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Abstract

In this research paper, we discuss the complex-valued solutions for the nonlinear
fractional boundary value problem (FBVP) of complex order (6 = v+ ;1 < 1< 2,a € R") with
movable boundary conditions. The fractional operators are taken in the sense of Riemann-
Liouville (R-L) with complex order. By using the concept of Green’s function, the existence
and uniqueness of solutions are established in this article. Also, we prove that the FBVP of
complex order with movable boundary conditions is Ulam-Hyers Stable. Using illustrative
examples, the results for this nonlinear FBVP have been shown.
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1. Introduction

Since the 17th century, pioneering works by Leibniz, Liouville, Euler,
Riemann, Letnikov, Lagrange, Able, Lacroix, and others have contributed to the
development of fractional calculus [1-4], which generalizes differentiation and
integration to arbitrary order. The development of the study of fractional
differential equations in recent research is evidence of the importance and
application of fractional calculus in science and engineering. On the other hand,
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given the wide range of applications of fractional calculus to natural phenomena,
including chemical physics [5], bioengineering [6], electrical networks [7],
neural networks [8,9], porous media [10], and viscoelasticity [11] it attracted the
attention of many scholars, see articles [12-14]. Xie et al. [15] studied the
existence of extremal solutions for an FBVP

{DSW(Y) +h(y,v(y)) = 0;y € [0,1]
v(0) = 0,g(v(D),v(m) = 0;n € (0,1)
with three-point nonlinear boundary conditions. Where Dg+ is the ath, (a €
(1,2)) order R — L fractional derivative, g € C(R X R,R) and h € C([0,1] X
R, R).

Yadav et al. [14] studied the existence-uniqueness of the following FBVP

{Dﬁ'yh(u) = gwh@)0<B<1Ly=0 @
nh(0) + mh(1) = ph(&),u, EQ;m+n#p

of order f and m,n,p are real constants and Q = {u € C: |u| < 1}, with the
analytic functions g and h defined in the unit disk Q. The order of differentiation
was real in each of the aforementioned work, we consider the complex-order
(6 = 7 +1a) nonlinear FBVP with movable boundary conditions

{Dglr(y) =q(,r();y € [01] 3)
r(0) =0,f(r(1),r() = 0;$ € (0,1)

where f € C(RXR,R),q € C([0,1] X R,R) and Dg+ is the standard R-L
fractional derivative of order 6,8 = 7+ ta;1 < T < 2,a € R*. Our objective is
to demonstrate the existence of a complex-valued solution to the nonlinear
FBVP (3) of complex order.

The remaining portion of the article is divided as follows: In section 2, we
provide some fundamental definitions and introductions to fractional derivatives
and integrals. The corresponding Green's function and integral equation for the
problem (3) were then obtained. In section 3, the existence and uniqueness of
complex-valued solution will be determined by making some assumptions and
applying fixed-point theorems [21-23]. The Ulam-Hyers stability of the
nonlinear FBVP(3) is discussed in section 4. And in the final section, an
illustration is provided.

(M

2. Basic Definitions and Preliminaries

Some important definitions and lemmas of fractional calculus required in
this manuscript, are provided here. Throughout the article, we assume that
§=1+w,1t€(1,2],a e R &€ (0,1).

Definition 2.1: [1] The R-L fractional integral of order w € C, (Re(w) > 0) ofa
function g: (0, 0) - R is

1 y
Ixg(y) = @L (v —m* tg(mdn
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Definition 2.2: [1] The R-L fractional derivative of order w € C, (Re(w) > 0)
of a function g: (0, ) = R is

DY g(y) = ——— 7 2Dy

I(m-w) dy™ -0 (y-m@-m+1
where m = [Re(w)] + 1.

