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Abstract

Interpolation using uniformly spaced nodes often encounters Runge’s phenomenon
when applied to smooth functions. To mitigate this issue, Chebyshev roots are frequently
recommended as better interpolation nodes. However, our study reveals the limitations
of Chebyshev roots for interpolation by presenting a series of counterexamples. These
counterexamples encompass functions that exhibit both differentiable and non-differentiable
characteristics. By examining scenarios where Chebyshev interpolation falls short of
producing satisfactory results, we shed light on when alternative interpolation methods
should be considered.
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1. Introduction

Faber’s theorem is known as a non-convergence result for the
interpolation of regular functions [1]. In fact, numerous numerical analysis
textbooks have been introduced to perform and explain the Faber’s
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theorem, which will make possible some interpretation about the
convergence of the approximate interpolate polynomial to the true
function. Faber’s theorem is very strange since it can happen even if we
have some regular functions in most cases. However, if the function being
interpolated is only continuous, or even just Lipschitz continuous, the
Faber’s theorem is no longer justified [2]. One of these cases is about the
fraction B(u)= l+lu2’ which is smooth enough, but when we plot the
interpolate polynomial P, we will see the apparition of the so-called Runge
phenomenal3, 4]. Particularly, Chebyshev roots [5] managed to circumvent
the Runge problem by producing a sequence of polynomials converging
uniformly to the desired function f. These polynomials are used in various
applications, such as: Galerkin finite element method [6, 7] and fluid
registration [8, 9]. Chebyshev nodes, often referred to as Chebyshev roots,
offer an effective solution to the Runge phenomenon in polynomial
interpolation. This phenomenon occurs when equidistant interpolation
nodes lead to oscillations and poor performance, especially with high-
degree polynomials, near the boundaries of the interpolation interval.
Chebyshev nodes, strategically placed as the roots of Chebyshev
polynomials of the first kind (T,), are distributed in a non-uniform manner,
with higher density near the interval edges (e.g., [-1, 1]). Their key
advantage lies in their ability to minimize oscillations and mitigate the
Runge phenomenon. When Chebyshev nodes are employed for polynomial
interpolation, a crucial property emerges: the Chebyshev polynomials
component converges uniformly to the desired solution f within the
interpolation interval. This uniform convergence implies that increasing
the degree of the interpolating polynomial results in progressively better
approximations to f, and the oscillations near the interval boundaries are
significantly reduced. This characteristic makes Chebyshev nodes
invaluable in numerical analysis, particularly for interpolation tasks. They
allow for precise function approximations while effectively circumventing
the issues associated with the Runge phenomenon, making them an
essential tool for achieving accurate results in various mathematical and
computational applications.

In this study, we elaborate an extended work on the suitability of
Chebyshev nodes for addressing the phenomenon of Runge in polynomial
approximation. The Runge phenomenon occurs when interpolating a
function using uniformly spaced nodes, leading to oscillations and
inaccuracies in the interpolated polynomial as the degree increases.
Chebyshev nodes offer a potential solution to the Runge phenomenon by
distributing the interpolation nodes based on the roots of Chebyshev
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polynomials. These nodes tend to cluster more closely near the boundaries
of the interpolation interval, providing better approximation properties
compared to uniformly spaced nodes. Our study aims to analyze the
effectiveness of Chebyshev nodes in various scenarios and provide
theoretical insights into their behavior. We examine their ability to reduce
oscillations and overshoots, thereby improving the accuracy and stability
of polynomial interpolation. We also present some conrterexamples of
differential function that Chebyshev nodes fails to give better
approximation. However, we have to mention that there are cases where
the Chebyshev nodes alone may not guarantee uniformly convergent
interpolants, which is the case of the illustrated examples in this paper. In
fact, we present some counterexamples to illustrate these situations,
highlighting the limitations of relying solely on Chebyshev nodes for
achieving convergence.

By discussing both the advantages and limitations of Chebyshev
nodes, our findings contribute to a better understanding of their role in
polynomial interpolation. This knowledge can assist researchers in making
informed decisions regarding the selection of interpolation nodes and
adopting appropriate strategies to obtain accurate and reliable results for
the specific studied functions.

