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Abstract

This paper aims to introduce a kind of connected space called )\ -connected. We
analyze the characterizations, properties, and relationships of A -connected spaces with
other types of connected spaces including, A -locally connected spaces. Additionally, we
define a class of maximal open sets which called maximal \ -open sets. Some of its basic
properties, characterization and relationships are studied and obtained.

Subject Classification: (2010) 54A05, 54B05, 54D05.

Keywords: Semi open sets, Operation, Connected, Maximal open set.

1. Introduction

The notion of operator associated to a topology 7 on a space Z was
introduced by Kasahara [5] in 1979, as an application A4 from 7 to P(Z).
Since then, many authors have generalized and extended this notion using
weak structures, resulting in a fruitful research area in this field ([1], [2],
[3], [13], [14], among others). Following this trend, in 2013 Khalaf and
Namiq [6], defined an operator A on the family of semi-open sets in a
topological space, this operator was called semi-operation and was
denoted by s-operation. Using semi-operation, Namiq [9], introduced the
A, -open sets, he also investigated several properties of A _-derived, A,
-interior and A_-closure points in topological spaces. In this article, a
novel type of connected space, referred to as A_-connected space, is
presented and examined. We also investigate the relationship between A
-connected spaces and A_ -connected spaces, and find that the every 4
-connected spaces is a A_-connected spaces. We discuss some
characterizations and properties of A -connected spaces, A, -components
and A_-locally connected spaces in a similar way to S. Willard in [16], for
connectedness. Finally, we will introduce and define a new class of
maximal open sets which will be called maximal 4 _ -open sets, in a similar
way as was done in [11] and [12]. In the context of this paper, we will
represent a topological space as Z.

2. Preliminaries

To begin, let us review certain definitions and outcomes employed in
this context. When considering a subset B of Z, we represent the closure of
B as CI(B) and the interior of B as Int(B). A subset B of a space Z is said
to be semi-open [7], if B < CI(Int(B)). A set F is said to be semi-closed if its
complement Z\ F is a semi-open set. We will use the notation SO(Z) to
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represent the set of all semi-open sets in Z. A subset B of a topological
space Z is said to be regular closed [15], if B=CI(Int(B)). A function A
from SO(Z) to the power set P(Z) of Z is called a semi-operation (briefly
s-operation) if B < A(B) forevery semi-openset B. We made the assumption
that A(Z)=Z and A(J)=. If for every pair of semi-open sets B, and B,
containing zeZ, there exists a semi-open set B, such that zeB, and
AMB,) < MB,) N A(B,) then A is called s-regular [6]. If AcZ and for all
z € A, there exists a semi-open set B containing z such that A(B) c A, then
Awillbe called A -open. The family of all A -open sets of Z will be denoted
by SO, (2).

As mentioned in the introduction, the lm -open sets were introduced
in [9], and some properties of them were studied in the same work. We
present below this definition and state some properties that will be used
to achieve the main results of this work. If W is a A -open and for every
zeW, there exists a regular closed set B containing z such that B is
contained in W, then Wis called a A_-open set, a set X will be referred to
as A_-closed if Z\X is a A _-open set. The collection of all 4_-open
(respectively A_-closed) sets in a space Z will be denoted by S0, (2)
(respectively SC 5, (£). Given the context, it is intuitive to introduce the
notions of closure and interior in relation to these sets. Thus, in [9], the
following operators are defined.

e The intersection of all A _-closed sets of Z containing B is the
A, closure of B.

e The union of all 4_-open sets of Z contained in B is the A_-interior
of B.

* zeZisa A_-limitpoint of Bif W\{z}nB= forall We SO, (Z)
containing z. '

o Theset A _-CI(B)ynA_-CIZ\B) is the A_-boundary of B.

The A_-closure of B is represented by A _- CI(B), the A_-interior of
B is represented by A_-Int(B), and the set of all 4 _-limit points of B is
referred to as the A_-derived set of B, denoted A_- D(B).

The A_-open set are stable under arbitrary unions and under certain
conditions are stable under finite intersections. This allowed for the
establishment of properties of 4_-closure and 4 _ -interior in [9]. Here are
some of them stated below.



