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Abstract
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Hadamard fractional moments of continuous random variables are obtained.
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1. Introduction

Integral inequalities play a very important role in the theory of
differential equations and applied sciences, several authors have carried
out important studies on the theory of integral inequalities, see [2, 3, 16,
19]. Moreover, the study of the integral inequalities applying fractional
integral operators is also of great importance, we refer the reader to [5,
12, 18] for further information and applications. Also, fractional integral
inequalities have been used in probability theory and statistical problems
for a long time and continue to attract the attention of authors. For more
details, we refer to [4, 6,7, 8,9, 11, 14] and the references therein. Recently,
many studies on fractional continuous random variable, involving
fractional integral operators such as Riemann-Liouville operators [6, 7, 9,
10], generalized Riemann-Liouville fractional integrals [1], k—Riemann-
Liouville fractional integral operators [16], (k,s)— fractional integral
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operators [14, 15, 20] and Hadamard fractional integral operators [17],
have appeared during the past several years. Motivated by the results
presented in [9, 10], in this present work, we introduce new Hadamard
fractional concepts on (r,a)— moments for continuous random variables.
Then, we obtain new results for the Hadamard fractional function. We
also present new fractional integral results for the Hadamard fractional
moments.

2. Preliminaries
In this section, we present some definitions that will be used

throughout this paper:

Definition 1 : [5, 19] The Hadamard fractional integral operator of order
a >0, for a continuous function fon [1, is defined as

. 1 m ' (o)
HY[f(H]= @ LTJ rdT/ @)

where ['(a)=["e"u""'du.
For, a >0, § >0, the following properties are valid:

HYH][f()]=H;[f(H] and HYH][f(t)]=H]H;[f(t)] 2)
Now, we introduce the following definitions:

Definition 2 : The Hadamard fractional moment function of order
(r,a); (r>0,a >0), for a continuous random variable X with a positive
pd.f. fdefined on [a,b] is defined as

M, (D)= H“tf(t)]—L [t} U f()dria<t<bazl.  (3)
[(a)?" \r

For t =b, we introduce the Hadamard fractional moment of X.

Definition3:TheHadamard fractionalmomentoforder (v, «); (r > 0,a > 0),
for a continuous random variable X, is defined as

1 (p)"" -
HMr,azm 1 LTJ f(T)dT a>1. (4:)
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3. Main Results

In this section, we present some new fractional integral inequalities
for the Hadamrad fractional moments of a continuous random variables
having the probability density function p.d.f.f.

Theorem 4 : Let X be a continuous random variable having a probability density
function f defined on [a,b]. Then we have.

(1) Forall « >0, a<t<b
HI[f(OIH[E (¢ = E(X) f(D)] - (HI [(t - EX) f(HD, M, _, , (B)
Eln )

IIfILO )H“[f 1-H;[1H; '], (5)

where f €L _[a,b]
(2) Forall « >0, a<t<b,

HY[F(OIH [ (= EO) f()] - (H [(t = EX)) f(OD, M, ., , (£)
< E(t —a) (" —a" ) H] [fD))’, (6)

where E(X) = j:z' f(z)dr is the classical expectation of X.

Proof : Taking a function p:[a,b] > R" and let us consider the quantity
o(z,p)=(8(r) = g(P)(W(z) = h(p)), 7, p (@ b),a<t <b. )

oy

[(a)
resulting identity with respect to 7 over (a,t), we get

Multiplying (7) by p(r); r €(a,t), then integrating the

r(a)j L J et p)—
= H [pgh(t)] - g(p)H? [ph(t)] - h(p)HE [pg(D]+ g(p)(P)HE [p(B).  (8)
()

Uan

Now, multiplying (8) by 7;7(/)); p €(a,t), and integrating the

resulting identity with respect to p from a to t, we have
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Y
e t) () ponton, o2

