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Abstract
In this current article, we study a coupled system of fractional Langevin equations 

with two Caputo fractional derivatives. The fixed point techniques are applied to prove the 
existence of solutions for our problem. illustrative example is also presented.
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1.  Introduction

Fractional differential equations involving a variety fractional 
derivatives have been investigated by many scholars, and this is due to 
the importance of this field and its applications in various problems of the 
applied science. For getting further information the reader can address the 
following articles [9, 11, 14, 15, 17]. Langevin equation is widely used to 
describe the evolution of physical phenomena in fluctuating environments 
[4]. Langevin equation of fractional-order as a generalization of classical 
one gives a fractional Gaussian process parametrized by two indices, which 
is more flexible for modeling fractal processes [18, 21]. Recently, fractional-
order Langevin equations and coupled systems are extensively studied 
in literature for instance, see [1, 2, 3, 20, 25]. Several interesting results 
concerning the existence, uniqueness, by applying fixed point techniques 
are obtained, see [5, 6, 10, 19, 23] and the references therein. In [8, 12, 
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13, 22, 24], the existence and uniqueness of solutions were investigated 
for a coupled system of nonlinear fractional Langevin equations with 
different fractional operators. So, in this paper, we study the existence 
and uniqueness of solutions for the following fractional-order Langevin 
system:
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where for = 1, 2, ,i ii D Da b  denote the Caputo fractional derivatives with 
0 < , 1,i i ia b l≤ ∈  and 3: [0,1] ,ij × →   : ([0,1], )i Cy →   are given 
continuous functions. The Riemann-Liouville fractional integral operator 
of order > 0,a  for a continuous function j  on [0, [∞  is defined by
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We give the following lemmas [15, 16]:

Lemma 1: Let 1, > 0, ([ , ]).r s L a bj∈  Then ( )r sJ J tj = ( ),r sJ tj+ ( )s sD J tj = ( ),tj
[ , ].t a b∈  

Lemma 2: Let 1> > 0, ([ , ]).s r L a bj∈  Then ( )r sD J tj = ( ),s rJ tj− [ , ].t a b∈  
Also, we present the following two lemmas [15]:

Lemma 3: For > 0,a  the general solution of the fractional differential equation 
( ) = 0D u ta  is given by

2 1
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where , = 0,1, 2, .., 1, = [ ] 1.ic i n n a∈ − +  

Lemma 4: Let > 0.a  Then
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for some , = 0,1, 2, ..., 1, = [ ] 1.ic i n n a∈ − +  
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Lemma 5: [7] Let :P E E→  be a completely continuous operator (i.e.,a map that 
restricted to any bounded set in E  is compact). Let ( ) = { : = ( )P u E u P urS ∈  for 
some 0 < < 1}.r  Then either the set ( )PS  is unbounded, or P has at least one 
fixed point. 

We prove the following auxiliary lemma.

Lemma 6: Suppose that ([0,1])h C∈  and consider the problem

1 1
1 1 1( ) ( ) = ( ), [0,1], 0 < , 1 1, , (2)D D u t h t ta b l a b l+ ∈ ≤ ∈
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Proof: We have
1

1 1 11
1 1 21( 1)( ) = ( ) ( ) , (5)c tu t J h t J u t c

bba b

b
l

G
+

+
− + +

where ,( = 1, 2),ic i∈  are arbitrary constants.
Using the boundary conditions (3), we obtain

C2 =y1(u),
and
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Inserting the values of , ( = 1, 2)ic i∈  in (5), we get the solution (4).
Let us now introduce the following space:

1 1 1:= { : ([0,1], ) and ([0,1], )},X u u C D u Ca b+ −∈ ∈ 

endowed with the norm
11 1= ,Xu u D ua b+ −

+     

where
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It is clear that the product space ( , ( , ) )X YX Y u v ××    is a Banach space.

2.  Main Results
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We also suppose:

1( ) :H  The functions 1 2, : [0,1] ,j j × × × →     are continuous.

