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Abstract
The notion of the restricted size Ramsey number arises from the amalgamation of the 

theory of Ramsey numbers and the size Ramsey number for graphs. The concept of the 
(restricted) size Ramsey number of small graphs was first introduced by Harary and Miller in 
1983. They derived specific values for certain pairs of small graphs, each having a maximum 
count of four vertices. In that same year, R. J. Faudree and J. Sheehan furthered the research 
and expanded the findings to encompass all the pairs of small graphs with a maximum order 
of four. The restricted size Ramsey number and size Ramsey number for all pairs of small 
forests of maximum order five was given by Lortz and Mengersen in 1998. In this study, our 
research endeavours to advance the understanding of the restricted size Ramsey number by 
ascertaining the restricted size Ramsey numbers and restricted size Ramsey minimal graphs 
involving 2K2 and wheel graph upto order six. More specifically, we find  r * (2K2, W3) = r* 
(2K2, W4) = 15 and r * (2K2, W5) = 19.
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amalgamation of the theory of Ramsey numbers and the size Ramsey number 
for graphs. The concept of the (restricted) size Ramsey number of small graphs 
was first introduced by Harary and Miller in 1983. They derived specific values 
for certain pairs of small graphs, each having a maximum count of four vertices. 
In that same year, R. J. Faudree and J. Sheehan furthered the research and 
expanded the findings to encompass all the pairs of small graphs with a 
maximum  
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1.  Introduction and Preliminaries 
All the graphs used in this study are finite, undirected, and free of multiple 

edges and loops. We represent the set of all the vertices for the given graph F as 
V(F) and the set of edges by E(F). The cardinality of the set of vertices, V(F) (or 
order of the graph F), is represented as      and the cardinality of the set of 
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edges, E(F) (or size of the graph F), is represented as     . The degree of a 
vertex  , represented as     , refers to the count of edges that are incident to a 
vertex   in the graph and the least degree of vertices in a graph F is represented 
as     . A complete graph, represented as   , is a graph with   vertices such 
that each pair of vertices is adjacent. A graph with   vertices which are 
connected, wherein all its vertices have degree two, is referred to as a cycle,   . 
A bipartite graph is a type of graph with the property that the set of vertices is 
partitioned into two disjoint and non-overlapping subsets such that all edges 
connect vertices from one subset to the other. A complete bipartite graph is a 
specific kind of bipartite graph where each vertex in one subset is connected to 
all vertices in the other subset. Let           is the subgraph of F 
generated by the vertex set    and the edge set contains those edges of F whose 
both ends are contained in   , denoted by      . If   is a subgraph of  , it is 
denoted as    . Let   and   are graphs then,      is a graph obtained by 
removing all the edges of graph   from the edge set of graph   if     . Let   
is a graph and   is one of its vertex then,     is a graph obtained by 
eliminating a vertex   along with all the edges incident to this vertex. For more 
terminologies in graphs, refer [10, 13, 14, 16]. 

Let     and   are any finite and simple graphs. A graph   arrowing 
     , is represented as        , if in any given two-colouring (e.g., red-
blue) of the edges in  , there exists either a red-coloured subgraph isomorphic to 
  or a blue-coloured subgraph isomorphic to  . Otherwise, if the graph   does 
not satisfy the property of arrowing      , it is denoted as        . If a 
graph P does not contain isolates, it implies that there are no vertices in the 
graph with a degree of zero. Given graph   and   without isolates. If a complete 
graph of order  ,    satisfies          , then such smallest positive 
integer   is the Ramsey number (RN) of   and  , denoted as       . If a 
graph   having size  ̂ and satisfies         , then such smallest positive 
integer  ̂ is referred to as the size Ramsey number (SRN) of   and  , 
represented as  ̂     . If a graph   having order        (i.e.,  ) and having 
size    satisfies         , then such smallest positive integer    is referred 
to as the restricted size Ramsey number (RSRN) of P and Q, denoted as 
       . Restricted size Ramsey minimal graphs are those graphs that have the 
smallest possible number of vertices and size while still satisfying a certain 
RSRN property. Specifically, it refers to a graph that cannot be further reduced 
in size while preserving the desired property. 

    refers to a matching consisting of two edges, where each edge 
connects two distinct vertices. A wheel graph, denoted as   , is the graph on 
    vertices, is constructed by adding a hub vertex, labelled as  , to a cycle    
on   vertices. 

