (by pure left identity e)
(eay)y(xfz) (by I' —hypermedial law)

{yly (xB2).

Thus {x}y (yfz) = {yly (xf2).
(2) Consider

(yy)pzaw) = (xly{y)p(zlai{w})
= ((eax)y{yh)B((ey z)a{w}) (by pure left identity e)
= ((yax)y{e) p((wyz)a { e (by left invertive law)
= ((yax)y (wyz))a(elafe}) (by I' —hypermedial law)
= ((ela{ehy (wyz))B(yax) (by left invertive law)
= (lely (wy 2)) B(yax) = (wy 2) B(yax).
Thus (x7)B(zaw) = (wy2) flyax). O

The law (xy y)f(zaw) = (wy z) f(yax) is called a T -paramedial law.

Lemma 1.10 : If H is an LA-T -semihypergroup with pure left identity e, then
HTH=H and H=HTI{e}={eJTH.

Proof: Clearly, HTHc H. Let x eH. Then for any y €I', we have
x e{x}=eyxc HTH and so H < HI'H. Hence H = HTH. Next, we will
show that H = HI'{e} = {¢JT'H. Since e is a pure left identity of H, so for any
y €T, itis obvious that {e¢]’'H = H. Consider

HT'{e} = (HTH)I'{e} = ({e)TH)TH = HTH = H.
Hence H = HI'{e} = {eJT'H. (|

Lemma 1.11 : Let H be an LA-T -semihypergroup and A, be a T -hyperideal of
Hforall iel. If NA, #Q, then (A, isa I -hyperideal of H.
iel iel

Proof: Assume that A, # J. We will show that N A, is a I" -hyperideal

iel iel

of H. First, to show that HI'(NA,)c ﬂA Let x eHI'(NA,). Then

iel iel

x ehya, for some heH,y eI’ and aleﬂIAi. Since aleﬂlAi, we

obtain a, € A, for all i el. Since A, is a I' -hyperideal of H for all i el.
Then x ehya, c HTA,c A, for all iel. So we obtain x €(NA,. Thus

iel

HI'(NA,) < NA,. Next, to show that (NA,)I'H c NA,, let x e(NA,)I'H.
iel iel iel iel iel
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Then x eayh for some a, eNA,,y €I’ and heH. Since a, eNA,, we
iel iel
obtain a, € A, for all i el. Since A, is a I -hyperideal of H for all i €1,
thus x eayhc ATHc A, forall i el. So x eNA,. Then HI'(NA,) = NA,.
iel

iel iel

Therefore NA, isa I" -hyperideal of H. O
iel

Definition 1.12: Let A be a non-empty subset of an LA-T" -semihypergroup
H. The intersection of all T"-hyperideal of H containing A is the smallest
I" -hyperideal of H generated by A and is denoted by (A),.

Lemma 1.13 : Let A be a non-empty subset of an LA-T -semihypergroup H with
pure left identity. Then

(A), = AUHTAU ATH U(HTA)TH.

Proof: Let B=AUHI'AUAI'H U(HTA)T'H. First, we consider

HIB
= H'(AUHTAU ATH U(HTA)TH)

= HTAUHT(HT'A)U HT(ATH) U HT(HTA)TCH)

= HTA U(HTH)[(HTA) U AT(HTH) U (HTA)D(HTH)
= HTAU(ATH)[(HTH)U ATH U (HTA)TH

= HTAU(ATH)TH U ATH U(HTA)TH

= HTAU(HTH)TA U ATH U(HTA)TH
=HTAUHTAUATH U(HTATH c B

and

BrH
=(AUHTAUATH U(HTA)CH)TH

= ATH U(HT'A)TH U(ATH)H U(HTA)TH)CH
= ATH U(HTA)TH U(HTH)CA U (HTH)C(HTA)
= ATH U(HTA)TH U HTA U (ATH)C(HTH)

= ATH U(HTA)TH U HTAU(ATH)CH

= ATH U(HTA)'H U HTAU(HTH)TA

= ATH U(HTA)'H UHTAUHTA c B.
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So HI'Bc B and BI'H c B. Thus Bisa I' -hyperideal of H containing
A. Next, let C be a I -hyperideal of H containing A. Since AcC,
we have HTAcHI'CcC,ATHcCTHcC and (HTA)JIH c(HTC)
FT’HcCTHcC. So B=(AVUHTAUATHU (HTAXH)cC. Thus B is a
smallest I' -hyperideal of H containing A. Thus (A), =(AUHT'AUATH U
(HTA)T'H). O

For an element a e H, we write ({a}), by (a), which is called the
principal T -hyperideal of H generated by a. By Lemma 1.4, we have that

(a); ={a} W HI{a} U {a)TH U (HI {a})TH.

