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Abstract

In this current article, we study a coupled system of fractional Langevin equations
with two Caputo fractional derivatives. The fixed point techniques are applied to prove the
existence of solutions for our problem. illustrative example is also presented.

Subject Classification: (2000) 34A08, 34B15.

Keywords: Fractional Langevin equation, Fixed point, Coupled system, Existence, Uniqueness.

1. Introduction

Fractional differential equations involving a variety fractional
derivatives have been investigated by many scholars, and this is due to
the importance of this field and its applications in various problems of the
applied science. For getting further information the reader can address the
following articles [9, 11, 14, 15, 17]. Langevin equation is widely used to
describe the evolution of physical phenomena in fluctuating environments
[4]. Langevin equation of fractional-order as a generalization of classical
one gives a fractional Gaussian process parametrized by two indices, which
is more flexible for modeling fractal processes [18, 21]. Recently, fractional-
order Langevin equations and coupled systems are extensively studied
in literature for instance, see [1, 2, 3, 20, 25]. Several interesting results
concerning the existence, uniqueness, by applying fixed point techniques
are obtained, see [5, 6, 10, 19, 23] and the references therein. In [8, 12,
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13, 22, 24], the existence and uniqueness of solutions were investigated
for a coupled system of nonlinear fractional Langevin equations with
different fractional operators. So, in this paper, we study the existence
and uniqueness of solutions for the following fractional-order Langevin
system:

DY(D™ + A)u(t) = @, (t, u(t),o(t), DP'o(t)), t €[0,1],
M(O) =y, (M), 1/[(1) = 51/ 61 eR,

D2(D™ + 2,)0(t) = @, (t, u(t), D"P"u(t), v(t)),t €[0,1],
v(0)=y,(v),0(1)=6,,6, €R,

1)

where for i=1,2, D% ,Dﬂf denote the Caputo fractional derivatives with
O<a,B,<1,4 €R and ¢, :[0,1]xR* 5 R, v, :C([0,1],R) >R are given
continuous functions. The Riemann-Liouville fractional integral operator
of order o >0, for a continuous function ¢ on [0,o[ is defined by

1P = s [ (=7 0T, 0> 0,

where T'(a):= [Je”*x*'dx. The fractional derivative of ¢ € C"([0,[) in the
Caputo’s sense is defined as:

o _ 1 t _ A\l (n) _ *
D (p(t)_mj.o(t 7)o" (t)dr,n-1<a<n,neN".
We give the following lemmas [15, 16]:

Lemma 1: Let r,5>0,¢ € L ([a,b]). Then J'J°o(t) = ] ¢(t), D’*(t) = ¢(t),
tela,b].

Lemma 2: Let s>r>0,¢p eL,([a,bl). Then D'J'o(t) = " ¢(t), t €[a,b].
Also, we present the following two lemmas [15]:

Lemma 3: For o >0, the general solution of the fractional differential equation
D*u(t)=0 is given by

— 2 n-1
u(t)y=c,+ct+c,t” +..+c t",

where ¢, eR,i=0,1,2,.,n-1,n=[a]+1.

Lemma 4: Let o >0. Then

J*Du(t)=u(t)+c, +ct+c,t> +..+c, ",

forsome c,eR,i=0,1,2,..,n-1,n=[o]+1.
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Lemma 5: [7] Let P:E — E be a completely continuous operator (i.e.,a map that
restricted to any bounded set in E is compact). Let Z(P)={u e E:u= pP(u) for
some 0< p<1}. Then either the set Z(P) is unbounded, or P has at least one
fixed point.
We prove the following auxiliary lemma.