The determination of the SRN of graphs was initially found by Erdos et al. 
[6]. The notion of the RSRN emerges from the combination of the theory of RN 
and the SRN for graphs. The survey conducted by Faudree and Schelp [19], 
along with the survey by Burr [22], presents intriguing findings regarding 
(restricted) SRN. Harary and Miller [8] were the first to introduce the 
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(restricted) SRN for small graphs in their study on generalised Ramsey theory. 
Faudree and Sheehan [17, 18] carry on with the study on the (restricted) SRN 
for small graphs and they give comprehensive findings regarding the (restricted) 
SRN for all pair of small graphs with a maximum count of vertices (i.e., order) 
is four. The results on the SRN and the RSRN for all pairs of paths versus star-
graphs of maximum order 5 were given by Lortz and Mengersen [20] in 1998. 
For more results on the RSRN of graphs, please refer to [2-4, 6, 11, 12, 
21,24,25,26]. 

Chvatal and Harary's Theorem 1.1 [23] presents the value of the RN 
involving      and a graph   that does not contain any isolated vertices. The 
following is the statement of Theorem 1.1. The result of this theorem provides 
the count of vertices (i.e., order) of the arrowing graph   which satisfies 
           , where    represents a wheel graph of order upto six, in 
determining the RSRN            . 

Theorem 1.1: [23] For any graph   without isolated vertices,  

            {                          
                     

In order to determine the precise value of            , where       and 
 . To support our findings, we will make use of theorem 1.2 to prove some of 
our results. 

Theorem 1.2: [5] For     ,  

              {
(  )            
(    )          ,  

where (  ) is a combination of m objects taken n at a time.  
We have the monotonicity property for a pair of graphs through the 

statement of the RSRN as follows. If        and       , then 
                     .                     (1.1) 

Recall that these inequalities for the RN of graphs is provided by Chvatal 
and Harary [23]. 

Silaban et al. [1] have given the RSRN for the path of order three versus 
the graph of order five. The RSRN for matching versus tree and triangle 
unicyclic graph with order 6 is given by E. Safitri et al. [7]. 

In this study, we aim to further investigate RSRN by focusing on the 
involvement of      and wheel graphs upto order six. Our objective is to 
determine the specific RSRN for these structures. 

2.  Main Results 
The RSRN and restricted size Ramsey minimal graphs involving     and 

wheel upto order six are presented in this section. The aim of this study is to find 
           , where       and  . It is important to note that for any pair of 
graphs F and G, a known inequality states that                         
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 (       ), where (  ) is a combination of   objects taken   at a time. Lemma 2.1 
and Lemma 2.2 provide the properties of graphs             for any graph 
  that does not contain any isolated vertices. Lemma 2.1 is an expansion of a 
lemma presented in the previous study by Mengenser and Oeckermann on 
matching-star Ramsey number [9] that specifically applies to the case where H 
is a complete bipartite graph     . It is important to note that Lemma 2.1 holds 
for any graph Q, and the proof can be conducted in a similar manner as the proof 
provided in the aforementioned study. We will utilise these lemmas as a 
foundation for proving our findings. By employing the properties outlined in 
these lemmas, we can establish the validity of our results. 

Lemma 2.1. [5] Let Q be any graph, then             iff the following 
conditions satisfies: 
(i)        for all        and 
(ii)         for all    in R. 

Lemma 2.2: [5] Consider a graph Q without isolated vertices. If           
and               , then it follows that the least degree of R, represented as 
    , is at least 2. 

Theorem 2.3: RSRN,               . 

Proof: In order to find the RSRN, the initial step is to calculate the RN. Given 
that    represents a complete graph of order 4 as shown in Figure 1. We can 
conclude, based on Theorem 1.1, that            . Applying Theorem 1.2 
for    which is complete graph of order 4. We get              (  )    . 
Thus, the RSRN for     and    is determined as 15.  

 
Figure 1 

Wheel graph of order 4,   . 

Corollary 2.4: There is one restricted size Ramsey minimal graph for 
              , as shown in Figure 2.  

Proof: As observed that there exists only one graph of order six and size fifteen 
and that graph arrows to          , implies that there is one restricted size 
Ramsey minimal graph for               , as shown in Figure 2. 
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Figure 2 

Minimal graph    of order 6 and size 15. 

Theorem 2.5: RSRN,               . 

 
Figure 3 

Wheel graph of order 5,   . 