2. Chebyshev polynomials

The polynomial interpolation of Chebyshev, denoted as P"(x),
related the the studied function f near the nodes x,, is expressed such as:

P"(x)= ﬁcf:rf (x). €Y

This equation represents the polynomial P"(x), which is a sum of
orthogonal polynomials T'(x) weighted by coefficients ¢/, where j ranges
from 0 to n. The coefficients ¢’ are determined by the following theorem:

Theorem 1: The coefficients ¢’ in formula (1) are explicitly given by:
: n+l .
=2 2 fG)T/(x,), 2

n+l 2

where

”] 1=1,2,3,...,n+1 3)
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In the following, we will give a brief proof:

Proof: By supposing that f(x) is equal to P"(x) at the nods x,, we then
derive:

£ = 20T () = 50T, () + €T, () + ¢, T, (x,) +.. (4)

By multiplying equation (4) by
obtain:

(x ) and taking the sum, we

n+1

zf<x YT (x,) = Zcf ”le ()T (x,).

n+l

According to the orthogonality formula, we find:
(1+n) if O<i=j<n
ZT ‘()T (x)=11+n if i=j=0
0 if i=j (<n)
We obtain finally that

C—Z 2 FE)T (%) ®)

n+1

We consider then an example of the function fsuch as: f(x) =sin (%x)

Next, let’s looking-for the Chebyshev interpolate P*(x) of the function
finnodes {g,—@,O}. Let the polynomial P"(x) such that:

P"(x) = 3¢ T (x) = %coTo(x) + 30T (x) (6)
k=0 j=1
with
1 2 j
= g ?f(xl)T (xl)/ (7)
such as x, are the polynomial zeroes related to T , given by
%)
x,=cos|~2>—|, [=1,2,3,.,1+n (8)
1+n
and we know that x, = é, X, = —é, and x, =0 represent the roots of T?.
Therefore, Chebyshev interpolation polynomial at the points {x,},_,,

P2 (x) = jé)chj(x) =T, (x)+ gchf(x) )
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with
P23 i
c =§l§f(x1)T (x,) (10)
For j=0, we have:
&= %[sin(%\/gj + sin(—%\/gj + sin(O)}
= 0,

For j=1, we obtain:

e = 2fsn[ 245 EJin( 25 ]

_&SIH[AL\/EJ

3

For j=2, we can have:

czzé[sm( IJ(Zx —1)+sm( ”\fj(Zx —1)}

i1

We substitute c¢',c?,c in (9), we obtain

Pz(x)=c]x=¥sin(%\/§]x. (11)

A theoretical explanation and a general outline of how the convergence
properties of Chebyshev polynomial approximations can vary based on
the regularity and decay of Fourier coefficients, and we can then implement
these demonstrations in a suitable mathematical software or programming
environment. Let’s provide more detailed demonstrations for both
scenarios: one with rapidly decaying Fourier coefficients and another with
slowly decaying Fourier coefficients using Chebyshev polynomial
approximations. We'll consider specific functions and numerical examples.

Scenario 1: Rapid Decay of Fourier Coefficients

In this scenario, we have a function f(x) with rapidly decaying
Fourier coefficients:
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fx)= I{Z{J%Tk(X) (12)
where T, (x) represents the first kind polynomials of Chebyshev, and
la, < Ce ™ for some positive constants C and ¢, indicating rapid decay of
the coefficients.

Proof: Let’s choose a specific function f(x) and calculate the Chebyshev
approximation for different degrees n and truncation values N. We’ll use
the following function as an example:

f(x)=cos(x)

¢ Truncation and Chebyshev Approximation: Choose a truncation
value N such that N >#n, such as n repents the desired Chebyshev
polynomial approximation degree.

For example, let’s choose n=5 and N =10. The approximation P"
is presented such as:

P"(x)= > % T,(x) (13)

P

e Error Analysis: We can calculate the error between f(x) and P"(x)
using the maximum norm:

E,(x)= 3P |P"(x)~ £(x)| (14)

2 1d3onvergence of Chebyshev Approximation

Degree of Approximation {n}
Figure 1

Rapid Decay of Fourier Coefficients
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* Convergence Analysis: We visualize the error E (x) depending on
n for numerous values of N. It's observed that the error decreases
as both 7 (the degree of the approximation) and N (the number of
terms in the approximation) increase. Figure 1 illustrates that the
error becomes smaller and converges to zero with the growth of
both n and N.

