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Abstract

For a finite group G, we introduce the concept of commutativity degree of its cyclic
chains. We denote the commutativity degree of cyclic chains of a group G by ccd(G), and
compute this measure for some famous groups such as dihedral groups D,,, quaternion

groups Q,, quasi-dihedral groups QD,, and modular groups M,.
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1. Introduction

The probability is one of the topics that has been considered in finite
group theory recently. One of the most important probabilities in this
regard is the probability of commutativity of two subgroups in a finite
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group such as G. This measure is known as the commutativity degree and
has been studied for some finite groups in the literature [1, 2, 3, 4, 5, 6, 7,
8]. The study of special classes in the structure of finite groups has
applicationsin the theoretical and practical topics of algebra [9]. Calculating
the number of chains of a group is also one of the issues that has been
seriously studied in recent years. Since the number of these chains and the
number of fuzzy subgroups are equal, this concept can also be useful in
calculating the number of chains in a group. The number of chains are
calculated for some finite groups. For example, the number of chains in
finite cyclic groups and finite abelian p-groups are calculated in [10] and
[11], respectively. Moreover, the number of chains for non-abelian groups
D, , Q,, QD and M are calculated in [12].

In this paper the concept of the commutativity degree of cyclic chains
in a finite group is introduced and some preliminary properties of this
measure is studied. The commutativity degree is computed for dihedral
groups D, , quaternion groups Q,,, quasi-dihedral groups QD ,, and
modular groups M . Note that, the groups D,, Q,, QD, and Mp,,
together with abehan p-groups Z and Z,, xZ, produce all finite
p-groups of order p" witha maxnnal cychc subgroup of order p"!

2. Preliminaries

For a finite group G, we denote the set of all subgroups of the group
G by L(G), and the set of all cyclic subgroups of the group G by L (G). We
call the ordered n-tuple (A, A,,...,A,) of subgroups G a chain of length ,
whenever for each 1<i<n-1, we have 4. C A4,,. We say a chain ends in
G, if the last element of the chain be G. We denote the set of all the chains
of subgroups of G that ends in G by Ch(G). A chain C,(A,,4,,...,A, =G)
is called a cyclic chain when the subgroups A ,A,,...,A
show the set of all cyclic chains of the group G by C (G).

., are cyclic. We

Definition 1: For two members C (A, A,,...,A, =G) and C,(B,,B
B =G) of Ch(G), we define the product of these two chains as C C
(AlBl, A,B,, ..., AB =G when r=min {i: AB,=G}. Two chains C and
C, commute (C,C, = C,C,), when the product of these two chains be a
member of Ch(G), and this is true only if AB, AB,,..., A | B, are
subgroups of G.

Authors in [13] have defined the commutativity degree for chains of

a group as follows:
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¢ (G)‘m' ((C,,C,)eCI(G)*:C,C, =C,C,}|

= o G)lz 1{(C,,C,) € Ch(G)* : C,C, e Ch(G)}]. )

If we consider only cyclic chains instead of all chains of the group, we
will have the following definition.

Definition 2: For a group G, the commutativity degree of cyclic chains of
G is defined as:

cc (G)_7|{(C C,)eC(GP:CC,=CC}

IC*(G)IZ 1{(C,,C,) e C'(G)*:C,C, e Ch(G)}|. @)

Remark 1: The set of all cyclic chains of length 2 in G that end in G is
equivalent to L (G) when G is non-cyclic. Therefore, the commutativity
degree of chains of length 2 is the same as commutativity degree of cyclic
subgroups of a group G as defined in [8] as follows:

esd(G) = s ( 2 |1(H, K)eL,(G)’ : HK = KH}|

|L1( I{(H K)eL,(G)* : HK e L(G)}.

2.1 Preliminary properties

To calculate the number of chains of a given group G, we can use the
lattice diagram of subgroups of group G used in [10]. In this case, we set
O(G) =1, and for each subgroup K of G, we have:

O(K)= ¥ O(K)),

1<ign

where K,,...,K being subgroups of G containing K properly. We know
that the number of chains of G is 20({e}), in which e is the identity element
of a group G.