2( ) :H  There exist constants > 0, > 0w v  such that for all [0,1]t∈  and 
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Our first result is based on Banach contraction principle. It is the 
following:
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where ,i iL∇  ( = 1, 2)i  are given by (6) and (7) respectively. Then the 
fractional system (1) has a unique solution on [0,1].  
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By above estimates, we have
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On the other hand, we have
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   

It follows from (11) and (12) that

1 1 2 2

2 2
1 1 1 2 1 2

1 1 2 2(3 ) (3 )

( , ) ( , )

2 2 ( , ) .X Y

T u v T u v

u u v v
a b a b

L
G G

L ×

   ∇
      − − − −   

−

 ≤ ∇ + + + − −  

 

 

By (10), we see that T is a contractive operator. Consequently, by 
Banach’s fixed point theorem, the operator T has a unique fixed point 
which is the unique solution of fractional system (1). This completes the 
proof.
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Now, we show the existence of solutions for the system (1) by using 
Lemma 5.

For the next result, we assume that:
4( ) :H  There exist real constants , 0i ih J ≥  ( = 1, ..., 3)i  and 0 0> 0, > 0h J  

such that for any 3
1 2 3( , , ) ,u u u ∈  we have:

1 1 2 3 0 1 1 2 2 3 3| ( , , , )| | | | | | |,t u u u u u uj h h h h≤ + + +

and

2 1 2 3 0 1 1 2 2 3 3| ( , , , )| | | | | | |.t u u u u u uj J J J J≤ + + +

5( ) :H  1 2, : ([0,1], )Cy y →   are continuous functions with 
1 2(0) = (0) = 0y y  and there exist constants 1 2> 0, > 0k k  such that

1 1 2 2| ( )| ,| ( )| for all , ([0,1], ).u k x v k v u v Cy y≤ ≤ ∈    

For convenience, we set the constants:

( )

0 1
0 11 1 1 1

0 1 0
1 1 1 1

11 1
1 1

1 1 1 1 1

1 1 11 1 1
1 1 1 11 1

2
( 1) (3 )

1
(3 ) ( ) ( 1)1 1

| |
( 1) ( 1) (3 )

1 | | | |
(3 ) ( ) ( 1)

: 1

,

: 2 1

F

F k

h b
a b a b

h b h
a b a b a b

lh b
a b b a b

l b lh b h
a b b ba b

d
G G

G G G

G G G

G G G GG

 
  + + − − 

 
  − − + + + 

   
      + + + − −   

+ + +
− − ++

= + +

+ +

= + + +

+
1 1

2 3 2 3 1 2 3
2 1 1 1 1 1 1 1 1

( 1)

2( ) 1 ( )
( 1) (3 ) ( ) ( 1)

(13)

,

: ,F

a b

h h h h b h h
a b a b a b a bG G G G

 
 
 + + 

 + + +
+  + + − − + + + 

= +

0 2
0 22 2 2 2

0 2 0
2 2 2 2 2 2

21 2
1 2

2 2 2 2 2

2 2 2 2
2 2 2 2 2 2 2

2
1( 1) (3 )

1
(3 ) ( ) ( 1)

1
( 1) ( 1) (3 )

1 21
(3 ) ( ) ( ) ( 1) (

: =

,

: = 2 k

J b
a b a b

J b J
a b a b a b

lJ b
a b b a b

l b lJ b J
a b a b b b a

d
G G

G G G

G G G

G G G G G

W

W

 
+  + + − − 

 
+  − − + + + 

   
 + +   + + + − −  

+ + +
− − + + +

+

+

+

+
2

2 3 2 3 2 2 3
2 2 2 2 2 2 2 2 2

1)

2( ) 1 ( )
( 1) (3 ) ( ) ( 1)

(14)

,

: = .

b

J J h h b J J
a b a b a b a bG G G G

W

 
  + 

 + + +
+  + + − − + + + 

+

Theorem 8: Assume that the hypotheses 1 4( ), ( )H H  and 5( )H  hold. If the 
inequalities
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	 1 1 2 2< 1, < 1, (15)F FW W+ +

are valid, then the system (1) has at least one solution on [0,1].  

Proof: Firstly, we show that the operator :T X Y X Y× → ×  is completely 
continuous. By continuity of the functions ij  and iy  ( = 1, 2),i  the 
operator T is continuous.