Lemma 6: Suppose that h e C([0,1]) and consider the problem

D1 (D™ + A)u(t) = h(t),t €[0,1,0 < &r,, 1< 1,4, € R, ©)
with the conditions

u0)=y, (u),u(l)=46,,6, eR. (3)

Then, we have

u(t)= [, 9y yds— A, [ 0 ws)ds + ()

T'(o +ﬁ) 1)o T(B)
[ +/1J- 1"(ﬁ) u(s) 5 I% 1(5)d5—ll/1(u)}. (4)

Proof: We have
u(®) =] M ()= lfﬂlu(t)Jfr(Cg ]1 Car (5)

where ¢, eR,(i=1,2), are arbitrary constants.
Using the boundary conditions (3), we obtain

CZ = l/’l(u)/
and

c _r(ﬁ1+1)[9 w2, [ “‘5)1 u(s)ds — f“ = (s)ds— ¢(u)}

T'(oq+Pr)

Inserting the values of ¢, e R,(i=1,2) in (5), we get the solution (4).
Let us now introduce the following space:

X :={u:ueC(0,1],R)and D% Py e C([0,1], R)},
endowed with the norm

By
e lhg= Nl | +11 D,

where



| u]l = sup |u(t) |and || D***"u || = sup D" ~u(t) .

te[0,1] te[0,1]
Similarly, we can define the space
Y :={v:veC([0,1],R) and D" v e C([0,1], R),
with the norm

-1
loll,=lloll+I D= ||,

where

lloll=sup [o()), 1D 0| = sup |D“"*o(t)|.

te[0,1] te0,1]
For (u,v)e XxY, let

@, 0) Ml = el +l 21
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It is clear that the product space (XxY,||(u,v)]l,,) is a Banach space.

2. Main Results

In this section, we present the main results of the article. For the sake

of convenience, let us take:

Vioto= F(txlfﬁﬁl) * r(|£11+‘1)

A =% 1,

Vot = g A

A, =Wiﬁl)+ﬂl X +ﬁ,
and

A _F(azfﬁzﬂ) r(llizil)

mn =% 15, |

A, =ﬁ l_l(lgzl +0,+ B,V

Mt =yt Bl I‘WLM

(6)

@)
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We also suppose:

(H,): The functions ¢, @, :[0,1]]xRxRxR — R, are continuous.

(H,): There exist constants @ >0,® >0 such that for all t €[0,1] and
(x,,%,,%,),(y,,Y,,y;) €R’, we have:

|(p1(t/x1/xz)_¢1(tr]/1/]/2)| < w(lxl_y1|+|x2_y2|+|x3_y3|);

|(P2(t/x1/x2)_(pz(t/y1/}/2)| < m(|x1_y1|+|x2_y2|+|x3_y3|);

(H,): v,,v,:C([0,1],R) > R are given continuous functions with
v,(0)=y,(0)=0 and there exist constants 6, > 0,68, >0 such that

[y, () =y, (@) <0, lu-v|,|y,(w)-y,©)] <0, [lu-0]|.

In view of Lemma 6, we define an operator T:XxY — XxY by:
T(u,0)(t) = (T, (u,0)(8), T, (1, 0)(t)),

where, for each t €[0,1],

T, (u,0)(t)= I (F(a vy gol(s u(s), v(s), D! U(s))ds+y/1(u)

t 17
-2, j0<r(ﬁ u(s)ds + " {5 T j A= S> " u(s)ds
l(l S)aﬁﬁl o+, -1 _
05,09, D" sy, ®)

and

T, (u,0)(t) = j s e +ﬁ) L 0,(5,u(s), D" u(s), o(s))ds + v, (0)

—_g)P2— 1(1—g)P2"1
—/'LZIO( ik U(s)ds+t [2+/12.[0 (lrfzz) v(s)ds

J”#:;Zi,’f 9,(5, (), D%"u(s), 0())ds ~ ww} ©)

Our first result is based on Banach contraction principle. It is the
following:

Theorem 7 : Assume that (H,),(H,) and (H,) hold. In addition it is assumed
that

2V, a2 < oand 20 o<, (10)

1t rG-oq-p) F(3-ay-f,)
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where V ,A, (i=1,2) are given by (6) and (7) respectively. Then the
fractional system (1) has a unique solution on [0,1].