Lemma 1: The number of chains in the group an is 2".

Proof: According to the lattice diagram of subgroups Zp“ ., we have:
|CH(Z,) | =1+1+2+427 442" = 2",
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Obviously, for each finite group G, relation 0 <ccd(G)<1 is hold. The
relation ccd(G)=1 is equivalent to that all cyclic subgroups of the group
commute together. Therefore, in the Dedekind groups, the relation
ccd(G)=1 is hold. For example ccd(Q,)=1.

If in a finite group G, all the cyclic subgroups are commute together,
it follows that all the subgroups of G are commute together, and so
ccd(G)=1 is equivalent to cd(G)=1.

Example 1: Consider a symmetric group S,=<a, f:0’=1, f*>=1,
Boc=0o’B>. All subgroups of this group can be listed as follows:

L(S,)=1{S,,<a><B><af><a’f>1}.

The lattice diagram of the cyclic subgroups of this group is illustrated
in Figure 1.

Ss

<a> <o’ >

1

Figure 1

Lattice diagram of cyclic subgroups of S..

According to this diagram, we have: |Ch(S,)|=10, and |C'(S,)|=9.
The cyclic chains of this group are:

<a>cS,,<B>cS,,<af>cS,,< a’B>c S,,1cS,,

le<a>cS,lc<f>c S, lc<af>c S, 1c<a’f>cS,.

The subgroups <o > and 1 commute with all subgroups. Subgroups
<B>, <of>, <a’B> only commute with themselves. Therefore, chains
<o>c S, and 1c S, and 1c <> c S, commute with all chains. Chain
<B>c S, commutes with all cyclic chains except <af>c S, <a’f>
c §,, and the chain 1< < 8> < S, commutes with all cyclic chains except
le<of>cS,, lc<a’f>cS,.
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In the same way, the chain <> c S, commutes with all cyclic
chains except <f>c S, <a’f>cS,, the chain lc<of>cS,
commutes with all cyclic chains except 1c <> cS,, lc <a’f> S,
the chain < o B> c S, commutes with all cyclic chains except < > < S,,
<of>cS,, and the chain 1c <e’f> S, commutes with all cyclic
chains except 1c <> cS,, 1c <aff > = S,. Therefore

3%9)+(6x7 23
ccd($,) = FNEN 2

Example 2: Consider the abelian group Z, xZ,. The lattice diagram of the
cyclic subgroups of this group is as shown in Figure 2.

ZgXZg

<(1,0) > <(1,2) >

< (0,0) >

Figure 2

Lattice diagram of cyclic subgroups of Z,xZ,.

According to this diagram, we have: |Ch(Z,xZ,)|=10 and
|C'(Z,xZ,)|=9. Due to the fact that the group is abelian, we have:

ced(Z,xZ,)=1.

Example 3: Consider a group S,xZ, (see Figure 3). Given that
S, ={l,a,0*,B,0f,a’B} and Z_ ={e,x,x*,x°,x*} where x° =e¢, the cyclic
subgroups of the group are

L (S, xZy)={<(,x)>,<(et,e)>,<(1,x)>,<(B,e)>,<(B,x)>,

<(aB,e)>,<(aB,x)>,<(a’B,e)>,<(a’B,x)>,<(1,e)>}.
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Sy x Zs
<(B,x) > < (a?B,x) >
< (B,e) > \ / < (a?B,e) >

<(Le) >

Figure 3

Lattice diagram of cyclic subgroups of S, xZ..

According to this diagram, we have: IC*(SaxZS)|=35 (See [14)).
Subgroups <(a,x)>, <(a,e)>, <(1,x)> and <(1,e)> commute with all
cyclic subgroups. Subgroups <(f,e)> and <(f,x)> commute together,
subgroups <(af,e)> and <(ff,x)> commute together, and subgroups
<(’B,e)> and <(&’B,x)> commute together. By direct calculation we
obtain:

35%35)—(3x70 29
ccd(S, x Z,) = 873370 XSS)X;SX L%.