484 S. FE.NAMIQ, E. ROSAS AND M. S. BROWN

Proposition 2.1: [9] Assuming Z is a space, the following propositions are
valid:

(1) It W, eSO, (Z), then UW, €SO, (2).
(2) If W,,W, eSO, (Z), then W,nW, eSO, (Z) as long as 4 is as
s-regular. ‘

(3) zeA _-CI(B) if and only if BAnW=d, for all We SO, (2)
containing z.

(4) A_-CI(B)=BUA_-D(B).

(5) zeA_-Int(B) if there exists W € SO, (Z) such that ze W Z B.

(6) 1f B, B,, then A_-CI(B,)< A, -CI(B,).

(7) 1f B,C B, then A_-Int(B)c A_-Int(B,).

(8) Bis A_-closed,if B=4_-CI(B).

(9) Bis A_-open,if B=A_-Int(B).

(10) Z\ A_-Int(B)=A_-CI(Z\B).

(11) Z\ A _-CI(B)=A_- Int(Z\B)

The following example demonstrates the importance of having an
s-regular s-operation to guarantee that the intersection of two A4 _-open
sets remains a A _-open set.

Example 2.2: Consider Z={z,z,,z,} with the discrete topology, and
define 4 an s-operation from SO(Z) to P(Z) as follow:

AB)— {B Be(iz,),(z,))

Z  otherwise

Note that {z,,z,},{z,,2,} € SOM(Z), but {z,,z,}N{z,,z,} & SOAK (2).

Also, in [10], notions of connected spaces in terms of A -open sets
were established. That is, Z is considered A -connected if there is no pair
of non-empty and disjoint A -open subsets W and V of Z such that
Z=WuV. Conversely, if such a pair (W,V) exists, Z is referred to as
A -disconnected, and (W, V) will be called a A -disconnection of Z.

3. A -Connected Spaces

Within this section, our focus lies on a new notion of connected spaces
in terms A4_-open sets. We will define A_-connected spaces and delve
into the study of its properties and some characterizations.
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Definition 3.1: A pair (W,V) is called a A_-disconnection of Z if W, V are
nonempty; W,V €SO, (Z), are disjoint and satisfy WUV =Z.

Definition 3.2: A space Z is considered A _-connected if there doesn’t
exista A _-disconnection; otherwise, Z is called /1rc -disconnected.

It is very simple to verify that if SO, (Z)={Z,9}, then Z is A,
-connected. Now, we provide a characterization of this new type of
connected spaces, and the proof of this characterization is straightforward.

Theorem 3.3: Let Z be a space, the following assertions hold true:

(1) Zis A _-disconnected space if and only if there exists a subset B# of Z,
such that Be SO, (Z) N SC, (Z).

(2) Z is A -connected space if and only if doesn’t exist a nonempty proper
subset B of Z, such that Be SO, (Z) N SC, (Z).

The following result establishes the relationship between
A -connected spaces and A4 _-connected spaces.

Theorem 3.4: If Z isn’ta A,_-connected space, then Z isn't a A -connected space.

Proof: Since every A_-opensetisalsoa A-openset,if Zisa A -connected
space, there cannot exist a pair of nonempty disjoint A -open subsets W
and V of Z such that Z=W UV. Therefore, there is no A_-disconnection
(W,V), which implies that Z is 4_-connected.

In general, it is not true that the converse of Theorem 3.4 holds, as
illustrated by considering the following example:

Example 3.5: Let us consider Z=1{z,z,,z,} with the topology defined
as follows 7={{z,}, &, {z,}, Z, {z,,2,}, {z,,2,}}. Let A be an s-operation
from SO(Z) to P(Z) defined by:

)L(B)z{B B={z,)

Z otherwise

It is very simple to verify that SO(Z) = {{z,}, Z, {z,}, &, {z,, z,}, {z,,
z}} SO,(Z2) = {{z,}, Z, D} and therefore SO, (2 = {Z,2). Hence, Z is
A, -connected, but itisnt A -connected.

The following theorem establishes a necessary and sufficient
condition for a space Z to be A_-connected: Each nonempty proper
subspace of Z must have a nonempty A _-boundary.
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Theorem 3.6: If Z is A,_-connected, then each nonempty proper subspace has a
nonempty A_-boundary. The converse is also true.