Proof:Define M, = SUp, o lp,(t,0,0,0)| <0 and M, = SUP, o1 lp,(t,0,0,0)]
< oo such that
A, Iy

AMA——-—— M+
T'(3-oq— T'(3—o0p—
max (3-0q-P1) ) (3-a2—p,)

l_[zvl_,_Lj l—[2A1+#]
2 r'3-oq-py)) 2 L(3-ay—P)

We first show that TB, = B,, where B, ={(u,v) e XxY :||(u,0)|l, <1}
Using (H,),i=1,...,3, we can write

|, (t, u(t), v(t), D* P ~o(t)) |

< 1o, (t,u(h), v(t), D" o(t) - 9,(t,0,0,0) [ +9,(£,0,0,0) |
< a(u®)]+ o) |+ 1D o (b)) + M,
<

o(lull, +vl,)+M, <ol (u,0)l,, +M, <or+M,.

Xy
Similarly, we have

|9, u(t), D" u(t)), o (t)|

|9, (¢, u(t), D u(t)), v(t) ~ 9, (£,0,0,0) | + |9, (¢,0,0,0) |
o(|u®) |+ D" u(t) | +]o(t) )+ M,

(lull +lvll,)+M, <@ || (u,0)|

XxY

IN A

IA

+M, <or+M,,

and

v, () <6, 11l <6, 11l <6,7,y,(0)| <6, [0 <6, |01, <6,r.

By above estimates, we have
T, (u,0)(#)|

t (t—S)mﬁ'ﬁ‘_1 o, +p,-1
0 T(n+hy) |(P1(5/ u(s),v(s),D v(s)) | ds+ |l//1(u)|

14, O“Fj}; |u<s)|ds+tl[|6|+|x|j(“ |u(s)| ds

1(1_c\+B -1 o, +B, -
+'[0(1F(S;Wlfpl(s,u(s),v(s),D YA o(s) [ ds+ |y, () q

® Lol M,
2[ T(oq+py+1) T(By+1) 91)” o +By+1) 16,
2V1r+A].
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On the other hand, we have

IT,(,0) 1)
o, + By -
L%§@74@@maw@Dlﬁv®n%
(t=s)P B-1
U e s Bt 13,1412, 1) O e s
1 (1_a\4+B; P
o (5,06, D" (s sl o) |
&) |4
l:[r(al*'ﬁl) * F(ﬁl)]+ v }H_r( 1+51) +ﬁ [|51|+ 1+/31+1J

= V,r+A,.
which implies that

E(t=s)lmh .
o T2y | 1 0) (B) ] ds
Vs A,

<
T T(3-oq-B) T+ T(3-0q-B)"

IDPT (u,0)(t) |

IA

Thus

I T, (u,0) I, < IIT,(x,y) |+ DT, (x, y)

A
FAA A+ 2 <

)
: (2V1+ r(3—0‘1—ﬁ1)] 1 TG-0q-py) ~ 2°

In a similar manner, it can be shown that

I r
nnmwmﬁmﬁ 2o

]7+H1+1"(3T1—ﬁl)—5'

AZ
I(3-01-p1)
Consequently

I T(u,0)ll <7,

which implies that TB, < B,. Now for u,,v, € B,,i=1,2 and forall t €[0,1],
we have

I,y 0,)(6) = T, (1, 0,)(8)|
J e 1,(5,1,(9),2,(5), D o, (9)
S () 0 D" ) s v(e) )

o J-f(t s) |u (s)—u (S)|ds+tﬁ1 |:)“J. (t-s5)P |u (s)—u (s)|dS
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1 (p—g)athi-1 o +B —
_.[0% ¢1(S,u1(5),01(5),D 1Ay 101(5))
_(p](S/uz(s)lUz(s)/Daﬁ‘Bﬁlvz(s))Ids+|W2(01)_W2(vz)|]/

By (H,),i=1,...,3, we obtain
|| ’T](ullvl)_Tl(uzrvz) ||

0 14 B )
Z[F(O‘1+ﬂ1+l)+ F(ﬁ1+l)+92}(”ul i Il +11o, =2, 1},)