Corollary 1.14 : Let H be an LA-T -semihypergroup with pure left identity.
Then HT'{b}U{bITH O (HT{b))T'H isa T -hyperideal of H for all b € H.

2. Bases on LA-T -semihypergroups

We begin this section with the definition of two-sided base of an LA-
I' -semihypergroup with pure left identity as follows:

Definition 2.1: Let H be an LA-T -semihypergroup with pure left identity.
A non-empty subset A of H is called a two-sided base of H if it satisfies the
following two conditions:

(1) H=AUHTAUATHU(HTA)TH;
(2) if B is subset of A such that H=BUHI'BUBI'H U(HI'B)I'H, then
B=A.
We now provide some examples. By Example 1.7., it is easy to see that
the two-sided base of His A = {e}.

Example 2.2 : Let H={x,y,z,w} and I ={y} be the sets of binary
hyperoperations defined as follows:

Y X y z w

x {x} {y {z} {w}
y {z} H H {w)
z {v} H H {w}
w {w} {w} {w} {w}

Then H is an LA-T" -semihypergroup with pure left identity x. It is
easy to see that the two-sided bases of Hare A, = {x}, A, = {y} and A, ={z}.
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Definition 2.3 : Let H be an LA-I" -semihypergroup with pure left identity.
We define a quasi-ordering on H by for any a,b €H,

a<, b (a), < (b),.

We write a<, b if a< b but a=b.
First, we have the following useful lemma:

Lemma 2.4 : Let A be a two-sided base of an LA-T -semihypergroup H with pure
left identity and a,b € A. If a e HT{b} U {b]TH O(HT'{b})TH, then a=0.

Proof:Let a,b € A besuchthat a € HT' (b} U {b}TH U (HT {b})T H and suppose
that a #b. Let B= A\{a}. Then B c A. Since a # b, we have that b € B. We
will show that (A), < (B),. Let x e(A), = AUHI'AUAIH U(HT'A)TH.
There are four cases to consider.

Case 1: x € A. If x#a, then x eBc (B),. So x €(B),. If x=a, then by
assumption we have

x=a eHI'{b}U{b}TH U(HT{b}))TH c HTBUBI'H U(HI'B)T'H c (B),.
So x €(B),. Thus A c (B),.

Case 2: xeHI'A. Then xehyc for some heH,y eI’ and
ceA. If c#a, then xehyccHIBc(B),. So xe(B),. If
c=a, then X ehyac HU(HT{b} U{b}TH U (HT {b})TH). Since
HT{b} U {)TH U(HI{b})TH is a T -hyperideal of H for all b € H, then
x e HT{b} U {b}TH O (HT'{b}))TH < (B),. So x €(B),. Thus HI'A c (B),.

Case3: x e ATH. Then x ecyh forsome c €A,y €’ and heH. If c #a,
then x ecyh < BTH < (B),. So x €(B),. If c=a, then x ecyh c (HI'{b}
{(BFHU(HT{p))TH)I'H. Since HI{p}U{BTHUHT{)I'H is a T
-hyperideal of H forall b € H, then x e HT'{b} U {b}TH U (HT'{b})T'H < (B), -
So x €(B),. Thus AI'H c (B),.
Case4: x e(HTA)rH. Then x e(hyc)pi{h,} forsome h ,h, eH, y,p €l
and ceA. If c=a, then xe(hyc) plhtc (HIHT{ U{HITH
U(HT{b})TH))'H. Since HT'{b}u {b} TH U(HT {b})I'H isa I -hyperideal of
Hforall b eH, then x e(h,yc) plh,} < (HI'{b}u {biTH O (HT{b)I'H)I'H
c HI'{b} U{bITH UHT{b} < (B),. So x €(B),. If c#a, then x e(hyc)
pih,} < (HI'B)'H < (B),. So x €(B),. Thus (HTA)TH < (B),.