Definition 2.3: [16] The Stirling asymptotic formula of the Gamma function for
u € Cis following

M) = @myru*7e™ [1+0 (2)]; (jarg)] < m ul - ),

and its result for |I'(c + id)|, (c,d € R) is

IT(c + id)| = (2m)2|d|" Ze <% [1+0(3)]

Definition 2.4: [17] The mapping J: B — B on a Banach space ( B ) is called
contractive if there exists a constant Q € (0,1) such that

Igr —Jr'l < Qlir — 7'l “

Definition 2.5: [18] The complex order fractional differential equation

D57 (y) = 4, 7(»)); ¥ € [0,1] )
is Ulam-Hyers stable if there exists a positive real number k, such that for each
€ > 0 and for each solution p(y) € C([0,1], C) of the inequality

DS+ p() —a(.p()| < €y €[0,1] (6)
there exists a solution r(y) € C([0,1], C) of equation (5) with
Ip() =T < kqe,y €[0,1]

Lemma 2.1: [19] Let r € L(0,1) N C(0,1) with a fractional derivative of order
w € C, (Re(w) > 0) that also belongs to L(0,1) N C(0,1). Then

I(()‘)+D((;)+r(:)}) = T(y) +Aly“’_1 + /’lzya)—z ot Amym_m (7)
for some A; € R,j = 1,2, ..., m, where m = [Re(w)] + 1.

Lemma 2.2: Let g(y) € C[0,1],« € (0,1],6 € R,¢ € (0,1). Then the FBVP

D () = gy € [0,1] ®)
r(0)=0,7(1) =ar(§)+06
is equivalent to
y-ms1 1 1 [y(a-m1°?
rO) = J s 9dn — ey o g — 9 o
a ¢ yE-m°t 6yt
e h e It oy



236 B. YADAV, T. MATHUR, S. AGARWAL AND A. YADAV

Proof: We can apply Lemma 2.1 to reduce FBVP (8) in an equivalent integral
equation

r(y) = Ig+g(y) + k1y8_1 + k,y%2, for some k;,k, € R

( (10)
=) = [} S gy + kyy? ™ + kgy®
Since 7(0) = 0, therefore k, must be zero as (Re(§) — 2) < 0 then
o= O + kot
o T() !
Now, by using the condition (1) = ar(f) + 6, we have
[ O gy + ky = a fF S0 gy + ak 55-1+9
0 e 9mdn + 1k r@gnn 1
_ o z8-1 1 a-m% & E-m°
= k(1-af) = - [ =5 -g(mdn + a J; r@ ED gy +6
_ -1 1 (1-n)%-1
= ki = (1-at5-1)Jo 1) g(n)dn + (1—a$5—1)

§ - 0
Jo F@ g(n)dn+m

Therefore, the unique solution of FBVP (8) is given by (9).
Conversely, let r(y) be given by formula (9). Since, D‘g+r(y) =
DZI(Z)ISr(y). So, by operating ISIS on both sides of (9), we get

167°1) = 15:8() + 1y = D’IEF°r(y) = D*{Ig+g(y)} + kD*(y) = D+r(y)=
gy

Green's function of nonlinear FBVP (8) is presented in the following
lemma.

Lemma 2.3: Let g(y) € C[0,1],a € (0,1],60 € R. Then the FBVP(8) is

equivalent to
1 9y6—1
r) =J; COOgmdn + o (11

alyE-m1 1+ (1-ag ) y-n S 1 -[y(a-m)°5!
(1-a&5-1)r(s)
(1-ags Hy-nSt-ya-m1®-
(1-a&d-1)r(s)
aly(E-m1®~1-[y(1-m]°~1
(1-a&d-1)r(s)

-ya-m)®!
@;@:ﬁgﬁﬁySnSL€Sn

0<sn<sy<1n<g§

1
,0<é<n<y<1,

G,n =

,0<sy<n<é<l

(12)
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Proof: By Lemma 2.2 the unique solution of FBVP (8) is

y o-m®t 1 1 [ya-m®t
Iy F(a) O gy - a4 e —9Madn

r(y) =
a & yE-met oys-1
+ (1-agd-1) fo r(8) g(mdn + (1-a8d-1)

Now, we only need to prove that (9) can be written as (11).
Case(i)y <¢,

r() = Oy(ym) 90ndn — o 1)(fy +ff +J; )%g(n)dn+

y yE-m1°- §-1
(1—a€5-1) (fo +fy) r®) g(n)dn+(1—a€5_1)y

=>r(y)
B fy (1-a& )y -m Tt +alyE-m°* - [y@-m]°*
B (1 —a&%H)Ir(s)