2V (lu, —u, |l +llo, =0, II,)-

Also we have
|Tl(u1/v])'(t)_Tll(uzlvz)'(t)| < vz(” ul _uz ||X + || vl _vz ||y)

Thus
|D*PT, (uy, 0,)(8) — D™ P T, (uy, 0, () |
Mv(u 0,)()~T, (1, 0,) ()
0 T(2-aq—-B;) I 27
ma oy (1t~ Il +11o, —0, 1)
Hence

|| Tl(ul,vl)—Tl(uz,'Uz)HX

< (2 v, (11)
- V1+m (Hul_uz ”X+”vl_vz||y)'
Similarly, we can have
” Tz(ul,vl)—T (1/[2,'0 ) ||
(12)

< [2A1 ](uu “ull +llo,—o, ).

(3

It follows from (11) and (12) that
” T(ul,vl)—T(uz,v ) ||

. [[zvl . RS +2ﬂﬂn<u =0l -

By (10), we see that T is a contractive operator. Consequently, by
Banach’s fixed point theorem, the operator T has a unique fixed point
which is the unique solution of fractional system (1). This completes the
proof.
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Now, we show the existence of solutions for the system (1) by using
Lemma 5.

For the next result, we assume that:

(H,): Thereexistreal constants 1,9, 20 (i=1,...,3) and n, >0,8, >0
such that for any (u,,u,,u,) e R?, we have:

|(p1(tlulluzlu3)| Sno +T’1 |u1 |+772 |1/l2 |+773 |u3 |I
and

lo,(t,u,, u,,u,)| <O +0, |u, | +9, [u, | +0, [u, |.

(Hy): w,vy,:C(0,1,R) >R are continuous functions with
v,(0)=v,(0)=0 and there exist constants k, >0,k, >0 such that

v, ()| <k, [ x 1L 1w, @) <k, |2 for all 1,0 e C([0,1],R).

For convenience, we set the constants:

. 21 B
R ‘r(al+ﬁ1+l>+[1+r<3—a1—ﬁ1>]51

+ 1 [ M 4 B J
T(3-oq—B) \ D(eg+B1)  T(oq+B+1))’

E : =2[ o 1Al ]+(1+7ﬁ1 Jkl 13)
C(og+pi+1)  T(Br+1) r(3-oq-py)

+ 1 Uit : | , Bil Ml 4 Bim
T(3-ay-B1) (Mg +B;) T(By) T(By+1) T(ag+Bi+1) )

£ . = 2Amin) 1 [ T+ +[31(772”73)}
2 T(oq+B+1)  T(B-oq—P1) \T(oq+B;) T(og+py+1) )"

. 29, ) By
Q= F(az+ﬂz+1)+(1'F(3*052*ﬁ2)J52
4 1 ( Y, B ]
T(3-0—B2) | T(ap+B,) T(ag+By+1) )
Q :=2f o (B | (14)
1 T(ap+P,+1) T(By+1) F(3-0p-p,)) 2

T N L Y
T(3~0-fo) | T(ap+B) T(By) T(By+1) T(op+Pp+1) )

Q - = 2(9,+93) 1 ( M+ Iﬁ2(192+15‘3)]
27 T(op+htl)  TB-ap-Po) | T(en+By) T(ap+By+1))

Theorem 8: Assume that the hypotheses (H,), (H,) and (H,) hold. If the
inequalities
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F+Q <1,F+Q, <1, (15)

are valid, then the system (1) has at least one solution on [0,1].

Proof: Firstly, we show that the operator T:XxY — XxY is completely
continuous. By continuity of the functions ¢, and vy, (i=1,2), the
operator T is continuous.

Let ®©c XxY be bounded. Then there exist positive constants u
such that ||(u,0)]l|, <y for all (u,v)e®. Also there exist constants L,

and N, (i=1,2) such that

19,(s,u(s),0(s), DT o(s)) | <

L,
lp,(s,u(s), D" u(s), v(s),)| < L

., V(u,0) €O,

and

ly,(u)|<N,, |y,(v)|<N,for all u,veC([0,1],R).