Remark 2: If two groups G, and G, are isomorphic, it is obvious that
ccd(G,) = ccd(G,), but the opposite is not true. For example, ccd(Z,xZ,) =
ccd(Zgx 1y), but Z,x7, % Zsx7L,.

Remark 3: Examples 1 and 2 show that if the lattices of two groups G, and
G, are isomorphic, ccd(G,) and ccd(G,) may not be equal.

Remark 4: The relation ccd(G, xG,)=ccd(G,)ccd(G,) is not holding in
general. On the other hand, for the finite groups G, and G,, by using
Proposition 2.3 of [8], if |G,| and |G, | are relatively prime, then the
relation csd(G, xG,) = csd(G,) csd(G,) is hold. But this is not valid for the
commutativity degree of cyclic chains of a finite groups. For example,
(IS,1,1Z,1)=1, but ccd(S,xZ,) = % # ccd(S,) ced(Z,) = g x 1. (see
Examples 1 and 3)
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The following theorem from [14], gives the number of cyclic chains of
some non-abelian groups that are used to prove the results of the main
results section.

Theorem 1: ([14]) For every natural number n,

(i) The number of cyclic chains of the dihedral group D, = <a,b: a" = b" =
1,a"=a"'> isequal to |C'(D,,)| = ¥y, |CH(Z,)| +2n,

1

(ii) The number of cyclic chains of the Quaternion group Q,, = <a,b : =
L,a* =0, a"=a> isequal to IC(Q,)=2""-1,

(iii) The number of cyclic chains of the quasi-dihedral group QD,, = <a,b :
@ =0 =1,a"=a"""> isequal to |C (QD,, )| =2"" -1,

o

3. Main results

In this section, we compute the commutativity degree for cyclic
chains in some finite groups. As a first result, we compute this measure for
the dihedral group D,,.

Theorem 2: For a dihedral group D, , we have:
(a) ifnisodd,

? 2
ccd(D, ) = ZinlCHEN ) +An(Ey, W2y 21420
(Zk\n|Ch(Zk )+2m)

(b) if nis even,

ccd(D,, )= (SkulCh(Zy)] )2+4n(zk|n|(:h(zzk)| y+2n2+4n .
(i ICh(Zy +2n)

Proof: The cyclic subgroups of this group are: <a*> and <a'b>, where
kln and 0<i<n-1.

Therefore, the cyclic chains of this group are as follows:
(1) Chains of the form --c<a" >cD, ,
(2) Chains of the form <a'b>c D, for 0<i<n-1,

(3) Chains of the form 1c<a'b>c D, for 0<i<n-1.
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According to Theorem 1, number of cyclic chains of a dihedral group
G=D,, thatendingin G is:
|C(D,,)|=Y_ICI(Z,)|+2n.

kin

The number of chains in case (1) is X, |Ch(Z,)|. On the other hand,
we know that cyclic subgroups <a* > where k|n, commute with all cyclic
subgroups of the group. Moreover, if n is odd, for each 0<i<n-1, the
subgroup <a'b> commutes with the subgroups <a*> in which k|n,
and the subgroup <a'b>. If n is even, for each 0<i<n-1, the subgroup
<a'b> commutes with the subgroups <a‘> in which k|n, and the
subgroups <a'b> and <a'*b>.

Therefore, the chains in case (1) commute with all cyclic chains of the
group. If n is odd, each chain in case (2) commutes with all chains in cases
(1) and (3), and the chain <a'b>c D, in case (2). Also, each chain in case
(3) commutes with all chains in cases (1) and (2), and chain 1c<a'b>cD,,
in case (3). So, we have:

Z g ICH(Z N Eggu ICH(Z ) +21)+21( g |[CH(Z D4 m+1))
(ZialCh(Zy J42n)?

ccd(D,,)) = .
Similarly, if 1 is even, each chain in case (2) with all the chains of cases

(1) and (3) and two chains <a'b>cD, and < A" h>c D, of the case (2)

commute together. And so, each chain in case (3) commutes with all the

chains in cases (1) and (2) and two chains lc<a'b>cD, and

le<adb>c D, in case (3). So, we have:

Z il Ch(Zy (Zp | CH(Zy J+21)+ (21 iy ICh(Zy Y +11+2))

diD, )=
ced(D,,) (ZinlCh(Zy 2n)?

