
©

Some integral inequalities for Hadamard fractional moments of 
continuous random variables

Mohamed Houas
Department of Mathematics
Faculty of Science and Technology
UDBKM University
Khemis Miliana
Algeria

Abstract
Using Hadamard fractional integral operator, some new integral inequalities for the 
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1.  Introduction

Integral inequalities play a very important role in the theory of 
differential equations and applied sciences, several authors have carried 
out important studies on the theory of integral inequalities, see [2, 3, 16, 
19]. Moreover, the study of the integral inequalities applying fractional 
integral operators is also of great importance, we refer the reader to [5, 
12, 18] for further information and applications. Also, fractional integral 
inequalities have been used in probability theory and statistical problems 
for a long time and continue to attract the attention of authors. For more 
details, we refer to [4, 6, 7, 8, 9, 11, 14] and the references therein. Recently, 
many studies on fractional continuous random variable, involving 
fractional integral operators such as Riemann-Liouville operators [6, 7, 9, 
10], generalized Riemann-Liouville fractional integrals [1], k–Riemann-
Liouville fractional integral operators [16], ( , )k s − fractional integral 
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operators [14, 15, 20] and Hadamard fractional integral operators [17], 
have appeared during the past several years. Motivated by the results 
presented in [9, 10], in this present work, we introduce new Hadamard 
fractional concepts on ( , )r α − moments for continuous random variables. 
Then, we obtain new results for the Hadamard fractional function. We 
also present new fractional integral results for the Hadamard fractional 
moments.

2.  Preliminaries

In this section, we present some definitions that will be used 
throughout this paper:

Definition 1 : [5, 19] The Hadamard fractional integral operator of order 
> 0,α  for a continuous function f on [1, [∞  is defined as

1

1 1

( )1[ ( )] = ln , (1)
( )

t ftH f t d
α

α τ
τ

α τ τ

−
 
 Γ  ∫

where 1
0( ) = .ue u duαα ∞ − −Γ ∫  

For, > 0, > 0,α β  the following properties are valid:

[ ( )] = [ ( )] and [ ( )] = [ ( )] (2)a a a a a a aH H f t H f t H H f t H H f tα β α β α β β α+

Now, we introduce the following definitions:

Definition 2 : The Hadamard fractional moment function of order 
( , ); ( > 0, > 0),r rα α  for a continuous random variable X with a positive 

. . .p d f  f defined on [ , ]a b  is defined as
1

1
,

1( ) = [ ( )] = ln ( ) ; < , 1. (3)
( )

tr r
H r a a

tM t H t f t f d a t b a
α

α
α τ τ τ

α τ

−

− 
≤ ≥ Γ  ∫

For = ,t b  we introduce the Hadamard fractional moment of X. 

Definition 3 : The Hadamard fractional moment of order ( , ); ( > 0, > 0),r rα α  
for a continuous random variable X, is defined as

1
1

,
1= ln ( ) ; 1. (4)
( )

b r
H r a

bM f d a
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α τ τ τ
α τ

−
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3.  Main Results

In this section, we present some new fractional integral inequalities 
for the Hadamrad fractional moments of a continuous random variables 
having the probability density function . . . .p d f f

Theorem 4 : Let X be a continuous random variable having a probability density 
function f defined on [ , ].a b  Then we have.

(1)	 For all > 0,α  <a t b≤
1

1,

2 1

[ ( )] [ ( ( )) ( )] ( [( ( )) ( )]) ( )

ln
[ ] [ ] [ ] , (5)

( 1)

r
a a a H r

r r
a a a

H f t H t t E X f t H t E X f t M t

t
a

f H t H t H t

α α α
α

α

α α α

α

−
−

−
∞

− − −

  
    ≤ − Γ + 

 

	 where [ , ].f L a b∞∈

(2)	 For all > 0,α  < ,a t b≤
1

1,

1 1 2

[ ( )] [ ( ( )) ( )] ( [( ( )) ( )]) ( )
1 ( )( )( [ ( )]) , (6)
2

r
a a a H r

r r
a

H f t H t t E X f t H t E X f t M t

t a t a H f t

α α α
α

α

−
−

− −

− − −

≤ − −

	 where ( ) = ( )b
aE X f dτ τ τ∫  is the classical expectation of X. 