Therefore, for any (u,v) € ©, we have

L Ml -
IT 0 <2 e AU, |16, |=24,416, (16)

and

’ Ll M-ll#
T,y O] < 2 b g a4 15,
1 =2B +BA +B16,].
Also, we have

o+ -1 t(t-s) -0 -p [2B;+B,A1+B,18,]
\D L0 ) Foas . T (u,0) (t)|<w

which implies that

1D 47, (u,0) | < BAAZAIL 17)

Combining (16) and (17), yields to

o4+B -1 (2B1+B141+511811)
1T, 0) I < 1T e, 0) 1+ 11D 7T, (1, 0) || < 24, 416, |+ PR RA A0, (18)

Similarly, we get
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o +B -1 (2B +B1A2+P51651)
1T, (u,0) ll, < | T,(u,0)I1+1| D T,(u,0) || <2A,+]6, |+W’
(19)

with

— Ly [l u
27 T(ap+By+1) + T(B,+1) +N,,

and

L [Aplu
B, := 2 .
27 T(ep+h) * T'(B)

Thanks to (18) and (19), we have
1T(u,0)ll,, < 20A+A)+6, 1+ +]6,|+——— G )
x[(2B, + B, A, +B,16,1)+(2B, + B A, +B,16, )]

Consequently || T(u,v)l,, < .
Next, we show that T is equicontinuous sets of X. For ¢t ,t, €[0,1]
with t <t,, we get

T, (u,0)(t,) =T, (u,0)(t,)|

i [(t=s) A (=) AT b [ (tp-s)% A
< jo T'(oq+pr) ds|+ J.t1 st
bl 2] (1 =5)P '~ =s)P ] b Al (l=s)h !
IO (B ds|+ .[rl r(B) ds
B B #Mql(l s)ﬂ] 1L] 1-s) a] Bi-1
Nt t@5|f o o [P |

Hence, we obtain
|T,(u,0)(t,) =T, (u, 0)(t,)|

L oy +B; _taﬁﬁl Ul |tﬁ1 tﬁ1|
T T(og+p+1)] 2 1 T(B;+1)

ﬁ1 /31 M | /11 | L1
It 116,14 At

+

We can also show that

|’T1(M/ U)’(tz) - T1 (u/ U),(tl) |
Ty R Ty N S
t 171 _t 171 t 1 _t 1
o ) |2 S |

B-1 4 Bi-1 M4 Ly
+B1 |t2 tl |(|61|+F(ﬁ +1)+ F(Xl+ﬁ1+1) Nlr]/
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and

|D* AT (u,0)(t,) ~ D™ P T (u, 0)(t,) |
t(t-s) ™" B

- OmlT(u v)'(t,)— T, (u,v)(t)|

1 L o ehy L e ehl A e —t
1“(3—061—[31)[1"(061%1)' | (B +1)| |

Bl ) b

L(p+1) T(aq+p+1)

Hence we have || T, (u,v)(t,)—T,(u,v)(t,)|| >0 as t,—t, — 0.
Similarly, we get

|T2(M, U)(t2) _T1(ul U)(t2) |

LZ | a,+P, _taz*'Bz |+ #M’Zl I B, _tﬁz |
T T(optpy+l) 2 ! T(By+1)

B _ 4B U4, L,
|t =t |{|52|+ (s 1)+r(a2+/32+1)+N2'

and

|D%27T (u, 0)(t,) — D7, (u, 0)(t,) |

1 [ L, |ta2+ﬂ2—1_ta2+ﬂ2—| y|;1Q| |B2 2 g
T T(@-ay-B,) | T(op+p,) 1 Bo+1)

A | [ R +N2ﬂ,

T(By+1)  T(op+hr+1)

which imply that || T,(u,v)(t,)-T,(u,0)(t,)I|=>0 as t,—t —0. Therefore,
T:XxY — XxY is completely continuous by application of the Arzela-
Ascoli theorem.

