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1. Introduction  
Since the 17th century, pioneering works by Leibniz, Liouville, Euler, 

Riemann, Letnikov, Lagrange, Able, Lacroix, and others have contributed to the 
development of fractional calculus [1-4], which generalizes differentiation and 
integration to arbitrary order. The development of the study of fractional 
differential equations in recent research is evidence of the importance and 
application of fractional calculus in science and engineering. On the other hand, 
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given the wide range of applications of fractional calculus to natural phenomena, 
including chemical physics [5], bioengineering [6], electrical networks [7], 
neural networks [8,9], porous media [10], and viscoelasticity [11] it attracted the 
attention of many scholars, see articles [12-14]. Xie et al. [15] studied the 
existence of extremal solutions for an FBVP 

 {
   

  (    (   (             
 (      ( (    (  )      (      (1) 

with three-point nonlinear boundary conditions. Where    
  is the     (  

(      order     fractional derivative,    (       and    (      
    . 

Yadav et al. [14] studied the existence-uniqueness of the following FBVP 

 {  
    (    (   (             

  (     (     (                (2) 

 of order   and       are real constants and              , with the 
analytic functions   and   defined in the unit disk  . The order of differentiation 
was real in each of the aforementioned work, we consider the complex-order 
(        nonlinear FBVP with movable boundary conditions 

 {   
  (    (   (           

 (      ( (    (        (      (3) 

where    (          (           and    
  is the standard R-L 

fractional derivative of order                     . Our objective is 
to demonstrate the existence of a complex-valued solution to the nonlinear 
FBVP (3) of complex order. 

The remaining portion of the article is divided as follows: In section 2, we 
provide some fundamental definitions and introductions to fractional derivatives 
and integrals. The corresponding Green's function and integral equation for the 
problem (3) were then obtained. In section 3, the existence and uniqueness of 
complex-valued solution will be determined by making some assumptions and 
applying fixed-point theorems [21-23]. The Ulam-Hyers stability of the 
nonlinear FBVP(3) is discussed in section 4. And in the final section, an 
illustration is provided. 

2. Basic Definitions and Preliminaries 
Some important definitions and lemmas of fractional calculus required in 

this manuscript, are provided here. Throughout the article, we assume that 
         (            (    . 

Definition 2.1: [1] The R-L fractional integral of order     (   (      of a 
function   (       is 

   
  (    

 (  ∫  
 

 
(        (     
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Definition 2.2: [1] The R-L fractional derivative of order     (   (      
of a function   (       is 

    
  (    

 (    
  

   ∫   
 

 (  
(            

where       (     . 

Definition 2.3: [16] The Stirling asymptotic formula of the Gamma function for 
    is following 

  (   (   
 
     

    *   ( 
 )+   (     (              

and its result for   (       (       is 

   (       (   
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Definition 2.4: [17] The mapping       on a Banach space (   ) is called 
contractive if there exists a constant   (     such that 
 ∥      ∥   ∥    ∥    (4) 

Definition 2.5: [18] The complex order fractional differential equation 
    

  (    (   (             (5) 
is Ulam-Hyers stable if there exists a positive real number    such that for each 
    and for each solution  (     (         of the inequality 
 |   

  (    (   (   |             (6) 
there exists a solution  (    (         of equation (5) with 

  (    (                
 

Lemma 2.1: [19] Let    (      (     with a fractional derivative of order 
    (   (      that also belongs to  (      (    . Then 
        

  (    (                            (7) 
for some               , where       (     . 

Lemma 2.2:      (            (           (    . Then the      
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is equivalent to 
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Proof: We can apply Lemma 2.1 to reduce FBVP (8) in an equivalent integral 
equation 

 
 (       

  (                  for some        
  (    ∫   

  (       

 (   (                     (10) 

Since  (    , therefore    must be zero as (   (        then 

 (   ∫  
 

 
 (       

 (   (            

Now, by using the condition  (     (    , we have 
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Therefore, the unique solution of FBVP (8) is given by (9). 
Conversely, let  (   be given by formula (9). Since,    

  (   
     

    (  . So, by operating    
    on both sides of (9), we get 
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  (             
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  (  }     (       
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 (   
Green's function of nonlinear FBVP (8) is presented in the following 

lemma. 

Lemma 2.3: Let  (            (        . Then the     (   is 
equivalent to 

  (   ∫   
  (     (          

         (11) 
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Proof: By Lemma 2.2 the unique solution of FBVP (8) is 
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Now, we only need to prove that (9) can be written as (11). 
Case (i)    , 
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Case (ii)     
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From case(i) & case(ii), we have  (     defined in (12) . 

3. Existence and Uniqueness Results 
Suppose that          is a Banach space of continuous functions with 

the norm  
∥  (  ∥            (   . Define the operator       as follows: 

(   (    
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Lemma 2.2 states that, the solutions of the FBVP (3) and the fixed points 
of the operator   are equivalent. 

Theorem 3.1: Under the assumptions: 

(       (                   
(                  , there exists a constant     such that 

  (   (     (    (        (     (    

(        
 

   (   [  
 

|(       )|]   , 
 
Then the FBVP (3) has a solution on      . 

Proof: Let         ∥  ∥    be convex, bounded, and closed subset of the 
Banach space  . Also assume that              (   (       for     . 
(i)   is uniformly bounded 
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From equations (11) and (12), we have 
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So,   is uniformly bounded. 
 
(ii)  (    is equicontinuous. 

For      and             let       we have, 
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  (   is equicontinuous since the functions (       ) and    are 
uniformly continuous on      . So by the Arzela-Ascoli theorem,   (  ̅̅ ̅̅ ̅̅ ̅̅  is 
compact and so         is completely continuous. Thus, using Schauder's 
fixed point theorem [20], the FBVP (3) has a solution. 

Theorem 3.2: Under the assumptions of Theorem 3.1, the FBVP (3) has unique 
solution. 

Proof:   is continuous since    (     are continuous. Regarding the condition 
(   , let              (     . 

Consider the ball         ∥  ∥   , where    
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  ∥     ∥ 
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So,   is a contraction. By Banach fixed point theorem, FBVP (3) has 
unique solution. 

4. Stability of FBVP (3) 
Theorem 4.1: Under the assumptions (    and (    of Theorem 3.1. and 
∥  (    (  ∥            (    (   , the FBVP (3) is Ulam-Hyers stable, 
where    (         be a function satisfying the inequality (6) with boundary 
condition  (    (  . 

Proof: Let     and    (         be the unique solution of the FBVP (3), 
then from Lemma 2.2 the function  (   and constant    is defined as 
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which completes the proof. 
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5. Example 
Consider the complex order FBVP: 

 {   
 
    (         (  

           
 (      (     (       (    

   (15) 

Here    
      and  (           (  

    (                . 
For (     (                 , we have 

   (      (        
       

                 
     

   

    
 . Now our aim is to show that     . Since | (    )|   , then 

    
  

   (     
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   )|

    
    

By Theorem 3.2, FBVP (15) has unique solution. 
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