Proof : Taking a function : [ , ]p a b +→   and let us consider the quantity
( , ) = ( ( ) ( ))( ( ) ( )), , ( , ), < . (7)g g h h a t a t bϕ τ ρ τ ρ τ ρ τ ρ− − ∈ ≤

Multiplying (7) by 

1
ln

( ) ( ); ( , ),
t

p a t

α

τ
α

τ τ

−
 
  
Γ

∈  then integrating the 

resulting identity with respect to τ  over ( , ),a t  we get
1

1 ln ( ) ( , )
( )

= [ ( )] ( ) [ ( )] ( ) [ ( )] ( ) ( ) [ ( )]. (8)

t

a

a a a a

t dp

H pgh t g H ph t h H pg t g h H p t
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α α α α

τ
τ ϕ τ ρ

α τ τ
ρ ρ ρ ρ

−
 
 Γ  

− − +

∫

Now, multiplying (8) by 

1
ln

( ) ( ); ( , ),
t

p a t

α

ρ
α

ρ ρ

−
 
  

Γ
∈  and integrating the 

resulting identity with respect to ρ  from a to t, we have
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1 1

2

1 ln ln ( ) ( ) ( , )
( )
= 2 [ ( )] [ ( )] 2 [ ( )] [ ( )]. (9)

t t
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∫ ∫

In (9) taking ( ) = ( ), ( ) = ( )p t f t g t t E X−  and 1( ) = , ( , ),rh t t t a b− ∈  we have

( )

1 1
1 1

2

1 1

1
1,

1 ln ln ( )( ) ( ) ( )
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= 2 [ ( )] [ ( ( )) ] 2 [( ( )) ( )] [ ( )]
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∫ ∫

we also have
1 1
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∫ ∫

∫ ∫ 

 

Thanks to (10) and (11), we obtain (5).
For (2), we have
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≤ − − − −

∫ ∫

By (11) and (12), we get the desired inequality. 	 

Our next result in the following theorem, in which we use two real 
positive parameters:

Theorem 5 : Let X be a continuous random variable having a . . .p d f  
: [ , ] .f a b +→   Then we have.
(i)	 For any < , > 0, > 0a t b α β≤
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1, 1,
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(ii)	 The inequality
1 1

1, 1,
1 1

[ ( )] [ ( ) ( ( ))] [ ( )] [ ( ) ( ( ))]

(14)
[ ( )( ( ))] ( ) [ ( )( ( ))] ( )

( )( ) [ ( )] [ ( )],

r r
a a a a

a H r a H r
r r

a a

H f t H f t t t E X H f t H f t t t E X

H f t t E X M t H f t t E X M t
t a t a H f t H f t

α β β α

α β
β α

α β

− −

− −

− −

− + −

− − − −

≤ − −

	 is valid for any > 0, > 0, < .a t bα β ≤  

Proof : Multiplying (8) by 

1
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In (15), we take ( ) = ( ),p t f t  ( ) = ( ),g t t E X−  1( ) = , ( , ).rh t t t a b− ∈  So, we 
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By (16) and (17), we obtain (13).
To prove (ii), we remark that
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∫ ∫

Therefore, by (16) and (18), we get (14). 	 

Remark 6 : Applying Theorem 5 for = ,α β  we obtain Theorem 4.
We also give the following result for Hadamard fractional integrals: 

Theorem 7 : Let f be the . . .p d f  of the random variable X on [ ; ].a b  Then for 
> 0,α  we have

2 2 2
2 , ,

1[ ( )] ( ) ( ) ( [ ( )]) ( ) , < . (19)
4

r r
a H r H r aH f t M t M t H f t b a a t bα α
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Proof : Using Theorem 3.2 of [5], we can write

2 2 2 21[ ( )] [ ( )] ( [ ( )]) ( [ ( )]) ( ) . (20)
4a a a aH p t H pg t H pg t H p t M mα α α α− ≤ −

Now, replacing ( ) = ( )p t f t  and ( ) = , ( , ),rg t t t a b∈  we obtain = ,rm a  
= .rM b  Hence, the inequality (20) allows us to obtain

2 2 2
2 , ,

1[ ( )] ( ) ( ) ( [ ( )]) ( ) . (21)
4
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a H r H r aH f t M t M t H f t b aα α
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So, the theorem is proved. 	 
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Using two fractional parameters, we propose the following 
generalization of the above results.

Theorem 8 : Let X be a continuous random variable having a . . .p d f  :f  
[ , ] :a b +→   Then for all < , > 0, > 0,a t b α β≤  we have

2 , 2 ,

, ,
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Proof : By Theorem 3.5 of [5], we can write
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If we take ( ) = ( ), ( ) = , [ , ]rp t f t g t t t a b∈  and substituting the values of 
m and M in (23), we obtain
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

Theorem 9 : Let X be a continuous random variable having a . . . : [ , ]p d f f a b +→   
and .m f M≤ ≤  Then,for < , > 0,a t b α≤  we have
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Proof : To prove the above theorem, we use Theorem 7 of [13]. We find that
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Using two fractional parameters, we consider the following 
generalization of the above results:

Theorem 10 : Let f be the . . .p d f  of X on [ , ]a b  and .m f M≤ ≤  Then for all 
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        × + − Γ + Γ + 
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Proof : Thanks to Theorem 8 of [13], we can state that
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                  ≤ − −    Γ +   Γ + 

 
  

+ −
Γ +

1
2

2 2

ln
[ ( )]

1) ( 1)

ln ln
[ ] [ ] 2 [ ] [ ] .