Finally, we show that the set ® defined by
D ={(u,v)eXxY:(x,y)=0T(u,v),0<0 <1},
isbounded. Let (#,v) € ®, then (u,v)=0T(u,v). For any t<[0,1], we have
u(t)=oT,(u,0)(t), y(t)=oT,(u,v)¢).
Then

219
I+ Y T(oq+B+1) +6

lu(t)| <

| 2(np+13)
[F(O{ﬁ—ﬂ +1)+k1 T'(B+1 JH ” T'(oy+p;+1) o

On the other hand, we have
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|u'(®)]
™ |44 [l m
[F(“ﬁﬁl) T " A [r(ﬁ1+1)+ F(oc1+ﬁ1+1)+klﬂ el
2+ (M +m3 o o
[F(a1+ﬁ1)+l" (o +B +1)] 1ol + T(on+pr) +h [F(al+ﬂ1+l)+5l]’

and

D" ut) |

1 h+13 Bi(m+1n3)
= T (B-ay-f,) (F(al+ﬁ1)+ l‘(ocﬁﬂﬁl)j Ilo ”Y

F@-a-py)

1 o o
+ T (3—0q—p;) |:l"((x]+ﬁl)+ﬂl[l—‘(lxl+ﬁl+l)+51}}/

Hence
1R72]
Uit [l 1
_2[1"(051+ﬁ1+1)+ 1+F(ﬁ1+1)] T (3—0y—B;)
(om0l Bl Bm kﬂ y
_[F(aﬁﬂl) T(B) T(By+l)  T(og+pi+1) Bl |l

[ 2(1,+13) 1 [ ThtTs ﬁl(’]z*ﬁs)] ol
T(og+p+1)  TG-oq-P)\(T(oq+B))  T(oy+Bi+1) f

IA

1 m % Al ™h +kﬂ u
[r(a1+31 T(B) ﬁl[ C(Bi+1) F(O‘l*ﬁﬁl) ! H HX

2ng Bi 1 o Bing
i " [1 " ] 51 " T(3-aq-p1) [F(al +ﬁl)+ﬁl T(oq+py+1)

T'(oq+B+1) T(3-oq-B)

which implies that
lully<F llully +E lloll, +£K.

Analogously, we can obtain
loll, <€ llully +, l|vll, +€,.

It follows from (20) and (21), that

llully +lloll, < (F+Q) Tully +(F,+Q ) vl +F +€,.

Consequently,
Fy+Q
< 0 0
1t 0) o < min(1-(F+Qy), 1-(F+Q,))

13

J

(20)

(21)
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This shows that @ is bounded. Hence, by Lemma 5, the operator T
has at least one fixed point. Hence, the fractional differential system (1)
has at least one solution on [0, 1]. The proof is complete.

3. Application

Consider the following fractional differential system:

D [D%Jrl] u(t) = MORROHDRO 10 562 1 e[0,1],
19 (#2+397)(e! Hu(t)+o(t)+ Dizo(t)] )

D [D3+ j o(t) = S f>+352“}’(1;;‘“1))+51“”<” tarctan(2+ 3t +2£2),t €[0,1],
+

u(0)=Zsinu(t), u(l)=+2,
v(0) = —cosv(t) v(l)—f

(22)

Then, for t€[0,1] and u,v,eR (i=1,..,,3), we have

L (u, -, |+ |u, 0, | +|u, —0, ])
(t2+397[) 1/[1 vl uZ vZ 3 03 4

lo,(t,u,,u,,u)—@,(tv,0,,0,) <
1
|(p2(tlu1/uzru3)_(pl(tlvlrvzrvg)|S m( |u1 _Ul |+ |1/l2 _vz+|u3 _03 | )/
V() ~,(0) < 2 1t~ |, v () ~y,(0) € L, o, .

So, we can take

o= H= 1 2 1
T 39’ 32f 377727 23"

Then,
Vv, =0.11579,V, =0.20632, A = 0.1309, A, = 0.19989,

we have also

~ l Aif\/ —
yAY +W 0.49409<2, 2A +F(3— P 048696<

Hence, by Theorem 7, the system (22) has a unique solution on [0, 1].
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