Let X YQ ⊂ ×  be bounded. Then there exist positive constants m  
such that ( , ) X Yu v m× ≤   for all ( , ) .u v Q∈  Also there exist constants iL  
and iN  ( = 1, 2)i  such that

1

2 2

11
1 1

1
2 2

| ( , ( ), ( ), ( ))| ,
| ( , ( ), ( ), ( ), )| , ( , ) ,

s u s v s D v s L
s u s D u s v s L u v

a b

a b

j

j Q

+ −

+ −

≤

≤ ∀ ∈

and

1 1 2 2| ( )| , | ( )| for all , ([0,1], ).u N v N u v Cy y≤ ≤ ∈ 

Therefore, for any ( , ) ,u v Q∈  we have

11
11 1 1 1

1 1 1

| |
( 1) ( 1)

( , ) 2 | |:= 2 | |, (16)LT u v N Al m
a b b

d d
G G

 
  + + + 

≤ + + + + 

and

11
1 1 1 1 1

1 1 1

1 1 1 1 1

| |
( ) ( )

| ( , ) ( )| 2 | |

: = 2 | |.

LT u v t A

B A

l m
a b b

b b d

b b d
G G

 
  + 

′ ≤ + + +

+ +

Also, we have
1 1

1 1
11 1 1 1 1 1

1 10 1 1 1 1

[2 | |]( )
(2 ) (3 )| ( , )( )| | ( , ) ( )|

t B At sD T u v t T u v t
a ba b b b d

a b a bG G

− −
+ − + +−

− − − −
′≤ ≤∫

which implies that

1 1 1 1 1 1 1 1
1 1 1

[2 | |]
(3 )( , ) . (17)B AD T u va b b b d

a bG
+ − + +

− −
≤ 

Combining (16) and (17), yields to

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1

(2 | |)
(3 )( , ) ( , ) ( , ) 2 . (18)X

B AT u v T u v D T u v Aa b b b d
a b

d
G

+ − + +
− −

≤ + ≤ + +     

Similarly, we get
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1 1 1 2 1 2 2 2
2 2 2 2 2 2 2

(2 | |)
(3 )( , ) ( , ) ( , ) 2 | | ,

(19)
Y

B AT u v T u v D T u v Aa b b b d
a b

d
G

+ − + +
− −

≤ + ≤ + +     

with
22

2 22 2 2

| |
( 1) ( 1):= ,LA Nl m
a b bG G+ + +

+ +

and
22

2 2 2 2

| |
( ) ( ):= .LB l m
a b bG G+

+

Thanks to (18) and (19), we have

1 2 1 2 1 1

1 1 1 1 1 2 1 2 2 2

1
(3 )( , ) 2( ) | | | |

[(2 | |) (2 | |)].
X YT u v A A

B A B A
a b

d d

b b d b b d
G× − −

≤ + + + + +

× + + + + +

 

Consequently ( , ) < .X YT u v × ∞ 

Next, we show that T is equicontinuous sets of X. For 1 2, [0,1]t t ∈  
with 1 2< ,t t  we get

1 1 1 1 1 11 2

1

1 1 11 2

1

1
11 1

1 2 1 1
1 1 1

2 1
0 1 1 1 1

1 1 1
1 2 1 1 2

0 1 1

11

2 1 1 0

[( ) ( ) ] ( )1 2
( ) ( )

| |[( ) ( ) ] | |( )
( ) ( )

| |(1 )

| ( , )( ) ( , )( )|

| | | |

t t

t

t t

t

t s t s L t s

t s t s t s

s

T u v t T u v t

ds ds

ds ds

t t

a b a b a b

b b b

bb b

a b a b

m l l
b b

m ld

G G

G G

+ − + − + −

− − −

−

− − − −
+ +

− − − −

−

−

≤ +

+

+ − +

∫ ∫

∫ ∫

∫
1 1 11

101 1 1

(1 )1
( ) ( ) | ( )| .L sds ds u

a b

b a b
y

G G

+ −−
+

 + +  ∫

Hence, we obtain

1 1 1 1 1 1

1 1

1 2 1 1

11
2 1 2 11 1 1

1 1
2 1 1 11 1 1

| |
( 1) ( 1)

| |
( 1) ( 1)

( , )( ) ( , )( )

| |

| | | | .