& alyGE-m15 1t -ya-m1®—! -lya-n))® y5-
+ fy (1—0!{5_1)1"(6) g(n)dn + ff (1 af& 1)1—-(5) g(n)dr] t =0 (1 “56 1)

g(mdn

6
= Iy GOmatndn + 2
Case (i) y = ¢

o) =(J + 7 ) S g - e 1)(f R e LY

a £ yE-m1®- ¥t
+(1—a§6—1) fo r(8) g(n)dn + (1—a$6—1)

_ € (1=af -0 talyE-m1° - lya-m) !
= [ i) g(mdn

y (1-ag5 V) y-ms-1-[ya-n)°-
+f (1-a&5-1)r(5) g(n)dﬂ

1 -ya-n°* 0y°t  _ 1 0y>?
J, Gaertyre I + 5y = Jo GOmMg(mdn + agr D)

From case(i) & case(ii), we have G (y,n) defined in (12) .

3. Existence and Uniqueness Results

Suppose that B = C[0,1] is a Banach space of continuous functions with
the norm
I 7(¥) I= maxy<y<q |7(y)|. Define the operator J: B — B as follows:

IO = 257 &= gy - = [, (-

)" 1q(n,r(n))dn+mf (E—-meot cz(n.r(n))aln+(1 afs 0

(13)
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Lemma 2.2 states that, the solutions of the FBVP (3) and the fixed points
of the operator J are equivalent.

Theorem 3.1: Under the assumptions:

(Q1) g € C([0,1] X [0, ), [0, 0))
(Qx)vy € [0,1],r, 7" € B, there exists a constant Q > 0 such that

lqv, 7)) —q, 7' DI < Qlr(y) — ' )

__0 2
(Qs) 1 = TIT(8)| [1 + |(1—a§5—1)|] <L

Then the FBVP (3) has a solution on [0,1].

Proof: Let By = {r € B: || r |I< s} be convex, bounded, and closed subset of the
Banach space 8. Also assume that M = maxy<y<1 |9y, 7(¥))| + 1 for v € B;.

(i) g is uniformly bounded
M y -1 M 1 -1
<L —— —_ _— —_
|<77"(y)| —_ |F(6)| fo (y T]) dn + |(1_a$5—1)||1’*(5)| fo (1 7)) dr’

- g Y A L
e e € =M+ ey
< id [1 + 2 ] + 161
~ 1|l'(8)| [(1—aés-D)|]  |(1—aéd-1)]

. _Q 2 1 )| _ 1
Since f; = T [1 + |(1—a§5—1)|] <, = (—aesD)] < 20 5 (14)

From equations (11) and (12), we have

M 18] [zIC(&)]
lJrI=5+5 [T - 1]

So, J is uniformly bounded.

(i) J(By) is equicontinuous.
Forr € B; and y,,y, € [0,1] let y; < y, we have,
|Jr(v2) = Jr(yo)l

< L yz( _ )5—1
- F((S) o V2 n

Y1
—f (yl—n)“] la(n,v(m)|dn

N |yt —y2t [t

(1 = a&5=DI|ITB)| Jy

la(y? ™ =y )| ¢

(1 = a&5=DI|ITB)] Jy
|o(ye~t —yfo-1)|
[(1 — a&d=H|IT(S)]

|2 =m*|q(n,r(m)|dn

| —m?|a(n, 7)) |dn




FRACTIONAL DIFFERENTIAL EQUATION WITH MOVABLE BOUNDARY CONDITIONS 239

1 yg—J’f] mlyg~ 61

=M r<6>[ =z 1>||r<s>|f |1 =m)*"|dn
Ma(y§~t-y271)| ¢ P lo(vs~-v71)|
|(1-ag®- 1)||r(6>|f 1€ =m*Hdn + 1

_ M|(y8-y9)| i1y~ s

T rE+)| [(1-agd- 1)||r(5+1)|{M +M“|(€) |+ |59|}

Jr(y) is equicontinuous since the functions (y‘s, y‘s‘l) and &% are
uniformly continuous on [0,1]. So by the Arzela-Ascoli theorem, Jr(y) is

compact and so J: Bg — By is completely continuous. Thus, using Schauder's
fixed point theorem [20], the FBVP (3) has a solution.