Scenario 2: Slow Decay of Fourier Coefficients

In this scenario, we have a function g(x) with slowly decaying Fourier
coefficients. We’ll use a specific function and numerical example for
demonstration.

Proof: Let’s choose a function g(x) with slower decaying Fourier
coefficients and calculate the Chebyshev approximation for different
degrees n and truncation values N. Example function:

g(x)= % + écos(?:x) + écos(7x) - % cos(x)— ;cos(5x) (15)

e Truncation and Chebyshev Approximation: Choose a truncation
value N with the following condition N > . For example, let’s choose
n=>5 and N =10. The Chebyshev approximation polynomial Q" (x)
is represented such as:

Q"(x)= 31T, (x) (16)

iz !
e Error Analysis: We calculate the error between g(x) and Q"(x)

using the maximum norm:

F,(x)=[1Q"(x) - g(x)|L.= max [ Q"(x) - g(x)| (17)

* Convergence Analysis: Graph the error F (x) againstn for different N
values, and observe the reduction in error as both 7 (representing the
approximation degree) and N increase. The visualization depicted in
Figure 2 should indicate the diminishing error, converging towards
zero as n and N increase.
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Slow Decay of Fourier Coefficients

These detailed demonstrations with specific functions and numerical
examples should provide a clearer understanding of how Chebyshev
polynomial approximations behave in scenarios with varying decay rates
of Fourier coefficients. Meanwhile, the asymptotic behavior of Chebyshev
polynomials depends on whether you are considering the first kind
Chebyshev polynomials (T,) or second kind (U,). Both have different
asymptotic behaviors.

First Kind of Chebyshev Polynomials (T):

As n grows large, the first kind T (x) exhibit the following asymptotic
behavior:

e T (x) is bounded between -1 and 1 for all n if x €[-1,1].

* Asnbecomeslarge, T (x) oscillates more rapidly within the interval
[-1,1], resembling a cosine function.

* Thezerosof T (x) (the points where T (x)=0) become more densely
packed near the edges of the interval [-1,1] as n increases.

* Outside the interval [-1,1], T (x) grows exponentially with n and
| x|, making it unbounded.

The general asymptotic behavior of T (x) outside [-1,1] is expressed
such as:
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|T (x)| ~ cosh(ncosh™(|x]))

Second Kind of Chebyshev Polynomials (denoted by U,):

The asymptotic behavior of such polynomials as n becomes large is as
follows:

*  When xe[-1,1], then U, (x) is between -1 and 1 for all n.

e Asnbecomeslarge, U, (x) oscillates more rapidly within the interval
[-1,1], resembling a sine function.

* The roots of U, (x) (the points where U (x)=0) become more
densely packed near the edges of the interval [-1,1] as n increases.

* Outside the interval [-1,1], U, (x) grows exponentially with n and
| x|, making it unbounded.

The general asymptotic behavior of U, (x) outside [-1,1] is expressed
as:

sinh(cosh™ ( |x] )xn)
U, I~ =G

These asymptotic behaviors are important to understand when
working with Chebyshev polynomials in various mathematical and
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The asymptotic behavior of Chebyshev polynomials for the two
polynomial kinds.
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s Plot of the Sawtooth Function

1200 Chebyshev Interpolation of a Non-Regular Function

- 08 -06 -04 02 0 02 04 08 08 1
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X

(a) ‘sawtooth” function (b) Its Chebyshev interpolation

Figure 4
The Chebyshev interpolation of the irregular “sawtooth” function.

numerical contexts. They describe how the polynomials behave as their
degree n becomes very large or as they move outside the interval [-1,1].
Figure 3 illustrates the behavior of the two Chebyshev Polynomials kinds
T and U . However, for irregular functions the Chebyshev interpolation
fails in capturing the irregular function parts. The “sawtooth” function in

the ideal example which generates a periodic sawtooth wave, which is
given by:

sawtooth(x) = % - E+% J

The ‘sawtooth” formulation produces a waveform that repeats
periodically with a period of 27 and varies linearly within each period. It
has sharp upward and downward transitions at integer multiples of 7.