Therefore, the proof is complete.
Likewise, for a dihedral group szm , we will have the following two
corollaries.

Corollary 1: For a dihedral group sz, where p is an odd prime number, the

commutativity degree of cyclic chains of szm , 1s as follows:

(2m+1 _1)(2m+1 _1+2pm )+(2pm (2m+1 +pm )
(2m+1 _1+2pm )2

ccd(D - )=

Proof: According to Lemma 1,
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2 ICh(Zk)|:i|Ch(pr)|=1+2++2m —oml_ 1
kip™ i=0

So, the result is correct.

Corollary 2: For a dihedral group Dzm, the commutativity degree of cyclic
chains of Dzm is as follows:

7.22m—1_2m+1+1
CCd(Dzm ) = 8'22m—l 72m+2+1 :

Proof: By replacing n=2"" in Theorem 2 (b),

@"-1)@™ 1 -1)+@" 32" 1)) | 722l oMy

CCd(Dzm ) = (27n+] 71)2 8'22m—1 72m+2 +1

Theorem 3: The commutativity degree of cyclic chains of a Quaternion group
Q,. is as follows:

_ 3(22n—3_2n)
ccd(an )=1- T

Proof: The cyclic subgroups of this group are: < a* > and <a'b> where
0<i<n-1 and 0<;j<2"*-1, and so the cyclic chains of this group are
as follows:

(1) chains in form: ---c<a® >c Q,.,

(2) chains in form: <a'b>c Q, for 0<i< 221,

(3) chains in form: < a* " sc<ab>c Qz" for 0<i<2"* -1,

(4) chains in form: 1c<a'b>c Q, for 0<i< 221,

(5) chains in form: 1c< @ >c<ab>c Q,, for 0<i< 2" 1.

The number of chains in case (1) is 1+2+2%+---4+2""=2"-1,
therefore

1CT(Q,)|=2"~1+4(2")=2"" -1,

On the other hand, we know that cyclic subgroups <a”> > where
0<i<n-1 commute with all cyclic subgroups of the group. Also, a
subgroup <a’b> where 0<j<2"? -1 commutes with subgroups <a'b >
and <a”? b>.
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According to the above considerations, the following results are obtained:

¢ Chains in case (1) commute with all cyclic chains in the group.

e Each chain in case (2) is commute by two chains from (2) and all
chains in (1), (3), (4) and (5).

e Each chain in case (3) is commute by two chains of (3) and two chains
of (4), and all chains of (1), (2) and (5).

e Each chain in case (4) is commute by two chains of (3) and two chains
of (4), and all chains of (1), (2) and (5).

¢ Each chain in case (5) is commute by two chains of group (5), and all
chains of (1), (2), (3) and (4).

Therefore,
_1_ @272 24227 22" 2 242" 2 2)
CCd(an ) =1 (2n+l _1)2
_ ] _ (2"’1 (271—2 _2)+211—1 (2n—1 _4) _ 1 B 3(2271—3 _pn )
(211+1_1)2 (2n+1 _1)2 .

Theorem 4: For a quasi-dihedral group QD ,, we have:

zn 7
115:22"5-9.0"2 11

ccd(QD Y=—"=2__ "= |
Q 2") 128275 _162"2+1

Proof: By Theorem 1, number of cyclic chains of the dihedral group
G=QD,, which endingin Gis | C*(QDzn )| =2"" 1.

The cyclic subgroups of this group are:
e <a’ > where 0<i<n-1,
o <g*b> where 0<i<2"% -1,

o <> where 0<i<2"3 1.