=2H] [p(t)IH; [pgh(t)] - 2H, [pg(t)1H, [ph(t)]. )
In (9) taking p(t) = f(t),g(t) =t —E(X) and h(t)=t"",t e(a,b), wehave
T dr dp
= (a)j [[[In L p} (ln_J @=p)" =P @)=
= 2HZ[f(OIHS [ (¢ = EQO)) f (¢)] - 2H[(t - E(X)) f(OIHL [ 1f(t)]
=2H [ f(OIH, [t (t - EXO)) ()] -2H, [(t - E(X)) f(D], M,_, , (1), (10)

we also have

” —\ Lln—] - p >f<r>f<p>d—’d—p
ﬂﬂ p
“ (lni) (- Pt - p ) 2P
ada T p
[h”)a
<2 FIE | ooy H - H )| 1

Thanks to (10) and (11), we obtain (5).
For (2), we have

1l ARG I drdp
sahlin) ] e o e

< su[pll(f—p)ll(f' L= DIHIfOF =t —a) ™ —a” 1)HZ f(t)]z- (12)

By (11) and (12), we get the desired inequality. O

Our next result in the following theorem, in which we use two real
positive parameters:

Theorem 5 : Let X be a continuous random wvariable having a pd.f.
f:[a,b] > R*. Then we have.

(i) Forany a<t<b,a>0,8>0
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HYFOIH]Lf(OF (¢ - EG)]+ HY LFOIH (O (- E(X))]
—H[f(O(t-EX), M, , ,()-H][f$)(t ~ECO), M, , ()

[IHZT o)

HI[t']-HI[HH? [ - HY [HH [t
<IFIE T+l []r(,Bl) [ ]-Hy [H; [ 1= Hy [ HT [ ],
(13)
where f €L [a,b]
(ii) The inequality
HY[FOIH]Lf @ (¢ = EGDI+H] LF(OIH [f(O)F (- E(X))]
(14)

—HI[f(O(E-EX)D], M, (- H[f(8)(E - EX)], M, _, ()
<(t-a)t™ —a YH [ FOIH[f()],

is valid for any a >0, >0,a<t<b.

() !

lnf

Proof : Multiplying (8) by

ﬁ) p(p); p €(a,t), we have

Al 7 dr dp
F(oc)rw)I [t k TJ U“_J (”P(p)H(r,p)T7
= H [p(t)[H/ [pgh(t)]+ H [p(t)IH? [pgh(t)]
—H[ph(t)]H” [pg(t)] - H” [ph()]H® [pg(t)]. 15)

In (15), we take p(t)= f(t), g(t)=t—E(X), h(t)=t"",t e(a,b). So, we
get

0oy 7 dr dp
F(a)F(ﬂ)” L r) U“—J (, P =p D f(e O

=HI[f(H]H? [t (t - E(X) f()]+ H [f(H]HE [F ' (- E(X))f(t)]
M, (DH'[ft)(t-EX))] -, M,_, ,()H [ f()(E-E(X)]. (16)

We have also

dr dp

t\al t - =
l“(f)!)l“(ﬂ)ij 7 Un_J (T p) = p V(@) fp)—
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) 1 t t( A ) dr dp
<IFIE WLL r) Lln—J (T P! )7—

a B
) [y
_ 2 Brsr
=IfI [(a +1)H” I ]+F(,B+1)

He[t']- HY[JH [t - H/ [IH [ '] |.

(17)
By (16) and (17), we obtain (13).
To prove (ii) we remark that
AN o dr dp
r(a)r( TG s Tl L 7) U“ J e f(©)f(p)—
< su[p][lf—pl [ = " TH L fFOIHL[f ()]
=(t—a)(t"" —a" " H; [fO)IH][f ()] (18)
Therefore, by (16) and (18), we get (14). O

Remark 6 : Applying Theorem 5 for o = 8, we obtain Theorem 4.
We also give the following result for Hadamard fractional integrals:

Theorem 7 : Let f be the p.d.f. of the random variable X on [a;b]. Then for
a >0, we have