Figure 4 shows the plot of this function and also its approximation using
the Chebyshev nodes.

3. Main result

We start by announcing an essential theorem, which give the form of
the Lagrange interpolation process of a smooth enough function f.
Theorem 2: (Lagrange interpolation error)

Consider a function f belonging to C"*'([a,b]) and x, represent the
interpolation nodes. We define P" as the Lagrange polynomial by:

P*(x,)= f(x,) for s€{0,1,...,n}.

The Lagrange polynomial error is expressed as:
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f@-P' )= f TS, (18)

where Q"(x)=TIL,(x—x,) and a<min(x,,x) <n<max(x,x, )<b..

The error is influenced by both the smoothness of the function f and
the selection of interpolation nodes x, appearingin Q"(x). The polynomial
Q"(x) = (x—-x,) (x-x,) ... (x—x,,) is of degree n+1. For optimal node
selection {x}_, , it is advantageous to choose the polynomial Q"(x)
roots, which are represented by:

sup |Q"(x)[< sup |S(x)|, VSeP" and S(x)=x""+a x" +...
xela,b] xela,b]

One of the successful polynomial choice is the Chebyshev polynomials
T" (see [11] for more general proprieties of these polynomial) defined
such as:

T*(x) = Cos(k x Arccos(x)),n>0, xe[-1,1].

Theroots of T" verifies : T"(x,) =0, , then we have n arccos(x) =} +kn,
which implies that arccos(x) =+ k7” for k=0---n—1. This conduct to the
following roots of T :

X =cos(2m+1
m 2”

n], for:m=0---n—1. (19)

Proposition 1:

1. We have that T""'(x) and since maxx.11|T""(x)| =1 and then: The

absolute bound value of the polynomial (x—x,) x (x—x,) --- (x—x,)
1
2"

in [-1,1] is equal to —.. Which gives the Chebyshev polynomial

error:

") — 1 D)l
)= 1< 3 M3y Gy
2. Theroots of Chebyshev polynomial are more dense at the extremities
of the interval [a,b]. This distribution has the imminent effect of
reducing the Runge phenomenon (the edge effects) [10].

Proof: Let’s establish the proof. Consider (n+1) points chosen for the
interpolation polynomial P"(x), particularly at the roots of the Chebyshev
polynomials x, =COS{%}. According to the standard interpolation

error, we have:
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iy T (@) )
fe) =P (x)= zln (1)

Introducing the absolute value on both sides yields:

1O,
T (x
2"(n+1)!| ()]

|f(0)-P"(x)| <

This establishes the desired relation. As for the second point, it
follows as a direct consequence of the exponential decrease in error with
the a high growth in the nodes number 7.

If the function f is not differentiable, the error formula for Lagrange
polynomial interpolation may not hold as stated in the previous theorem.
The formula assumes the existence of the (n+1)-th derivative of f to
estimate this error. Then, the error analysis becomes more challenging.
The evolution of such error depends on various factors, such as the
regularity properties of the looked-for function and the distribution of the
interpolation nodes. In general, if f is not differentiable, the interpolation
error can be significant and unpredictable. The polynomial interpolant
may not accurately capture the behavior of the function, leading to large
deviations between the interpolated values and the actual values of f. It is
important to carefully consider the admissible space of the function f and
the specific requirements of the interpolation problem that can handle
non-differentiable functions effectively. The following theorem provides a
convergence result for polynomial interpolation when the function is not
smooth:

Theorem 3: Let P" a polynomial of degree n of type Lagrange that interpolates
f at distinct points n+1 within [a,b]. Supposing that f lacks differentiability
at certain points in (a,b), then the sequence of interpolating polynomials (P }
uniformly converges to f over [a,b].

Proof: Let P" : the Lagrange polynomial of degree 1, interpolating fat 7 +1
non-similar points in [a,b]. Then, as n approaches infinity, P* converges
uniformly to f on [a,b]. To prove the convergence of P" to f uniformly on
[a,b], we will use the concept of equidistant nodes and the Weierstrass
approximation theorem.