Therefore, the cyclic chains of this group are as follows:

(1) Chains in the form: ---c<a® >c QD,,,

(2) Chains in the form: <a*b>c QDZn for 0<i<2"?-1,

(3) Chains in the form: <a*"'b>cQD,, for 0<i<2"* -1,

(4) Chains in the form: 1c<a®b>cQD,, for 0<i<2"* -1,
)

(5) Chains in the form: Tc<a*"'b>cQD,, for 0<i<2"? -1,



COMMUTATIVITY DEGREE OF CYCLIC CHAINS 477

(6) Chains in the form: <a® >c<a*'b>c QD,, for 0<i<2"* -1,

(7) Chains in the form: 1c<a®" >c<a®'b>c QD for 0<i<2"° —1.
2

The number of chains in case (1)is 1+2+2% +---+2""=2"—1.

Regarding the commutativity of the cyclic subgroups, the following

results are obtained with a simple study:

Cyclic chains < a* > for 0<i<n-1, commute with all cyclic
subgroups of the group.

Subgroups <a*"'b> and <a”"'b> where 0<i,j<2"* -1, commute
with together if and only if i = j.

Subgroups <a*b> and <a’b> where 0<i,j<2"?-1, commute
together if and only if 2" |i—j.

Subgroups <a”b> and <a”"'b> where 0<i<2"?-1 and
0<j<2"° -1 do not commute together.

According to the above considerations, the following results are obtained:

Chains in case (1) commute with all chains in this group.

Each chain in case (2) commutes with two chains in case (2) and all
chains in cases (1), (4), (5), (6) and (7).

Each chain in case (3) commutes with a chain in case (3) and all
chains in cases (1), (4), (5), (6) and (7).

Each chain in case (4) commutes with two chains in case (4) and all
chains in cases (1), (2), (3) and (7).

Each chain in case (5) commutes with a chain in case (5), a chain in
case (6) and all chains in cases (1), (2), (3) and (7).

Each chain in case (6) commutes with a chain in case (5), a chain in
case (6) and all chains in cases (1), (2), (3) and (7).

Each chain in case (7) commutes with a chain in case (7) and all
chains in cases (1), (2), (3), (4), (5) and (6).

So, we have:

(2" 1)@ 1 —1)+2"72 (2" —142+2" 72 423 4213 913
(2n+1 _1)2

ccd(QDzn )=
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+ 217321 _14142"72 42773 4213 1 013)
(2n+l _1)2
272" 142172 423 401 0173)
(2n+1 _1)2
L2712 242" 414142
(2n+l 71)2
+ 2773 (2" 142772 123 114142773)
(2'”1 71)2
+ 2173 (2" _1421172 4213 402 o3 o3 1
(2n+1 _1)2
_ 115225 99724
12822"5_16.2"241"

Therefore, the above relation is resulted.

Theorem 5: The commutativity degree of cyclic chains of a modular group

Mpn ,(n=3,p" #8) is one, where p is a prime number.

Proof: The cyclic subgroups of this group are: <a” "> where 0<i<n-1,
and <a”b> where 0<i<n-2 and 0< j < p-1. The derived subgroup of
Mpn satisfies |G'|=p, and any subgroup of order at least p* contains G’
and so is normal. Therefore, any two subgroups G, and G, (whether or
not they are cyclic) will commute if at least one of them has order greater
than p. If both have order less than or equal to p, then (since p" #8) G,
and G, are contained in the unique elementary abelian subgroup of order
p* of G, and hence commute. Therefore ccd(Mp,, )=1, and this completes

the proof.

According to Theorems 2, 3 and 4, we can have.

Corollary 3: For the dihedral groups D,,, quaternion groups Q,,, and quasi-

dihedral groups QD _,, we have:

211 7
o lim _ ccd(D )=_
Nn—>+00 oM 4
. 29
e lim ccd(an )= 5

. 115
e lim ccd(QDzn )= s
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