Proof: Suppose that there exists a proper subset Y #( of Z such that Y
has empty A _-boundary, thatis 4 _-CI(Y)nNA_-CI(Z-Y)=(, then:

A, ~ClY)c Z—2_~CUZ-Y)=A_—Ink(Y)

Thus Y is a nonempty proper subset of Z such that Y e S0, (Z) M
5C, (Z). By Theorem 3.3, Z is A,_-disconnected. Now, suppose that Z is
A, -disconnected. According to Theorem 3.3, Z has a proper subspace Y
such that Y eSO, (Z) nSC, (Z). Consequently, we have 4 _-CI(Y)=Y,
A -Cl(Z-Y) = (Z-Y) and irc -Cl(Y)n A _-CI(Z-Y) = &. However, this
implies that Y has an empty A _-boundary, which contradicts our
assumption. Therefore, we can conclude that Z must be A, -connected.

Next, we will work with /"tm -connected subspaces, for which the
following definition is necessary.

Definition 3.7: Consider a space Z and a subset Y c Z. We naturally
define the class of A_-opensetsin Y, denoted as SO, (Y), in the following
manner: )

SO, (N)={WNY:W eSO, (Z)).

This implies that V is considered A4_-open in Y if and only if it is the
intersection of Y with a 4_-open set W in Z. Consequently, Y can be
regarded as a subspace of Z in terms of A,_-open sets.

Theorem 3.8: Let (W,V) bea A _-disconnection of Z. If Y is a A, -connected
subspace of Z, then Y cW or Y V.

Proof: Under the given conditions, let’s consider the case where Y is neither
contained within V nor within W. Under these circumstances, we observe
that VY #d, WnY =0 and VY, WNY € SO, (Y). Furthermore,
we observe that (Y "\V) N (YAW) =@ and (Y "V) U (Y "W) =Y. This
implies that (Y NV, YNW) forms a A -disconnection of Y. By reaching
this contradiction, we have established the proof of the theorem.

The subsequent theorem establishes that the union of non disjoint
A, -connected spaces is again a 4_-connected space.

ael

Theorem 3.9:If Z=U,.Z,,, whereevery Z  is A _-connected and
then Z is a A, -connected space.

Z,#9,
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Proof: If Z isn't A_-connected, then there exists a A_-disconnection
(W,V) of Z. According to Theorem 3.8, either Z, cW or Z c V. Since
NiaZ, #9D, it follows that Z is either a subset of W or a subset of V. If
ZcW, then V=0 and if ZcV, then W={. In either case, we obtain
a contradiction.

By employing Theorem 3.9, we provide a necessary and sufficient
condition for a space to be A _-connected.

Theorem 3.10: A space Z is A,_-connected if and only if for any pair of points
y,zeZ, thereexistsa A _-connected subset Y of Z, such that y,z€Y.

Proof: The necessity is evident as the A_-connected space inherently
includes these two points. Now, suppose that for every pair of points y and
zin Z, there exists a 4, -connected subspace Y, , of Z that contains both
yand z. Let bbe a f1xed point in Z. Consider the class of all A_-connected
subsets of Z that contain b for all y in Z, denoted by (Y|, , y € Z}. Note
that b belongs to the union of all Y, , fory in Z. By Theorem 3.9, the union
ofall YC,  is A, -connected and equal to Z.

If a subspace is 4 _-connected, then adding any A_-limit point to it
will still result in an A4_ -connected subspace.

Theorem 3.11: If Y is a A,_-connected subset of a space Z and Y c Ac A_-
CI(Y), then A is A _-connected.

Proof: It is enough to demonstrate that A_-CI(Y) is A _-connected.
To that end, let’s assume the contrary, meaning that A _-CI(Y) is A
-disconnected. This implies the existence of a 4 _-disconnection (W,V) of
A, -CI(Y). As a consequence, we have WNY €SO, (Y), VnY €SO,
Y), WAY)N{VAY)=WAV)nY =g, and WANY)uU [V AY)
= (WuV)nY =Y. Thus, we can conclude that (WnY, VnY) is a
A, -disconnection of Y, which contradicts our assumption. Consequently,
A_-CI(Y) is A_-connected.