Step 1: Equidistant Nodes
Choose n+1 equidistant points in [a,b] such that x, = a+ih, where
b-a .

h=T for i€{0,1,2,...,n}.
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Step 2: Lagrange Interpolation

To create the Lagrange polynomial P"(x) for equidistant nodes, we
employ the Lagrange basis polynomials. The Lagrange polynomial is
constructed as follows:

P"(x)= £ f(5,) < £,(x)
Here, £ (x) denotes the i th Lagrange basis polynomial, defined as:

Lx)=11.-

j=0 Xi=X;
j#i

]

Step 3: Proof of Uniform Convergence

We will show that for any small €>0, there exists an integer N such
vn>N, we obtain || f-P"| <&, where ||, denotes the supremum
norm. Consider the difference f(x)—P"(x) where x is fixed in the bounds
[a,b]. Subtracting and adding f(§), where & €[a,b], we can write:

f)=P"(x)=(f(x)= f(E)+(f(E)-P"(x)) (20)

Using the continuity of fon [a,b], the first term (f(x)— f(§)) is then
neglected through choosing & close to x. For the second term (f(&)—P" (x)),
note that ||L (x)||,<1 for all i, since the Lagrange basis polynomials are
bounded by 1. Therefore, we have:

| F@-P L1 FE- Fo) XL, (1)

Based on the continuity of f, we can choose 6>0 such that if
|x—x,|<d, then | f(§) — f(x,)] < ﬁ Hence, for |x—x, | <&, we have:

1F@-P @L< £ 5l L@, (22)

Since the nodes are equidistant We can choose & such that if
|x—x,|<6, then |[L(x)[,< where h=2". Therefore, for |x—x,[<9,
we have

nl’

||f(€>—P”(x)||w<% (23)

Now, let N be the integer such that - <&. Then, for all n>N, we

have ﬁ < 8. Hence, for n>N, we have
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I f(O)-P"(x)[|,<¢€ (24)
Thus, we have shown that || f —P" | _<e. Therefore, P" converges
uniformly to f on [a,b]. Hence, the demonstration of the convergence
result for polynomial interpolation.
Note That the convergence of Lagrange interpolating polynomials to
a non-differentiable function does not guarantee the convergence of the
derivatives of P" to the derivatives of f. The convergence result only
guarantees the uniform convergence of the interpolants themselves. We
have instead the following result.

3.1 The pointwise convergence

Let’s see the pointwise behavior of Lagrange Interpolation with non-
differentiable f. We consider that fis not differentiable at a point c within
[a,b]. We want to show that the Lagrange interpolating polynomials may
not converge uniformly to fin this case.

Pointwise Convergence: Let’s demonstrate the pointwise convergence
of Lagrange interpolating polynomials to f(x) at a specific point x =x,
within [a,b]. For a fixed x,, let’s consider the subtraction of the Lagrange
interpolating polynomial P"(x,) and the actual function value f(x,):

| P"(xy) = f(x,) | = é)f(xk)'lf(xo)—f(xo) (25)

Using the properties of basis polynomials, we can rewrite this
difference as:

P (x,) - f(x0)|=‘j=§:0f(x,-)'ﬂ(xo)— Fx,)- jgﬂ(xo) (26)
- ‘ éf(xk)(ﬂ(xo)— gme)j
[ (L) @7)

Now, Li(xo)—% converges to 0 when n n—>w due to the basis
polynomials properties and their convergence to the Dirac delta function.
Hence, as n approaches infinity, the difference | P (x,)~- f(x,)| tends to 0,
proving the pointwise convergence of Lagrange interpolating polynomials
to f(x) at x,. Repeat this argument for any x in [a,b] to establish the

pointwise convergence.
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4. Numerical Examples

The famous example due to Carle Runge is known in the interpolation
process. Indeed, by interpolating f(x)=1/(1+x*) over [-3,3] with
uniformly spaced nodes (the space between the nodes is fixed by 1 =""),
the sequence of interpolating Lagrange polynomials diverges (the error
tends to o). This can be confirmed by adding more interpolation points,

;i I T T
i True Function =R True Function
| agrange interpolate 15 | agrange interpolate | 1

2d
<

(a) 20 interpolation points (b) 50 interpolation points

= True Function

mm | agrange Interpolate

o

-3 -2 -1 (|) 1 é 3
(c) 100 interpolation points
Figure 5
The evolution of the Lagrange approximate polynomials with respect to

the number of nodes 1. The approximate function is f(x)=1/(1+x") using
uniformly placed nodes.