L

L

T u v t T u v t

t t t t

t t N

a b a b b b

b b

m l
a b b

m l
b a b

d

G G

G G

+ +

+ + +

+ + +

−

≤ − + −

 + − + + +  

We can also show that

1 1

1 1

1 2 1 1
1 1 1 111 1 1 1 1

2 1 2 11 1 1

1 1 1 1
1 11 2 1

1 1 1

| |
( ) ( )

| | ,
( 1) ( 1)

| ( , ) ( ) ( , ) ( )|

| | | |

| || | ,

L

L

T u v t T u v t

t t t t

t t N

a b a b b b

b b

m l
a b b

m l
b a b

b d

G G

G G

+ − + − − −

− −

+

 
  + + + 

′ ′−

≤ − + −

+ − + + +
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and

1 1 1 1

1 1

1 1
1 2 1 1

1

1 2 1 10 1 1
1 1 1 111 1 1 1 1 1 1

2 1 2 11 1 1

1 11 1 1
11 2 1

1

( )
(2 )

| |1
(3 ) ( ) ( 1)1 1

| |
(

| ( , )( ) ( , )( )|

= | ( , ) ( ) ( , ) ( )|

| | | |

| || |

t t s

L

D T u v t D T u v t

T u v t T u v t

t t t t

t t

a b a b

a b

a b a b b b

b b

a b

m l
a b a b b

m l
b

b d

G

G G G

G

+ − + −

− −

+ − + − − −

− −

−
− −

− − + +

−

′ ′−

≤ − + −

+ − +

∫

1
1

1 11) ( 1)
.L N

a bG
 
  + + + 

+ + 

Hence we have 1 2 1 1( , )( ) ( , )( ) 0T u v t T u v t− →   as 2 1 0.t t− →

Similarly, we get

2 2 2 2 2 2

1 1 2

2

2 2 1 2

22
2 1 2 12 2 2

2
2 22 1

2 2

| |
( 1) ( 1)

| |
( 1) ( 1)

| ( , )( ) ( , )( )|

| | | |

| || | .

L

L

T u v t T u v t

t t t t

t t N

a b a b b b

b b

m l
a b b

m l
b a b

d

G G

G G

+ +

+ + +

 
 

+ + +  

−

≤ − + −

+ − + + +

and

2 2 2 2

2 2 2 2 2 2

1 1

1 1
2 2 2 1

1 1 1 122
2 1 2 12 2 2 2 2

1 1 2 2
2 22 2 1

2 2 2

| |1
(3 ) ( ) ( 1)

| |
( 1) ( 1)

| ( , )( ) ( , )( )|

| | | |

| || | ,

L

L

D T u v t D T u v t

t t t t

t t N

a b a b

a b a b b b

b b

m l
a b a b b

m l
b a b

b d

G G G

G G

+ − + −

+ − + − − −

− −

− − + +

 
  + + + 

−

≤ − + −
+ − + + + 

which imply that 2 2 2 1( , )( ) ( , )( ) 0T u v t T u v t− →   as 2 1 0.t t− →  Therefore, 
:T X Y X Y× → ×  is completely continuous by application of the Arzela-

Ascoli theorem.
Finally, we show that the set F  defined by

= {( , ) : ( , ) = ( , ), 0 < < 1},u v X Y x y T u vs sF ∈ ×

is bounded. Let ( , ) ,u v F∈  then ( , ) = ( , ).u v T u vs  For any [0,1],t∈  we have

1 2( ) = ( , )( ), ( ) = ( , )( ).u t T u v t y t T u v ts s

Then

2 3 011
1 11 1 1 11 1 1

2( ) 2| |
( 1) ( 1)( 1) ( 1)

| ( )| 2 .X Yu t k u vh h hlh
a b a ba b b

d
G GG G

  +
   + + + ++ + + 

≤ + + + + +   

On the other hand, we have
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11 1 1
111 1 1 1 1 1

02 3 1 2 3 0
111 11 1 1 1 1 1

| | | |
( ) ( ) ( 1) ( 1)

( )
( )( ) ( 1) ( 1)

| ( )|

,

X

Y

u t

k u

v

lh l h
a b b b a b

hh h b h h h
a ba b a b a b

b

b d

G G G G

GG G G

 
  + + + + 

   + +
      ++ + + + +   

′

 ≤ + + + +  

+ + + +

 

 

and
1 1 1

2 3 1 2 3
2 2 1 1 1 1

1 1 1
1 1

1 1 1 1 1 1 1 1

0 0
1 1

1 1 1 1 1 1

1 ( )
(3 ) ( ) ( 1)