4. A_-components and A_-locally connected spaces

This section focuses on introducing and examining new notions of
components and sets with local connectivity using A_-open sets.

Definition 4.1: A subset C of Z is called a A4,_-component of Z if it is a
largest A_-connected subset of Z.
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When Z is A_-connected, it is the unique A_-component of itself.

Now, we proceed to examine the properties associated with
A, -components in the space Z.

Theorem 4.2: Let Z be a space, the following properties are satisfied:

@)

)

®)

(4)

For every zeZ, there exists only one A _-component C of Z such that
zeC.

IfYisa A -connected subset of Z, then there exists only one A,_-component
Cof Z such that Y cC.

If A is s-regular and Y is a A,_-connected set which is both 2, _-closed and
A, -open, then Y is a A_-component.

IfCisa A, -component of Z, then C € SC, (Z).

Proof:

1)

@)

©)

(4)

Take zeZ and consider the collection A={C_:cel} where each
C, isa A_-connected subsets of Z containing z. Then, by Theorem
39, C=u,C, is a A -connected and zeC. Suppose that there
exists C' a A, -connected subset of Z such that C < é, then zeC
and hence C e A, hence C<C. Consequently C = C and this proves
that C is the only one 4_-component of Z, such that zeC.

Let Y be a A_-connected subset of Z and suppose that Y isn't a
A, -component of Z, then there exists C a A, -component of Z such
that YcC. If C is other A, -component of Z such that Ygé,
then CUC is another A, -connected set that contains at C as
well as C, this contradicts the assumption that both C and C are
),rc -components. Therefore, it can be concluded that Y is contained
in only one A_-component of Z.

Suppose that A is s-regularand Yisa A,_-connected subset of Z that
isboth A_-closed and A -open. According to the previous item, Y'is
contained injust one 4 _-component C of Z. If Y is a proper subset of
C,then CNY and CN(Z-Y) are A_-open subsets of C. Since C =
(YNC) U (Cn (Z-Y)) we have a 4_-disconnection (CNY), (C
(Z-Y)) of C, which isn’t possible. Therefore, Y must be equal to C.

Let C be a A_-component C of Z, according to Theorem 3.11,
A, -CI(C) is A -connected and Cc A _-CIC). Since C is a
A, -component we obtain C=2_-CI(C).



CONNECTED, COMPONENT SPACES 489

Connected spaces and locally connected spaces are related concepts
in topology, but they capture different aspects of the topological structure
of a space. Locally connected spaces also can be defined by A -open set.

Definition 4.3: A space Z will be called locally A _-connected if for
any point zeZ and any W eSO, (Z) such that zeW, there exists a
A, -connected V €SO, (Z) contalnmg z and such that V. c W.

Next theorem states that A, -local connectedness is inherited by
A, -open subsets.

Theorem 4.4: If Y € SO, (Z) and Z isa A_-locally connected space, then Y
is A -locally connected.

Proof: Let Z be A,_-locally connected space and Y eSO, (Z). Let zeY
and VeSO, (Y) such that zeV cY. Then VeSO, (Z) and due to Z is
A, -locally connected there exists W eSO, (Z) a 4, “connected in Z such
that zeWcV.So, WeSO, (Y) isa A, —connected and zeWcVcY.

5. About MSO, Sets

In the subsequent section, we present and delve into the notion of
maximal A_-open sets, exploring several of their properties.

Definition 5.1: If Be SO, , we refer to B as a maximal Arc-open set if any
A -open set that contains B is either B itself or the entire space Z.

The family of all maximal Arc-open sets of Z will be denoted by
MSO,, (Z). Tt can be readily noticed that, every maximal A_-open set is
A, -open and hence its semi-open. But not conversely, this can be illustrated
through the following example. Also, through the subsequent example,
we demonstrate the independence of the notions of maximal open sets
and maximal A_-open sets.

