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Abstract
In this work we study existence, uniqueness and Ulam-type stability for nonlinear 

fractional differential equations involving two Riemann-Liouville fractional derivatives. The 
existence and uniqueness of solutions is established by Banach’s fixed point theorem, whereas 
the existence of solutions is derived from Schaefer’s fixed point theorem. Furthermore, we 
present and discuss different types of Ulam stability. At the end, some illustrative examples 
are presented.
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1.  Introduction

Recently, many studies on fractional differential equations, involving 
different operators such as Riemann-Liouville operators [13, 23], Caputo 
operators [2, 6, 11, 22] and Hadamard operators [3, 19], have appeared 
during the past several years. Moreover, by using many classical fixed-
point theorems, several authors have obtained results of the existence of 
solutions or positive solutions for various classes of fractional differential 
equations, see for example [4, 5, 9, 10, 16, 17, 20] and the references cited 
therein. The study of Ulam type stability problems has grown to be one of 
the most important subjects in the mathematical analysis area. Since then, 
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a large number of papers have been published in connection with various 
generalizations of Ulam’s type stability theory or the Ulam-Hyers stability 
theory. For the advanced contribution on Ulam’s type stability, we refer to 
[1, 3, 8, 12, 14, 16, 18, 21].

Motivated by the above works, in this paper, we discuss the existence, 
uniqueness and the Ulam stabilities, generalized Ulam-Hyers stabilities 
and Ulam-Hyers-Rassias stable for boundary value problem of nonlinear 
fractional differential equations with two Riemann-Liouville fractional 
derivatives of the form
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where ,ic ∈  = 1, 2, .., ,i n  = [ ] 1.n ϑ +  

Lemma 2 : [15] Let > 0.ϑ  Then the following equality holds for 
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Lemma 3 : For a given ([0, ], ),h C T∈   the fractional boundary value problem
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Proof : By Lemma 1 and Lemma 2, the solution of (2) can be written as
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Using the boundary conditions 
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where Λ  givens by (4). Substituting the value of 0c  and 1c  in (5), we 
obtain the solution (3). 	 

2.  Existence and uniqueness of solutions
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In view of Lemma 3, we define an operator :O X X→  as:
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Observe that the existence of a fixed point for the operator O implies 
the existence of a solution for the fractional boundary value problem (1).
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Now, we present the existence and uniqueness of solutions of 

fractional boundary value problem (1) by using Banach’s fixed point 
theorem.
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By (8), we conclude that O is contractive. As a consequence of Banach’s 
fixed point theorem, we deduce that O has a unique fixed point which is a 
solution of the fractional boundary value problem (1). 	 

Now, we prove the existence of solutions of fractional boundary value 
problem (1) by applying Schaefer’s fixed point theorem [7].

Theorem 5 : Let : [0, ]f T × × →  � be a continuous function. Suppose that

(A2) : There exists constant > 0M  shch that | ( , , )| ,f t x x M≤  for [0, ]t T∈  
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Proof : We will use Schaefer’s fixed point theorem to prove this result. We 
divide the proof into four steps.

Step 1 : The continuity of O on X is trivial and hence it is omitted.

Step 2 : Next we prove that O maps bounded sets into bounded sets in X. 
For a number > 0,r  let = { : }rB x X x r∈ ≤   be a bounded set in X. Then, 
for [0, ]t T∈  and (A2), we have
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1

1
1

0

) | ( , ( ), ( ))|
( )

| | ( )( )| | | ( )| , (14)
( ) ( )| |

T

T s f s x s D x s ds

T s x s ds t

α β δ
δ

α δ
α β

α β δ
θ β α δ

λ
α δ β

+ − −

− −
+ −

−
Γ + −

 Γ + −−
+ +Γ − Γ Λ

∫
	

1 2

1

1 2

1

1

| |( )
( 1) ( )| | ( 1)

( 1)

| |( )| |
( 1) ( )| | ( 1)

| | ( )
( 1)

m
i i

i

m
i i

i

T T

T M

T T

TT r

α β δα β α β

α β δ

α δα α β

α βα δ

µ ηβ α δ
α β β α β δ

α β δ

µ ηβ α δ
λ

α β α δ

θ β α δ
α δ

+ −
+ + − −

=

+ −

−+ − −

=

+ −−

 Γ + − ≤ +
Γ + + Γ Λ Γ + − +


+ Γ + − +  

 Γ + −
+ + Γ + Γ Λ Γ − +

 Γ + −
+ +Γ − +  

∑

∑

.
( )| |βΓ Λ

Hence,

1
1 2

| | ( )
| | , (15)