Hence (A), =AUHTA UAT'H U (HTA) I'H c (B),. By
H=(A), = (B), c H, this implies that (B), = H. This is a contradiction.
Therefore, a="b. O
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Lemma 2.5 : Let A be a two-sided base of an LA-T -semihypergroup H with pure
left identity. If a,b € A such that a # b then neither a< b nor b<, a.

Proof:Leta,b € A besuchthat a # b. Supposethat a <, b. Then a e(a), < (b),.
Since a €(b), and a # b, we have that a e HT'{b} U {b}TH U (HT'{b})TH. By
Lemma 2.1, a=>b. This is a contradiction. Thus a <, b is false. The case
b <, a can be proved similarly. O

3. Main results

In this part, the remarkable results of two-sided bases in an
LA-T -semihypergroup with pure left identity containing two-sided base
will be presented.

Theorem 3.1 : A non-empty subset A of an LA-T -semihypergroup H with
pure left identity, is a two-sided base if and only if A satisfies the following two
condition.

(1) Forany x eH there exists a € A such that x <, a.

(2) Forany a,beA, if a#b, then neither a<, b nor b<, a.

Proof: Assume that A is a two-sided base of H. Then H =(A),.
First, to show that the condition (1) holds, we let x e H. Then
x e AVHTAUATH U(HTA)TH. There are four cases to consider.

Casel: x € A. Then x <, x.

Case 2: x eHI'A. Then x ehya for some heH,y eI" and a € A. Since
x ehyac HT'{a} c (a),, so x (a),. It follows that (x), < (a),. Thus x <, a
where a € A.

Case 3: x e ATH. Then x ebyh for some heH,y €T’ and b e A. Since
x ebyh < {b\TH < (b),, so x €(b),. It follows that (x), < (b),. Thus x <, b
where b € A.

Case 4: x e(HTA)TH. Then x e(hyc)p{h,} for some h ,h, eH,y,p eI’
and c € A. Since x e(hyc)pih,} < (HT'{c)I'H c (c),, so x (c),. It follows
that (x), = (c),. Thus x <, ¢ where c € A.

Hence the condition (1) holds. The validity of condition (2) follows
from Lemma 2.2.
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Conversely, assume that (1) and (2) hold. We will show that A is a
two-sided base of H. First, to show that H=(A),, we let x eH. By (1)
there exists a € A such that (x), < (a),. Then x e(x), < (a), < (A),. So
Hc (A),. Thus H =(A),. Next, to show that A is a minimal subset of
H with the property H =(A),, we let Bc A such that H =(B),. Since
Bc A, thereexists a € A and a ¢B. Since a ¢B and a e Ac H=(B),, we
have that « e HTBWBI'H U (HIT'B)I'H. There are three cases to consider:

Case 1: aeHI'B. Then achyb for some heH,y eT' and beB. By
a ehybc HI'{b} c (b),, it follows that (a), = (b),. Thus a<, b where
a,b € A. This is a contradiction.

Case 2 : aeBI'H. Then aebyh for some heH,y eI' and b, €B. By
aebyhc{bTH c (b),, it follows that (a), = (b,),. Thus a<, b, where
a, bl e A. This is a contradiction.

Case 3: a e(HT'B)T'H. Then a e(hyb,)p3{h,} for some h ,h, eH,y,p eI’
and b, €B. By ae(hyb,)p{h,} < (HT{b,))TH c (b,),, it follows that
(@), < (b,);. Thus a<, b, where a,b, € A. This is a contradiction.

From both cases, we conclude that A is a two-sided base of H. O

Theorem 3.2 : Let A be a two-sided base of an LA-T -semihypergroup of H with
pure left identity, such that (a), = (b), forsome a € A and b eH. If a#b, then
H contains at least two two-sided bases.