Proof: In order to find the RSRN, the initial step is to calculate the RN. Given 
that    is a graph of order 5 as shown in Figure 3, based on Theorem 1.1, it is 
concluded that            . 

 
Figure 4 

Graph of order six and size fourteen,   . 
 
As we know that                                 (          

 ), 
which implies that                   , beacause size of      is 2 and of 
   is 8. Implies that               .                                          

It remains to prove that               . It will be enough to show that 
there does not exist any graph of order 6 and size 14 which follows both the 
Lemmas 2.1 and 2.2 together.                                                     

As we know that there is only one possible non-isolated graph with an 
order of 6 and a size of 14,    as depicted in the accompanying Figure 4. If we 
remove a cycle of order three,   , i.e.          then we observe that,    
       which implies that             , by Lemma 2.1. Therefore, we 
conclude that               . Hence,               .  
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Corollary 2.6: There is one restricted size Ramsey minimal graph for 
              , as shown in Figure 2.  

Proof: As observed that there exists only one graph of order six and size fifteen 
and that graph arrows to          , implies that there is one restricted size 
Ramsey minimal graph for               , as shown in Figure 2. 

Theorem 2.7: RSRN,               . 

 
Figure 5 

Wheel graph of order 6,   . 

Proof: In order to find the RSRN, the first step is to calculate the RN. Given that 
   is a graph of order 6, as shown in Figure 5. Concluded, based on Theorem 
1.1, that            .                                                  

As we know that                               (          
 ), 

which implies that                     , beacause size of      is 2 and of 
   is 10, as shown in Figure 5 and (          

 )    . 

 
                                          (A)                                             (B)    

 
                                (C)                                 (D)                            (E)    

Figure 6 
List of all graphs of order 7 and size 18. 

                               
Firstly, we will show that               . Given that there are five 

possible without isolates graphs with an order of 7 and a size 18, as depicted in 
the accompanying Figure 6. By removing vertex    from graph   , we obtain 
      as shown in the Figure 7(A). In this case, it can be observed that 
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          . This implies that              based on the application of 
Lemma 2.1. Similarly, by removing vertex    from graphs    and   , we obtain 
      and      , respectively as shown in the Figure 7(B) and 7(E). In this 
case, it can be observed that           and          . This implies 
that             and             based on the application of Lemma 
2.1. 

By removing a cycle of order three,    from graph   , i.e.,         , we 
obtain             as shown in the Figure 7(C). In this case, it can be 
observed that          . This implies that,             based on the 
application of Lemma 2.1. Similarly, By removing a cycle of order three,    
from graph   , i.e.         , we obtain             as shown in Figure 
7(D). In this case, it can be observed that         . This implies that 
            based on the application of Lemma 2.1. Hence, all without 
isolates graphs of order 7 and size 18, i.e.,                does not arrow 
        . Therefore,               .  
 

 
                          (A)                         (B)                   (C)       

 
                                               (D)                     (E)       

Figure 7 
Resultant graphs of               after removing either of a vertex or any cycle of 

order three 
 
It remains to show that               . Given a graph    with an 

order of 7 and a size 19 as depicted in the accompanying Figure 8.                      
It is observed that          for all          and          for all 
   in   . This implies that             by Lemma 2.1. Also        , 
which follows Lemma 2.2. Therefore,               . Hence, 
              .   
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Corollary 2.8: There is one restricted size Ramsey minimal graph for 
               i.e.   , as shown in Figure 8. 

Proof: As observed that there exist two graphs of order 7 and size 19, i.e.    
and   , as shown in Figure 8 and Figure 9, respectively. After applying Lemma 
2.1 and Lemma 2.2 on both the graphs    and   . Observe that    
         , implies that    is restricted size Ramsey minimal graph for 
              . But after removing a cycle of order three from   , i.e. 
        , it is noted that                . It implies that    
         . So,    is not restricted size Ramsey minimal graph for 
              . 

 
Figure 8 

Minimal graph,    of order 7 and size 19. 
 

 
Figure 9 

Graph,    of order 7 and size 19. 

3.  Conclusion  
This study presents the RSRN between matching and wheel graphs upto 

order six and their respective restricted size Ramsey minimal graphs. We 
conclude                             and               , where    
is wheel- graph. In future, the RSRN and their minimal graphs involving     , 
   and unexplored non-isomorphic connected graphs can be investigated. 
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