Theorem 3.2: Under the assumptions of Theorem 3.1, the FBVP (3) has unique
solution.

Proof: J is continuous since q, G (y,n) are continuous. Regarding the condition
(Q1), let K = maxg<y<1|q(y, 0)].

Consider the ball B;={reB:llrl<s}, where f,=

2 191 and B2

e} * T
Firstly, we prove that J(Bs) c B for r € B;.

9O < il 10 =07 (la(,r@) = 4, 0] + la@r, 0)1)dn
Hazaemy o 1@ =m?(la(n.r()) = 4@, 0] + la(r, 0)1)dn

e 1€ =% (1a(r. ) — a@n,0)] + laGr, 1) +
161
|(1-ags1)]

TIF(5)I{1 +
<s.

Q@Iri+K) r ry _ )71
< e o O —mn

191

1 1 — £ o
i Ue A=+ J € = an}|+ s

Qs 2 K 2 16]
< = <
= @) [1 * |(1—afﬁ-1)|] * rma)l{l * |(1—ass—1)|} oy - Pisth<s

Forr,r' € B,y € [0,1],

y
lJr ) = Jr' )| < |y = m% g, rm)) — a(n, 7' )1dn

ol

e 1= laCnr o) - alnr' @)l

i s 16 = g r@) = a7 )
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<QIIIr—r’ II|{1+ } Bl
= -r
7|T(8)] |(1 — ags~1)] !
So, J is a contraction. By Banach fixed point theorem, FBVP (3) has
unique solution.

4. Stability of FBVP (3)

Theorem 4.1: Under the assumptions (Q,) and (Qs3) of Theorem 3.1. and
I (¥) — p(Y) I= Mmaxo<y<1 |7(¥) — (V)| the FBVP (3) is Ulam-Hyers stable,
where p € C([0,1],C) be a function satisfying the inequality (6) with boundary
condition v(1) = p(1).

Proof: Let € > 0 and r € C([0,1], C) be the unique solution of the FBVP (3),
then from Lemma 2.2 the function r(y) and constant k; is defined as

r) = [ (ym q(n,r())dn + kyy?~

-1 1 (1-n)%-1
b = ey o ;gs) q(nm(n))dﬁﬁ

§ (-
Jo m) q(n,r(n))drﬁ(1 afs o)

y(-m1%-
r(8)

Let, Ty = ey o | qr(n,r(n))dnm

€ yE-m1°t Al

) DEDI o, r(n))dn + 55 o)
-1t a-mi®t

b T qp(n,p(n))dn+

£ yGE-mI* y5-
N (i(’(’s))] 4 (n, p())dn + fa o)

and T, =

(1—6{{5_1)

T = Ty| < ey o '|qr(n,r(n))—qp(n,p(n»ldn

e 1)|fér |(sm)| g, (nr@)) = 4 (n.p)]dn

Qe L Qlal
< mlmlr(l) p(D| + (= a5 D)
PO) =TI = [p3) — 555 Jy =M a,

<|po) w5 i & =M ay(rpm)dn — T, | + W)lfy -
m ™ p@) —r(m)ldn

Qll I
SIp -1l o+ ey =mP gy (. p@)dn — T

+

lm(©) =PI <0

€ € Qlip-rll € 1
< < = = k,€; where k, = ———
[TT(8)| ~ 7IT(S)| ~ TIT@®)|  TIT@B)|-Q a 9 7r)-eQ

which completes the proof.
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5. Example

Consider the complex order FBVP:

84t -1
0370) ==y o) 05
r(0) =0,r(1) = ar($) +6;¢ € (0,1)
tan~1(r)
e ,(7,1) € [0,1] X [0, ).
For (y,7), (y,r") € [0,1] X [0, ), we have

Here T =§,7] =landq(y,7) =

1 _ _ 1
40,7 —q@, ™) = s lan~tr — tan~1r'| < 3y — 7]

= Q = =. Now our aim is to show that 8; < 1. Since |I 24+4)|> 1, then
3 5

1

-3 _ 35 _
T T T

By Theorem 3.2, FBVP (15) has unique solution.

<3<1
8
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