( 1) ( 1)

a

r r r r
a a a a

t
a

M H f t

t t
a a

H t H t H t H t

β

β

α β

β α α β

β

α β
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Remark 11 : If we take =α β  in Theorem 10, we obtain Theorem 9. 

References 

[1]	 A. Akkurt, Z. Kaçar and H. Yildirim, Generalized fractional integral 
inequalities for continuous random variables, Journal of Probability 
and Statistics. Vol 2015. Article ID 958980, (2015), 1-7.

[2]	 N. S. Barnett, P. Cerone, S.S. Dragomir and J. Roumeliotis, Some 
inequalities for the expectation and variance of a random variable 
whose PDF is n-time differentiable, J. Inequal. Pure Appl. Math. 1 
(2000), 1-29.

[3]	 N. S. Barnett, P. Cerone, S.S. Dragomir and J. Roumeliotis, Some 
inequalities for the dispersion of a random variable whose PDF is 
defined on a finite interval, J. Inequal. Pure Appl. Math. 2 (2001), 1-18.



1812� M. HOUAS

[4]	 M. D. Bounoua, Z. Dahmani and Z. Bekkouche, Further results and 
applications on continuous random variables, Malaya J. Math. 7 (3) 
(2019), 429-435.

[5]	 V. L. Chinchane and D. B. Pachpatte, On some new Grüss-type 
inequality using Hadamard fractional integral operator, Journal 
Fractional Calculusand Applications. 5(12) (2014),1-10.

[6]	 Z. Dahmani, Fractional integral inequalities for continuous random 
variables, Malaya J. Math. 2(2) (2014), 172-179.

[7]	 Z. Dahmani, New applications of fractional calculus on probabilistic 
random variables, Acta Math. Univ. Comenianae. 86(2) (2016), 1-9.

[8]	 Z. Dahmani, A. Khameli, M. bezziou and M.Z. Sarikaya, Some 
estimations on continuous random variables involving fractional 
calculus, International Journal of Analysis and Applications. 15(1) (2017), 
8-17.

[9]	 Z. Dahmani, A.E. Bouziane, M. Houas and M.Z. Sarikaya, New 
W − weighted concepts for continuous random variables with 
applications, Note di. Mat. 37 (2017), 23-40.

[10]	 M. Houas, Z. Dahmani and M. Z. Sarikaya, New integral inequalities 
for ( , )r α − fractional moments of continuous random variables, 
Mathematica. 60 (2) (2018), 166-176.

[11]	 M. Houas, Some integral inequalities involving Saigo fractional 
integral operators, J. Interdisciplinary Mathematics, 21(3) (2018), 681-
694.

[12]	 M. Houas, Z. Dahmani and M. Z. Sarikaya, Some integral inequalities 
for ( , )k s − Riemann-Liouville fractional operators, J. Interdisciplinary 
Mathematics. 21(7-8) (2018), 1575-1585.

[13]	 M. Houas, Grüss and pre-Grüss-type integral inequalities for 
Hadamard fractional integral operators, (submitted).

[14]	 M. Houas, Some estimations on continuous random variables for 
( , )k s − fractional integral operators, Moroccan J. of Pure and Appl. Anal. 
6(1) (2020), 143-154.

[15]	 M. Houas, Integral inequalities involving ( , )k s − fractional moments 
of a continuous random variables, Malaya Journal of Matematik. 8(4), 
(2020), 1629-1634.

[16]	 M. Houas, Someinequalitiesfork-fractionalcontinuousrandomvariabl
es, J. Advan. Res. In Dynamical and Control Systems. 7(4) (2015), 43-50.



INTEGRAL INEQUALITIES FOR HADAMARD FRACTIONAL MOMENTS� 1813

[17]	 O.M. khellaf and V.L. Chinchane, Continuous random variables with 
Hadamard fractional integral,Tamkang J. Math. 50(1) ( 2019), 103-109.

[18]	 P. Kumar, Inequalities involving moments of a continuous random 
variable defined over a finite interval, Comput. Math. Appl. 48 (2004), 
257-273.

[19]	 P. Kumar, The Ostrowski type moment integral inequalities and 
moment-bounds for continuous random variables, Comput. Math. 
Appl. 49 (2005), 1929-1940.

[20]	 M. Tomar, S. Maden and E. Set, ( , )k s − Riemann-Liouville fractional 
integral inequalities for continuous random variables, Arab. J. Math. 
6 (2017), 55-63. 

		  Received December, 2020
		  Revised June, 2021