1 | | | |1
(3 ) ( ) ( ) ( 1) ( 1)

1
(3 ) ( ) ( 1)

| ( )|

Y

X

D u t

v

k u

a b

h h b h h
a b a b a b

l lh h
a b a b b b a b

h h
a b a b a b

b

b d

G G G

G G G G G

G G G

+ −

 + +
  − − + + + 
  
  − − + + + +  
  
  − − + + +  

≤ +

+ + + + +

+ + +

 

 

,


Hence

11
1

1 11 1 1

1 1 11 1 1
1 1

1 1 1 1 1 1

2 3 2 3 1 2 3
1 1 1 1 1 1 1 1

1| |
(3 )( 1) ( 1)

| | | |
( ) ( ) ( 1) ( 1)

2( ) 1 ( )
( 1) (3 ) ( ) ( 1)

2

X

X

u

k

k u

lh
a ba b b

l b lh b h
a b b b a b

h h h h b h h
a b a b a b a b

b

GG G

G G G G

G G G G

 
   − −+ + + 

 
+ + + + + 

 + + +
  + + − − + + + 

≤ + + +
 + + +  
 + +

 

 

0 1 0 1 0
111 1 1 11 1 1 1 1 1

2 1
( 1) (3 )(3 ) ( ) ( 1)

1 ,

Yv

h b h b h
a b a ba b a b a b

d b
G GG G G

   
      + + − −− − + + +   




+ + + + +

 

which implies that

1 2 0 . (20)X X Yu F u F v F≤ + +     

Analogously, we can obtain

1 2 0 . (21)Y X Yv u vW W W≤ + +     

It follows from (20) and (21), that

1 1 2 2 0 0( ) ( ) .X Y X Yu v F u F v FW W W+ ≤ + + + + +       

Consequently,

0 0

1 1 2 2min(1 ( ), 1 ( ))( , ) .X Y
F

F F
u v W

W W×
+

− + − +
≤ 
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This shows that F  is bounded. Hence, by Lemma 5, the operator T 
has at least one fixed point. Hence, the fractional differential system (1) 
has at least one solution on [0, 1]. The proof is complete. 

3.  Application

Consider the following fractional differential system:
73

5 124
6 7

12

74 2 155 3

2
2

2
2

| ( )| | ( )|| ( )|1
19 ( 39 )( | ( )|| ( )|| ( )|)

sin ( ) sin ( ) sin ( )1
15 32 ( 1)

2
37

( ) = ln(2 5 ), [0,1],

( ) = arctan(2 3 2 ), [0,1],

(0) = sin ( ),

t

u t v t D v t

t e u t v t D v t

u t D u t v t
t

D D u t t t

D D v t t t t

u u t

p

p

+ + 
 
  + + + +

+ + 
 
  +

+ + + ∈

+ + + + ∈

1 2
23 3

(22)

(1) = 2,

(0) = cos ( ), (1) = .

u

v v t v












Then, for [0,1]t∈  and ,i iu v ∈  ( = 1, ..., 3),i  we have

1 1 2 3 1 1 2 3 1 1 2 2 3 32

2 1 2 3 1 1 2 3 1 1 2 2 3 32

1 1 1 1 1 1 2 1 2 1 1 1

1
( 39 )

1
32 ( 1)
2 1

37 23

| ( , , , ) ( , , , )| (| | | | | |),

| ( , , , ) ( , , , )| (| | | | |),

( ) ( ) | |, ( ) ( ) | |.

t

t

t u u u t v v v u v u v u v

t u u u t v v v u v u v u v

u v u v u v u v

p

p

j j

j j

y y y y

+

+

− ≤ − + − + −

− ≤ − + − + −

− ≤ − − ≤ −

So, we can take

	 1 2
1 1 2 1

39 37 2332
= , = , = , = .

p p
w v q q

Then,

1 2 2= 0.11579, = 0.20632, = 0.1309, = 0.19989,L L∇ ∇

we have also

2 2
1 11 1 2 2

1 1
(3 ) 2 (3 ) 22 0.49409 < , 2 0.48696 < .

a b a b
L

G G
L∇

− − − −
∇ + + 

Hence, by Theorem 7, the system (22) has a unique solution on [0, 1]. 
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