( )| |
Ox M r Tα βθ β α δ

λ
β

+ −Γ + −
≤ ∆ + ∆ +

Γ Λ
 

Moreover, we have

1 1

0 0

11 2

0
=1

12

0
=1

( ) ( )| ( , ( ), ( ))| | | | ( )|
( ) ( )

( )( ) | | | ( , ( ), ( ))|
( )| | ( )

( )
| | | | |

( )

t t

m
i i

i
i

m
i i

i
i

D Ox
t s t sf s x s D x s ds x s ds

st f s x s D x s ds

s

δ

α β δ α δ
δ

α β δα β δ η δ

α δ
η

λ
α β δ α δ

ηβ α
µ

β α β δ

η
λ µ

α δ

+ − − − −

+ − −+ − − −

− −−

− −
≤ +

Γ + − Γ −
 −Γ +

+ 
Γ Λ Γ + −

−
+

Γ −

∫ ∫

∑ ∫

∑ ∫

 

1

0

1
1

0

( )( )| | ( , ( ), ( ))|
( )

| | ( )( )| | | ( )| , (16)
( ) ( )| |

T

T

T sx s ds f s x s D x s ds

T s x s ds t

α β δ
δ

α δ
α β δ

α β δ
θ β α

λ
α δ β

+ − −

− −
+ − −

−
+

Γ + −
 Γ +−

+ +Γ − Γ Λ

∫

∫
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Using (A2), we can write

1 2

=1

1 2

=1

| |( )
( 1) ( )| | ( 1)

( 1)

| |( )| |
( 1) ( )| | ( 1)

| |
( 1)

m
i i

i

m
i i

i

D Ox

T T

T M

T T

T r

δ

α β δα β δ α β δ

α β δ

α δα δ α β δ

α δ

µ ηβ α
α β δ β α β δ

α β δ

µ ηβ α
λ

α δ β α δ

θ
α δ

+ −+ − + − − −

+ −

−− + − − −

−

 Γ +
≤ + Γ + − + Γ Λ Γ + − +


+ Γ + − +  

 Γ +
+ + Γ − + Γ Λ Γ − +

 Γ
+ +Γ − +  

∑

∑

 

1( )
. (17)

( )| |
Tα β δβ α

β
+ − −+

Γ Λ 	

This implies that

1
1 2

| | ( )
| | . (18)

( )| |
D Ox M r Tδ α β δθ β α

λ
β

+ − −Γ +
≤ Π + Π +

Γ Λ
 

From (15) and (18), we get

1 1 2 2

| |
( ) | |( ) . (19)

( )| |
Ox M r

θ
λ

β
≤ ∆ +Π + ∆ +Π + Ω

Γ Λ
 

Consequently
< .Ox ∞ 

Thus, O maps bounded sets into bounded sets in X. 

Step 3 : Now, we show that O maps bounded sets into equicontinuous sets 
of X.

Let 1 2, [0, ]t t T∈  with 1 2<t t  and .rx B∈  Then, thanks to (A2), we can 
write

2 1

1 1 1
2 10

2 1
2

1

1 1 1 2 1
2 1 20 1

1 1 2
2 1

0
1

| ( ) ( )|

[( ) ( ) ]
( )

( )
( )

| | | |
[( ) ( ) ] ( )

( ) ( )
( )( )( )

| |
( )| |

t

t

t

t t

t

m
i i

i
i

Ox t Ox t
M t s t s ds

M t s ds

r r
t s t s ds t s ds

st t
M

α β α β

α β

α α α

α βα β α β
η

α β

α β
λ λ
α α

ηβ α δ
µ

β

+ − + −

+ −

− − −

+ −+ − + − −

=

−

≤ − − −
Γ +

+ −
Γ +

+ − − − + −
Γ Γ

−Γ + − −
+

Γ Λ

∫

∫

∫ ∫

∑ ∫
1

1 12

0 0
1

1
1 1

2 10

( )

( ) ( )| | | |
( ) ( )

| | ( )( )| | ( ), (20)
( ) ( )| |

m Ti i
i

i

T

ds

s T sr ds M ds

T sr ds t t

δ

α δ α β δη

α δ
α β α β

α β δ

η
λ µ

α δ α β δ
θ β α δ

λ
α δ β

−

− − + − −−

=

− −
+ − + −




Γ + −
− −

+ +
Γ − Γ + −

 Γ + −−
+ + −Γ − Γ Λ

∑ ∫ ∫

∫
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2 1

1 1 1
2 10

2 1
2

1

1 1 1 2 1
2 1 20 1

1 1 2
2 1

0
1

| ( ) ( )|

[( ) ( ) ]
( )