Proof: Assume that a#b and suppose that beA. Since (a), =(b),
and a=#b, it follows that a e HT'{b} U {bjTH U(HT'{b})I'H. By Lemma
2.1, we have that a=b. This is a contradiction. Thus b € H\ A. Setting
B=(A\{a})u{b}. Since beB and b¢A, then BZ A. Thus B=A. We
will show that B is a two-sided base of H. First, to show that B satisfies
the condition (1) of Theorem 3.1. Let x e H. Since A is a two-sided base
of H, there exists c e A such that x <, c. If c#a then c €B. If c=a, then
(c), = (a),. Since (a), = (b),, we have (c), =(b), i.e.,, c<, b. So x<, c<, b.
Thus x <, b where b €B. Next, to show that B satisfies the condition (2)
of Theorem 3.1. Let c,,c, €B such that c, # c,. We will show that neither
¢, <, ¢, nor ¢, <, ¢,. Since ¢, €B and ¢, €B, wehave ¢, =b or ¢, #b and
¢, =b or c, # b. There are four cases to consider.

Case1: ¢ #b and c, #b. Then c ,c, € A. This implies neither c, <, ¢

-1 72
nor ¢, <, ¢;.
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Case 2 : ¢, #b and c¢,=b. Then (c,),=(b),. If c < c,, then

-1 "2/
(c); (), =), =(@),. Thus ¢ <,a where ¢ ,aeA This is
contradiction. If ¢, <, ¢, then (a), =(b), =(c,), =(c,);- Thus a< c
where c,,a € A. This is a contradiction.
Case 3 : ¢, =b and c,#b. Then (c),=(),. If c < c,, then

-1 727

(a), =), =(c,); =(c,);. Thus a<,c, where c,,acA This is

contradiction. If ¢, < ¢, then (c,)), =(c,); =), =(a),. Thus ¢, < a
where c,,a €A This is a contradiction.

Case4: ¢, =b and c, =b. This is impossible.
Therefore B is a two-sided base of H. O

The next corollary is a consequence of Theorem 3.2.

Corollary 3.3 : Let A be a two-sided base of an LA-T -semihypergroup H with
pure left identity and let a € A. If (x), =(a), for some x eH,x #a, then x
belongs to some two-sided base of H, which is different from A.

Theorem 3.4 : Let A and B be any two-sided bases of an LA-T -semihypergroup
H with pure left identity. Then A and B have the same cardinality.

Proof : Let A and B be two-sided bases of H. Let a € A. Since B is a two-
sided base of H, by Theorem 3.1(1), then there exists b €B such that
a <, b. Similarly, since A is a two-sided base of H, there exists a €A such
that b<, a’. So a<,b<,a and a<, a. By Theorem 3.1(2), a=a". Hence
(a), = (b),. Now, define a mapping

¢:A—>B;pa)=b

for all a €A. First, to show that ¢ is well-defined, we let a ,a, €A
such that a, =a,,¢(a)=0b, and ¢(a,)=b, for some b,b, €B. Then
(a,); =(b); and (a,), =(b,),. Since a, =a,, then (a,),=(a,),. Thus
(a,); =(a,); =(b), =(b,);, so b, <, b, and b, < b. By Theorem 3.1(2),
b,=b,. Hence ¢(a,)=¢(a,). Therefore ¢ is well-defined. Next, to
show that ¢ is one-to-one, we let a,,a, € A such that ¢(a,)=¢(a,).
Then ¢(a,)=¢(a,)=b for some b eB. We have (a,), =(a,), = (b),. Since
(a,); =(a,);, so a, <, a, and a, <, a,. Thus a, =a,. Therefore ¢ is one-to-
one. Finally, to show that ¢ is onto, we let b €B, then there exists a € A
such that b <, a. Similarly, there exists b €B such that a <, b". Then
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b<,a<, b ie, b<,b. By Theorem 3.1(2), b=b", so b<,a and a<, b
ie., (b), c(a), and (a), < (b),. Thus (a), = (b),. Therefore ¢ isonto. [

If a two-sided base of an LA-T -semihypergroup H with pure left
identity, is a I -hyperideal of H, then

H=AUHTAUATHUHTATH=AVAUAUA=A.

Thus H = A. The converse statement is clear. So we conclude that.

Remark 3.5 : It is observed that a two-sided base A of an
LA-T -semihypergroup H with pure left identity is I' -hyperideal of H if
and only if A=H.