590 I. EL-MALKI, M. ALAOUI, H. MTAI AND A. LAGHRIB

which makes the approximation not appropriate. See Figure 5 to look the
behavior of the Lagrange interpolate polynomial with respect to evenly
spaced nodes number. The error near the bounds of the interval is
outstanding, while the comparison looks much better in the interior of
[0,1]. The Runge phenomenon can be avoided using the Chebyshev nodes.
Moreover, the use of large nodes can enhance the approximation. In fact,
we can obtain the convergence to the function f earlier using only 20 points
as shown in Figure 6. These plots show how interpolating at the roots of
T,, can efficiently eliminates the bad behavior at the extremities of the
interval [-3,3].

—— True function —#— True Function
1 Chebyshev points | 1 . = Chebyshev points

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
X

(a) 20 interpolation points (b) 50 interpolation points

—#— True Function
= Chebyshev points |-

0.9

08

0.7

08

0.5

0.4

0.3

02

0.1

(c) 100 interpolation points
Figure 6
The evolution of the Lagrange approximate polynomials with respect to the
number of nodes 1. The approximate function is f(x)=1/(1+x") using roots
of Chebyshev polynomials as nodes.



LIMITATIONS OF CHEBYSHEV INTERPOLATION NODES 591

4.1 Examples of non-differentiable functions

Taking into account the Proposition 1, the interpolate function f using
the Chebyshev nodes must be smooth enough (f € C"*'([a,b])). Effectively,
for non-differentiable function, the Chebyshev nodes fails to give a better
approximation to the function f. To illustrate this limitation, we treat
f(x)=+1-x where xe[-1,1]. This function represents a semicircle
centered at the origin with a radius of 1. Since the function has a sharp
corner at x ==1, it is not differentiable at those points. Let’s attempt to
interpolate this function using Chebyshev polynomial interpolation. We’ll
choose a relatively low degree for simplicity, such as n=4 and we will use
n=10 and n=20 in the numerical approximation. The Chebyshev nodes

for n=4 are: x, = cos(%] = 0.9239 x, = cos( 7| ~ 0.3827 x, = ~ 03827
X, = cos[%”] ~ —0.9239. Now, let’s compute the Chebyshev interpolating
P*(x) using these nodes. We have:

P*(x)=c,T°(x)+¢,T"(x)+¢,T*(x) + ¢, T°(x) +¢,T* (x), (28)

where T'(x) represents the Chebyshev polynomial of degree i and c, are
the coefficients determined by the function values at the nodes. The
function values at the Chebyshev nodes are: f(x,) = 0.3827 f(x,) =
0.9239 f(x,) = 0.9239 f(x,) = 0.3827 By computing the interpolation
polynomial using these function values, we obtain: P*(x) = 0.6545x" —
0.8314x” + 0.3660. If we compare this approximation to the right one
f(x) =+ 12, we can see that it fails to accurately represent the sharp corner
at x=+1. See Figure 1 for such comparison. It seems that for n=>50, the
approximation is adequate, however, when we plot the absolute error
| f(x)—P¥(x)| between the function fand P* the error increases near the
nodes -1 and 1, where the function in non-differentiable. The interpolation
polynomial smooths out the corner, resulting in a polynomial that does
not converge to f(x) as x approaches +1. This failure to converge is a
consequence of the non-differentiability of the function at the interpolation
points. Chebyshev polynomial interpolation assumes certain smoothness
properties of the function, and when those properties are violated, the
convergence of the interpolation process is compromised. Therefore, in
this demonstration, Chebyshev polynomial interpolation fails to accurately
approximate the non-differentiable function f(x)= V1-22. The interpolation
polynomial cannot capture the sharp corner of the function, highlighting
the limitations of Chebyshev interpolation in such cases, see Figure 7.
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Figure 7
The evolution of the Lagrange approximate polynomials with respect to the
number of nodes 1. The approximate function is f(x)=+1-2* using roots of
Chebyshev polynomials as nodes.