( )
( )

| | | |
[( ) ( ) ] ( )

( ) ( )
( )( )( )

| |
( )| |

t

t

t

t t

t

m
i i

i
i

Ox t Ox t
M t s t s ds

M t s ds

r r
t s t s ds t s ds

st t
M

α β α β

α β

α α α

α βα β α β
η

α β

α β
λ λ
α α

ηβ α δ
µ

β

+ − + −

+ −

− − −

+ −+ − + − −

=

−

≤ − − −
Γ +

+ −
Γ +

+ − − − + −
Γ Γ

−Γ + − −
+

Γ Λ

∫

∫

∫ ∫

∑ ∫
1

1 12

0 0
1

1
1 1

2 10

( )

( ) ( )| | | |
( ) ( )

| | ( )( )| | ( ), (20)
( ) ( )| |

m Ti i
i

i

T

ds

s T sr ds M ds

T sr ds t t

δ

α δ α β δη

α δ
α β α β

α β δ

η
λ µ

α δ α β δ
θ β α δ

λ
α δ β

−

− − + − −−

=

− −
+ − + −




Γ + −
− −

+ +
Γ − Γ + −

 Γ + −−
+ + −Γ − Γ Λ

∑ ∫ ∫

∫
	

Thus,

2 1

2 1 2 1

2

1

2

1

| ( ) ( )|
| |

( ) ( )
( 1) ( 1)

| |( )
( )| | ( 1) ( 1)

| || | ( )
( )| | ( 1) ( 1)

| | (

m
i i

i

m
i i

i

Ox t Ox t
rM t t t t

M T

r T

α β α β α α

α β δ α β δ

α δ α δ

λ
α β α

µ ηβ α δ
β α β δ α β δ

µ ηλ β α δ
β α δ α δ

θ β

+ +

+ − + −−

=

− −−

=

−

≤ − + −
Γ + + Γ +
  Γ + −

+ +  Γ Λ Γ + − + Γ + − + 
 Γ + −

+ + Γ Λ Γ − + Γ − + 

Γ
+

∑

∑

1 1
2 1

)
( ), (21)

( )| |
t tα β α βα δ

β
+ − + −+ −

−Γ Λ 

and

2 1 2 1

2

=1

2

=1

| |
( ) ( )

( 1) ( 1)
| |( ) ( )

( )| | ( 1) ( 1)

| || | ( )
( )| | ( 1) ( 1)

| |

m
i i

i

m
i i

i

D Ox
rM t t t t

T s

r T

δ

α β δ α β δ α δ α δ

α β δ α β δ

α δ α δ

λ
α β δ α δ

µ ηβ α
β α β δ α β δ

µ ηλ β α
β α δ α δ

θ

+ − + − − −

+ − + −−

− −−

≤ − + −
Γ + − + Γ − +
  Γ + −

+ +  Γ Λ Γ + − + Γ + − + 
 Γ +

+ + Γ Λ Γ − + Γ − + 

Γ
+

∑

∑

 

1 1
2 1

( )
( ), (22)

( )| |
t tα β δ α β δβ α

β
+ − − + − −+

−Γ Λ  	

Thanks to (21) and (22), we can state that 2 1( ) ( ) 0Ox t Ox t− →   as 

2 1 0.t t− →  By Arzela-Ascoli theorem, we conclude that O is completely 

continuous operator.
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Step 4 : Now, it remains to show that the set = { : = ( ), 0 < < 1}x X x O xρ ρΣ ∈  
is bounded. Let ,x ∈Σ  then = ( ), 0 < < 1,x O xρ ρ  Thus, for each [0, ],t T∈  
we have

1 1

0 0

11 2

0
1

1 12

0 0
1

( )
( ) ( )( , ( ), ( )) ( )

( ) ( )
( )( ) ( , ( ), ( ))

( ) ( )

( ) ( )( )
( ) (

t t

m
i i

i
i

m Ti i
i

i

x t
t s t sf s x s D x s ds x s ds

st f s x s D x s ds

s T sx s ds

α β α
δ

α β δα β η δ

α δ α β δη

ρ ρλ
α β α

ηρ β α δ
µ

β α β δ

η
λ µ

α δ

+ − −

+ − −+ − −

=

− − + − −−

=

− −
= −

Γ + Γ
 −Γ + −

+ 
Γ Λ Γ + −

− −
− −

Γ − Γ

∫ ∫

∑ ∫

∑ ∫ ∫
1

1

0

( , ( ), ( ))
)