Theorem 3.6 : Let A be a two-sided base of an LA-T -semihypergroup H with
pure left identity. If A is a sub LA-T -semihypergroup of A, then A ={a} with
aeaya forall y €T

Proof: Assume that A is a sub LA-T" -semihypergroup of H with pure left
identity.Let a,b € A, andlet y €I'. Byassumption, ayb  A. Setting ¢ eayb,
so we have ¢ eaybc HT'{b} c HT'{b} U {b})TH U(HT {b})TH. By Lemma 2.1,
we have ¢ =b. Similarly, ¢ eayb c {a}TH < HT {a} U {a)TH U (HT {a})TH. By
Lemma 2.1, we have ¢ =a. Thus a=0b. Therefore A={a} with a eaya. O

The converse statement is not valid general. By Example 2.1, we
have A, ={y} is a two-sided base of an LA-T -semihypergroup H with
pure left identity, such that y eyyy for all y eI'. But A, is not a sub
LA-T -semihypergroup H. The union of all two-sided bases of an
LA-T -semihypergroup H with pure left identity, is denoted by A.

Theorem 3.7 : Let H be an LA-T -semihypergroup with pure left identity. Then
H\ A is either empty set or a T -hyperideal of H.

Proof: Assume that H\ A # &. We will show that H\ A isa I" -hyperideal
of H. Let aeH,y eI' and beH\A. To show that aybc H\ A and
byac H\ A. Suppose that ayb /Q: H\ A. Then there exists ¢ eayb and
cgH\A ie., ceA. Since c €A, then c €A, for some a two-sided base
A, of H. Since c eaybc HI'{b} c (b),, then c e(b),. So we have that
(c), < (b),. Next, we will show that (c), < (b),. Suppose that (c), = (b),.
Since beH\A and ceA,, then b#c. Since (c), =(b),, by Corollary
3.3, we have b eA. This is a contradiction. Thus (c), < (b), i.e., c<, b.
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Since A, is a two-sided bases of H, there exists ¢, e A such that b<c,.
Since c<, b<, ¢, so c<, ¢ and c,c, €A,. This is a contradiction. Thus

ayb < H\ A. Similarly, we can proof that bya c H\ A. Therefore H\ A is
a I' -hyperideal of H. O

Let M" be a proper I -hyperideal of an LA-T -semihypergroup H
with pure left identity containing every proper I' -hyperideal of H.

Theorem 3.8 : Let H be an LA-T -semihypergroup with pure left identity and
@+ Ac H. Then H\A= M if and only if every two-sided base of H is a one-
element base.

Proof: Assume that H\A=M". We will show that every two-sided
base of H is a one-element base. To show that A c(a), for all a €A.
Let a €A. Suppose A & (a),. Then (a), # H, and so (a), is a proper
I -hyperideal of H. Thus ae(a), cM =H\A, and so aeH\A ie,
a¢A. This is a contradiction. Hence Ac (a), for all a e A. We claim
that H\Ac(a), for all a€A. Suppose that H\ A /Q: (a,); for some
a, € A. Then (a,), # H, and so (a,), is a proper I' -hyperideal of H. This
implies a, e(2,), cM =H\A, and so a, eH\ A ie, a, ¢A. Thisis a
contradiction. Hence H\ A c (a), for all a € A. Since H\ Ac (a), and
Ac(a), for all aeA, then H=(H\A)UAc (a), c H. It follows that
(a), =H for all a € A. Thus {a} is a two-sided base of H. Next, let B be
a two-sided base of H, and let a,b € B. We will show that a=b. Suppose
that a# b. Since Bc A and a €B, then a e A. So we have H = (a),. Since
a#b, and beH =(a),, then b e HI'{a} U {a})TH U(HT {a})lH. By Lemma
2.1, a=0. This is a contradiction. Therefore, every two-sided base of H is
one-element base.