HI[fO],M,, () -y Mf,a(t) < %(H:’ LFON (b —a’),a<t<b. (19)

Proof : Using Theorem 3.2 of [5], we can write

POV [ O (HZ [p @ | < L pOD M=), (20

Now, replacing p(t)= f(t) and g(t)=t",t (a,b), we obtain m=a",
M ="b". Hence, the inequality (20) allows us to obtain

HY[f(O,M,, ()~ M}, () < %(Hf LFOD " ~a")". (21)

So, the theorem is proved. O
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Using two fractional parameters, we propose the following
generalization of the above results.

Theorem 8 : Let X be a continuous random variable having a pd.f. f:
[a,b] > R" : Then forall a<t<b,a >0, >0, we have
HI[f(O],M,, ,()+HI[f(D],M,, ,(H)+2a"b"H, [f(O)IH[f(H)]
< (@ +U)HfBOI,M, ;&) +HIf ], M, , (5] (22)

Proof : By Theorem 3.5 of [5], we can write
[H; [p(O1H] [ps® (O] + H] [p()1H; [pg* (8)] - 2H [pg()IH [pg ()IF
<[ (MH [p()] - H TpgT)(HY [pg ()] - mH [p(t)])

+(H [pg(t)] - mH [pt))(MH, [p(t)] - H [iﬂg(t)])]2 : (23)

If we take p(t)= f(t),g(t)=t",t €[a,b] and substituting the values of
m and M in (23), we obtain
HE[f(B)], M, ,()+HL[f(D], M, ,(£)
<@ +U)H[f(O,M, ,(O)+@ +b)H] )], M, ()
20V HLFOIH LFO)) (24)
O

Theorem 9: Let X be a continuous random variable havinga p.d.f.f :[a,b] - R”
and m < f <M. Then,for a<t<b,a >0, we have

(3]

M, () -HI[f(OIH ']

Ia+1),
a { a \%
ool | o) |
T @) \T@ep e ATEED (25)

Proof : To prove the above theorem, we use Theorem 7 of [13]. We find that
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o D) e ROI- AL O (3]

a ( a

o
@) M "\ e
In (26), taking g(t)=t",a <t <b, we have

()

Fas1) H [ f(O1-H [f(OIH, ']

G I

)
<— m - (HOE J .
2I'(a +1) I'a+

N =

N =

Using two fractional parameters, we consider
generalization of the above results:

)
H[g* (1]~ (H“[g(t)])J :

M. HOUAS

(26)

(27)

O

the following

Theorem 10 : Let f be the p.d.f. of X on [a,b] and m< f <M. Then for all

a<t<b,a>0, >0, wehave

b e

- — H* Brr1_g# aryr
[(a+1), w(t“p(ﬂﬂ)HMr,ﬁ(f) He[fOIH IV 1-H[f(OIH [ ]

N )

_tMF(a oy A t)]JLHﬂ[f() T+

( AT, N
HOLF ()] - m [ln”) J {M [ln j -HLf “”J_

IA

+

I +1) rp+1
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1
a B 2
[ln t] [ln t]
X a s .

2r ae2r a B
F(a+1)H” [t ]+F(ﬂ 1)H [ ]1-2H [t [H/[t']

Proof : Thanks to Theorem 8 of [13], we can state that

(23 /j
[lnt] [lnt}
CHI I )]+
IN'a+ rpg+ 1)
[/ “ \( A
L [mt “ lntj
r(——H“[f(t) HZ[f(t)]-m BT
7
1 | ] J
Hf[f(f)]—mr(aﬂ) Mr(ﬁ+1)—Hf[f(t)] |
a B
[lntj [lnt] !
« a

(
Bra2r ag2r a B
L(ml)Hu [ ]+ TG 1)H [ ]-2H [t [H [ ]J

+

N =

Remark 11 : If we take @ = # in Theorem 10, we obtain Theorem 9.
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