Example 5.2: Consider Z = {a,b,c} with the discrete topology 7,.
(1) Let A be an s-operation from SO(Z) to P(Z) defined by:
B = {B Be(ibal,lal)

Z otherwise

We obtain that {a} € SO, (Z) but {a} ¢ MSO, (Z)
(2) Let A bean s—operat1on from S0O(Z) to P(Z) defined by:
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B Bel{a}, o}
Z otherwise

MB):{

Then the set {a} e MSO, (Z) but {a} ¢ SO, (Z). However, the set {b,a}
is a maximal open set but {b,a} ¢ MSO, (Z).

Proposition 5.3: Let Be MSO, (Z), the following assertions are valid:
(1) If AeSO, (Z), then either AcB or AUB=Z.
(2) If Ae MSO, (Z), then either AUB=Z or A=B.

Proof:
(1) As A,BeSO, (Z), according to Proposition 2.1, their union
AUBeSO, (Z) and Ac AUB. Therefore, based on Definition 5.1,

we can conclude that either AUB=A or AUB=Z. Inother words,
itis either AcB or BUA="Z.

(2) It follows from item 1.

Proposition 5.4: Let A,B,Ce MSO, (Z) such that A=B. If AUBcC,
then either C=A or C=B.

Proof: Since A and C are maximal A_-open, then by item 2 of the
Proposition 5.3 either AuC=Z or A=C. If CUA=Z, then B=Z72nNB
= (CuUA)NnB=(CnB)uU(AnB) c C. Since B is a maximal A_-open
set, then by the item 2 of the Proposition 5.3, either B=C or Z=C. Due
to C#Z we obtain B=C. Consequently, we can deduce that either C is
equal to A or C is equal to B.

Proposition 5.5: If Ae MSO, (Z) and ze€ A, then
A=U(B:zeB,BeSO, (Z) and AUB # Z}.

Proof: Let C=v {B:zeB, BeSO, (Z) and AUB=Z}. Since
AeSO, (Z) and ze AVUA=A=#Z, then we have A c C. Conversely, for
each x € C there exists a A -openset Bsuch that xe B and AUB#Z. By
item 1 of Proposition 5.3, we have Bc A, so x€ A and therefore C c A.
Hence, C=A.

Proposition 5.6: If Be MSO, (Z) and bgB, then BUW=Z for each
W eSO, (Z) such that beW.
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Proof: Let W e SO, (Z) such that be W. Due to B is a maximal 4,_ -open,
then by item 1 of the Proposition 5.3, either BUW =Z or W c B. But since
W{B, so BUW=Z.

Corollary 5.7: If Be MSO, (Z) and b¢B, then:
e Z\BcW, foreach W e SO, (Z) such that be W.
e Z\WcB, foreach W e SO, (Z) such that be W.
e FcCB, foreach FeSCl’C(Z) such that be Z—-F.

Proof: It follows from Proposition 5.6.

Proposition 5.8: Let A€ SO, (Z) be a non-empty proper subset of Z such
that each point of Z\ A is Contamed in a finite A_-closed set, then there
exists Be MSO, (Z) such that AcB and Z\B is flrute.

Proof: Since A is a non-empty proper subset of Z, then for each xeZ\ A
there exists a finite set FeSC, (Z) such that xe F. Thus, AU(Z\F) e
SO, (Z) and Ac A U (Z\F). "If A is a maximal A, -open set, then by
the item 1 of the Proposition 5.3 either AU (Z\F)=Z or Z\Fc A. Due
to there exists xe (Z\ A) NF, then Z\Fc A. Hence, Z\ A is finite and
B=A is the required set. If AU(Z\F) is maximal A _-open, then B=
(Z\F) UA is the required set. If not, there exists a 4_-openset A;, such
that AU (Z\F)C A, C Z. If A, is maximal A_-open set, then the set
B=A, is the required set (since Z\B = Z\ A c F whichis finite). If A,
is not a maximal 4 _-open, then there exists a A,_-open set A, such that
AU(Z\F)C A, C A CZ

By following this process, a sequence of A_-open sets A , where
me N, is obtained and

AU(Z\F)CA,CACAC-CA C---CZ.

=

Due to (Z\A)NnF cF and F is a finite set, this sequence can not be
infinite. That is, there exists n€ N such that A =A , if m>n. So the set
B=A, is the required set.