If the function has a rough allure, we can detect the so-called Gibbs
phenomena, which is very similar to the Runge phenomena detected
previously. We consider another example of the interpolating problem of
the indicator function 6 over the interval [-1,1] at 20, 50 and 100
Chebyshev nodes. The function & is defined by:

5) = 0 ifxe[-1,1],
1 ifxel[-1,1].

Figure 8 shows the polynomial Lagrange interpolate using the three
number of points. As we can see, even with a large number of points, we
cannot avoid the Gibs problem and the error between the true function
and the approximate one remains higher.
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Figure 8
The evolution of the Lagrange approximate polynomials with respect to the
number of nodes 7. The approximate function is the indicator function § using
roots of Chebyshev polynomials as nodes.

This demonstrates once again that Chebyshev polynomial
interpolation fails to accurately approximate the non-differentiable
function 6. The Chebyshev interpolation polynomial cannot capture the
sharp corner of the function, as guaranteed convergence requires sufficient
differentiability of the function being interpolated.

4.2 Numerical Counterexamples

In this subsection, we present firstly an example where the Chebyshev
polynomials nodes choice is not sufficient to ensure the convergence of the
polynomial interpolation result even if f is smooth enough. Let’s consider
an example where the function being interpolated is differentiable, but
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Chebyshev polynomial interpolation fails to converge. We consider
f(x)=+x suchas: x€[0,1]. This function is differentiable for all xin]0,1].
Chebyshev polynomial interpolation aims to approximate f(x) using a
polynomial P (x) of degree n that passes through the Chebyshev nodes.

Let’s choose n=4 for simplicity. The Chebyshev nodes for n=4 are: x,
= cos(%) ~ 09511 «x, cos(%’] ~ 05878 «x, = cos[%’j =0 «x,= cos[%‘] ~
-0.5878 «x, = cos[%) ~ -0.9511 Now, let's compute the Chebyshev
interpolating polynomial P (x) of degree n=4 using these nodes. The

polynomial will pass through the function values at these nodes. The

A True Function
0.9 === Chebyshec approximation

0.14

[Fx)=p(x)|

0.08

0 04 08
0.2 0.4 0.6 0.8 1 x

(a) 20 interpolation points (b) Absolute error using n = 20

A True Function
12l —— Chebyshev approximation

0.35

0.2

00 0.4 08
X

[f(x)-p{x)|

04
0

0.2 04 0.6 0.8 1

(c) 50 interpolation points (d) Absolute error using 1 = 50
Figure 9
The evolution of the Chebyshev approximate polynomials in function of
nodes 7 and the associated errors. The approximate function is the smooth
function Vx using roots of Chebyshev polynomials as nodes.
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function values at the Chebyshev nodes are: f(x,) = V09511 = 0.9752
f(x,) = Voss7s = 0.7661 f(x,) = o =0 f(x,)=o5878 ~ 0.7661 f(x,) =

V09511 = 0.9752 By computing the interpolation polynomial using these
function values and by using n=20 and n=50 nodes, we plot the
function f with the Chebyshev interpolate function in Figure 9. If we
compare this polynomial to the function f(x)=+x,, we can observe that
Chebyshev polynomial interpolation fails to accurately approximate the
function when the number of nodes increases, which not endure the
convergence. The interpolation polynomial deviates from the true
function, resulting in a poor approximation. This demonstrates a case
where Chebyshev polynomial interpolation fails to converge even when
the function being interpolated is differentiable. The failure occurs due to
the specific arrangement of the interpolation nodes and the inherent
limitations of polynomial approximation methods.

The last example illustrated a non-differentiable function where the
Chebyshev interpolation works. Let’s take f(x)=1-|x| xe[-1,1]. By
considering a specific degree for the interpolating polynomial, such as
n=4. We compute the Chebyshev nodes x, for n=4 using the formula
X, = COS[%J. The Chebyshev nodes for n=4 are: x, = cos(%] ~ 0.9511,

x, = cos(3) ~ 0.5878, x,=cos[%|=0, x,=cos’|~-05878, x,=

4

cos(%] ~ -0.9511. We have then the function values f(x,) at the
Chebyshev nodes. For example: f(x,) = 1-]0.9511| = 1-0.9511 = 0.0489,
f(x,) =1-]0.5878| = 1-0.5878 = 0.4122, f(x,) =1-|0|=1, f(x,) =
1-1-0.5878| = 1-0.5878 = 0.4122, f(x,) =1-]-0.9511| = 1-0.9511 =