Conversely, assume that every two-sided base of H is a one-element
base. Then (a), =H for all 2 € A. We will show that H\ A= M. Since
aeA ie, a¢H\A, and AcH, then @+ H\Ac H. By Theorem 3.6,
H\ A isaproper I' -hyperideal of H. Next, let M, be a I" -hyperideal of H
such that H\ Ac M, c H. Suppose that H\A# M,. Then H\Ac M,,
there exists x e M, such that x ¢ H\ A ie, x€A. So x e AnM, and
AnM, #D. Let ceAnM,. Since ceM, HI'{cfcHIM, cM,
{[cTHc MTH c M, and (HT'{chTH < (HI'M,)T'H < MT'H c M,, then
{c}UHT{c} U{c)TH O(HT{c)I'H < M,. So (c), ={c} WHI{c} U{c|]l’H
U(HT{c})TH < M,. Since ¢ € A, by assumption we have (c), = H. Since
(), =H and (c), cM,, then H=(c), c M, c H. Thus H=M,. Hence



454 W.JANTANAN, K. CHINNAPAK;, R. CHAMLONGCHAT, 5. HOBANTHAD, R. CHINRAM AND T. GAKETEM

H\ A isamaximal proper I' -hyperideal of H. Next,let Bbea I" -hyperideal
of H is not contained in H \ A. Then there exists x € B suchthat x ¢ H\ A
ie., xeA. So BNA#O. Let ceBNnA. Then c €B and ¢ € A. Since ¢ €B,
then it follows that (c), < B. Since c € A, by assumption H =(c),. So we
have H =(c), c Bc H. Thus H = B. Therefore H\A=M". O

In Example 1.2, we have e is a pure left identity of H and {e} is a two-
sided base of H. Similarly, in Example 2.1, we have x is a pure left identity
of H and {x} is a two-sided base of H. This leads to prove the following
theorem.

Theorem 3.9 : Let H be an LA-T -semihypergroup with pure left identity. If e is
a pure left identity of H, then {e} is a two-sided base of H.

Proof: Assume that e is pure left identity of H. Let A={e}. We will
show that A is a two-sided base of H using Definition 2.1. To show
that H =(A),. Since e is a pure left identity of H, by Lemma 1.2, we
have H={eJlH=HTI{e}.Since H=HI{e}, we have (HI'{e})[H=
(HT{e)I'(HT{e}) =(HTH)['({e}T'{e}) =HI{e}. So (A), ={e}uHI{e}
UlelTH U(HT{e})I'{e} = H. Thus (A), =H. Obvious, A is a minimal
subset of H with the property H =(A),. Therefore A= {e} is a two-sided
base of H. O

In Example 1.2 and Example 2.1, we have e and a is a pure left
identity of H such that {e} and {a} are two-sided bases of H. Since {e}
and {a} are one-element base, by Theorem 3.4, we obtain set of two-sided
bases in Example 1.2 and Example 2.1, are only one-element base. Thus,
the combining Theorem 3.4, and Theorem 3.8, we obtain the following
corollary.

Corollary 3.10 : Let H be an LA-T -semihypergroup with pure left identity.
Then every two-sided base of H is one-element base.

In Example 1.2, we have the of all two-sided base of H is {e}. Since
{e} is a one-element base, by Theorem 3.7, we have H\ A={a,b,c,d} isa
maximal proper I' -hyperideal of H containing ever proper I" -hyperideal
of H. Thus, by Theorem 3.7, and Corollary 3.9, we conclude the following
theorem.
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Theorem 3.11 : Let H be an LA-T -semihypergroup with pure left identity.
Then H\A is a maximal proper T -hyperideal of H containing every proper
I" -hyperideal of H.

Proof: Let H be an LA-T" -semihypergroup with pure left identity. By
Corollary 3.9, we have every two-sided base of H is one-element base.
Since every two-sided base of H is one-element base, by Theorem 3.7, we
have that H\ A= M. Therefore H\ A is a maximal proper I' -hyperideal
of H containing every proper I' -hyperideal of H. O

4. Conclusions

In this paper, we study two-sided bases ideals of LA-T
-semihypergroups and investigate their remarkable properties. We show
in Corollary 3.9 that every two-sided base of an LA-T -semihypergroup
with pure left identity is one-element base. Finally, we prove in
Theorem 3.10 that the compliment of union of all two-sided base of an
LA-T -semihypergroup with pure left identity is maximal proper T
-hyperideal. This structure of LA-TI" -semihypergroups is generalization
of many algebraic structures, for example, commutative semigroups,
commutative  I' -semigroups, LA-semigroups, LA-TI -semigroup,
commutative semihypergroups, etc. The results in this paper are true in
commutative semigroups, commutative I' -semigroups, LA-semigroups,
LA-T -semigroup, commutative semihypergroups, etc.

In the future work, we can study other results in this algebraic
structures.
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