Corollary 5.9: Let AeSO, (Z) be a non-empty proper co-finite subset of Z.
Then there exists a co-finite Be MSO, (Z) contains A.

Proof: As a consequence of Proposition 5.8.
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The existence of a unique maximal A_-open set, as indicated in
Proposition 5.8 and Corollary 5.9, is not assured, as exemplified by the
following example.

Example 5.10: Let (Z,7,) be a space of Example 5.2 and let 4 be an
s-operation from SO(Z) to P(Z) given by

B Bella,c},{a}, D, {a,b}}
Z otherwise

A(B) = {

Then {c,a} and {b,a} are maximal A_-open sets and both containing
the co-finite set {a}.

Proposition 5.11: If Be MSO, (Z), then either B=4 _-CI(B) or Z=24_-
CI(B).

Proof:1f B=A_-CI(B), then there is nothing to prove. Suppose that BC A4 _
-CI(B) and suppose that there exists ze Z\ 4_-CI(B), so we can choose
W eSO, (Z) such that ze W and WNB=. Due to B is a maximal 4 _
-open set, then by the item 1 of the Proposition 5.3 either BOUW =Z or
WcB, since BAW=0 and W=, we have BUW =Z. This implies
that B=Z\W. By Theorem 2.1, 4_-CI(B)=A_-C(Z\W)=Z\W =B
which is impossible. Hence 4 _—CI(B) = Z.

Proposition 5.12: Let Be MSO, (Z) and let D be any non-empty subset of
Z such that DNB={, then A_-CI(D)=Z\B.

Proof: Due to Z\B is A _-closed and Dc Z\B, then by Theorem 2.1,
we have A _-CI(D) c Z\B. Now, let d¢ A _-CI(D), then there exists
W eSO, (Z) such that deW and WND=. Since B is a maximal 4
-open set, then by item 1 of the Proposition 5.3, either BOW =Z or W < B.
If BOW=Z, then D=DnZ=Dn (BUW)=(DnB)u (DNnW) =4,
which is a contradiction. So, we have W < B and this implies that d € B.
Therefore, d¢ Z\B. Thus 4_-CI(D)=Z\B.

Proposition 5.13: If Be MSO, (Z), then B=24_-Int(A), for each proper
set A such that Bc A.

Proof: Due to Bc A, then according Theorem 2.1, B=A_-Int(B)c A
-Int(A). Since A is a proper subset of Z and A _-Int(A)c A, then A_-
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Int(A) is a proper A_-open set contains B. Since B is maximal 4_-open,
then A _-Int(A)=B.

Proposition 5.14: Let B,B, € MSO, (Z) for each ael. If N, B, is
contained in B, then there exists o, € T" such that Bc B,.

Proof: If B#B_ for each ael’, then by item 2 of the Proposition 5.3,
BUB, =Z foreach ael'. Thatis N, (BNB,) =Z, sothat BN (N, B,)
=Z. It follows that B=Z which isn’t possible. Hence, B = Bm1 , for some
o, el

Corollary 5.15: Let {B,} . be a collection of maximal A _-open sets of Z. If
AeMSO, (Z) and A#B,, for each index o€, then Z\(, B, A and
the sets A and N, B, are disjoint.

ael’

ael

Proof: Both followed from Proposition 5.14.

Proposition 5.16: Let {B_} _. be a collection of maximal A_-open sets of Z
and suppose that I' has more than one element. If B, # B, for each index
a# B inG, then B, = (N,.B,) W (Z\NyerpB,), forall BeT.

oel’

Proof: Let BeT,, then by Corollary 5.15, Z\(,sB, < B,,,s0
BﬁzBﬁmZ=Bﬁm(( N Baju(Z\ N BaD
aeG\{B} aeG\{)}

sl 0 Horl 0
acG\{B) acG\{B)

= ﬂBau[Z\ N Ba).

aeG acG\{B}

Corollary 5.17: If {B_} _. is a collection of maximal A _-open subset of Z such
that T has more than two elements and B, # B, for each o= in T, then
B, "B, #Q foreach o, BeT.

Proof: It follows from Proposition 5.16.
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