0.0489. We compute the Chebyshev interpolating polynomial P (x) of
degree n=>50 using the function values at the nodes and we plot this
approximation in Figure 10. By comparing the interpolation results of
Chebyshev polynomial interpolation and the original function f(x), we
will likely observe that the Chebyshev polynomial interpolation provides
an accurate approximation of the function f(x)=1-|x| near the corner at
x=0 even if the function is not-differentiable. Chebyshev nodes are
specifically designed to minimize oscillations and provide better
convergence for non-differentiable functions with sharp features too. This
example showcases how Chebyshev polynomial interpolation can provide
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[f)-p(x)|
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0.2, Y P 05 y ! 05 0 05 1
(a) 50 interpolation points (b) Absolute error using n = 50
Figure 10
The approximate function | x| using roots of Chebyshev polynomials as
nodes.

more accurate results for non-differentiable functions with sharp corners,
suchas f(x)=1-|x]|.

4.3 Application to PDE example

Let’s consider the one-dimensional advection equation, a simple PDE
often used to illustrate oscillatory behavior and instability, which can be
analogous to the Runge phenomenon in interpolation.

The one-dimensional advection equation is given by:

% +c Z—Z =0
where u is a function of x and ¢, and c is a constant representing the
advection speed.

We'll solve this equation using a finite difference method, specifically
the upwind scheme, which can exhibit oscillations and instability similar
to the Runge phenomenon in polynomial interpolation. In this example,
the upwind scheme is used to solve the advection equation. The upwind
scheme is known to produce oscillations and instability, especially if the
advection speed c is high compared to the grid resolution. You'll observe
oscillations and instability in the solution (see Figure 11, akin to the
oscillations seen in the Runge phenomenon during polynomial
interpolation.
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Figure 11

The approximate function ¢ and the relative error.

To provide a comparison between the numerical solution and the true
function, we’ll modify the previous example to include a known analytical
solution for the advection equation. This will allow us to observe how the
numerical solution deviates from the true solution. The analytical solution
for the advection equation u(x,t) with a sinusoidal initial condition is:

uanalyh‘cal (x’ t) = Sil’l(ﬂ,'(x - Ct + L) / L)

We'll calculate this analytical solution and plot it alongside the
numerical solution for comparison in Figure 12.

Numerical Solution at t =1

(a) Aprroximate u
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(b) Comparison with analytical
solution

Figure 12

The approximate function u and comparison to the analytical one.
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Figure 13
The approximate function u and the associated relative error.

This modification calculates the analytical solution and plots it
alongside the numerical solution at the final time step for comparison.

Keep in mind that for the advection equation, the numerical solution
should converge to the analytical solution as the grid becomes finer (i.e.,
as the number of spatial points increases). However, in certain cases,
especially with schemes that are susceptible to oscillations and instability,
the numerical solution might deviate from the analytical solution. This
deviation is what we’ll observe and compare in the plot. Next, if we
construct a non-smooth solution with irregular points and we try to
recover the true function through a finite element scheme using Chebyshev
interpolation, the approximate solution looks very well even id the
function is not smooth, which give us another counterexample. In fact the
function not verifies the assumptions, nevertheless the relative error is
very interesting and very low, which confirm that in this case the
Chebyshev interpolation worked very well as seen in Figure 13.

5. Conclusion

In summary, this paper discusses the phenomenon known as Runge’s
phenomenon, which arises during the interpolation process when
uniformly spaced nodes are used for interpolating smooth functions. To
address this issue, the abstract suggests utilizing Chebyshev roots as
interpolation nodes, which have shown to be an effective solution. We
explores the efficiency of Chebyshev nodes by presenting several
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counterexamples. These examples encompass both differentiable and
non-differentiable functions, aiming to demonstrate the limitations of
using Chebyshev roots as nodes for Lagrange interpolation. By examining
these counterexamples, this work provides valuable insights into the
potential challenges and drawbacks associated with employing Chebyshev
polynomial interpolation in practice.
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