( ) ( )( ) , (23)
( ) ( )

T

f s x s D x s ds

T s x s ds t

δ

α δ
α β

α β δ
ρ β α δ θ

λ
α δ β

− −
+ −

+ −
− Γ + −

+ +Γ − Γ Λ
∫

	
Using (A2) and (A3), we obtain

1
1

2

| | ( )1 , (24)
1 | | ( )| |

x M Tα βθ β α δ
λ β

+ − Γ + −
≤ ∆ + − ∆ Γ Λ 

 

and

1
1

2

| | ( )1 . (25)
1 | | ( )| |

D x M Tδ α β δθ β α
λ β

+ − − Γ +
≤ Π + − Π Γ Λ 

 

From (24) and (25), we get

1 1

2 2

1 1

2 2

1 | | 1 | |

| | ( ) ( ) (26).
( )| | 1 | | 1 | |

x M

T Tα β α β δ

λ λ

θ β α δ β α
β λ λ

+ − + − −

 ∆ Π
≤ + − ∆ − Π 

 Γ + − Γ +
+ + Ω Γ Λ − ∆ − Π 

 

	
This shows that the set Σ  is bounded. As a consequence of Schaefer’s 

fixed point theorem, we deduce that O has a fixed point which is a solution 
of boundary value problem (1). The proof is completed. 	 

3.  Ulam-Hyers stability

We adopt the definitions [12]: Ulam-Hyers stability, generalized Ulam-
Hyers stability and Ulam-Hyers-Rassias stable for the fractional boundary 
value problem (1). Let ε  a positive real numbers and the function ,h X∈  
we consider the following fractional differential inequalities:
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( ) ( ) ( , ( ), ( )) , [0, ], (27)D D x t f t x t D x t t Tα β δλ ε+ − ≤ ∈

and

( ) ( ) ( , ( ), ( )) ( ), [0, ]. (28)D D x t f t x t D x t t t Tα β δλ εφ+ − ≤ ∈

Definition 6 : The fractional boundary value problem (1) is Ulam-Hyers 
stable if there exists a real number > 0γ  such that for each > 0ε  and for 
each solution x X∈  of the inequality (27) there exists a solution x X∈  of 
fractional boundary value problem (1) with

( ) ( ) , [0, ].x t x t t Tγ ε− ≤ ∈

Definition 7 : The fractional boundary value problem (1) is generalised 
Ulam-Hyers stable if there exists ( , ), (0) = 0,Cϕ ϕ+ +∈    such that for each 
solution x X∈  of the inequality (27) there exists a solution x X∈  of the 
fractional boundary value problem (1) with

( ) ( ) ( ), [0, ].x t x t t Tϕ ε− ≤ ∈

Definition 8 : The fractional boundary value problem (27) is Ulam-Hyers-
Rassias stable with respect to ([0, ], )C Tφ +∈   if there exists a real number 

> 0γ  such that for each > 0ε  and for each solution x X∈  of the inequality 
(27) there exists a solution x X∈  of fractional boundary value problem (1) 
with

( ) ( ) ( ), [0, ].x t x t t t Tγ ε φ− ≤ ∈

Remark 9 : An element x X∈  is a solution of the inequality (27) if and 
only if there exists a function : [0, ]Tψ →   such that
( ) : | ( )| , [0, ].
( ) : ( ) ( ) = ( , ( ), ( )) ( ), [0, ].
a t t T
b D D x t f t x t D x t t t Tα β δ

ψ ε
λ ψ

≤ ∈

+ + ∈  

Theorem 10 : Let : [0, ]f T × × →    be a continuous function. Suppose that 
the assumptions 1 2( ), ( )A A  and 3( )A  hold. If

1 1 2 2

| |
( ) ( ) ( ) | |( ) . (29)

( )| |
D D x t M rα β θ

λ λ
β

+ ≥ ∆ +Π + ∆ +Π + Ω
Γ Λ
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Then the fractional boundary value problem (1) is Ulam-Hyers stable. 

Proof : Let x X∈  be a solution of the inequation (27) satisfying

( ) ( ) = ( , ( ), ( )),D D x t f t x t D x tα β δλ+

with
2

=1
(0) = 0, ( ) = ( ) .

m

i i
i

x D x T D xδ δµ η θ
−

+∑

Let us denote by x X∈  the unique solution of the fractional boundary 
value problem

( ) ( ) = ( , ( ), ( )), [0, ], 0 < , 1, < ,
(0) = (0) =, ( ) = ( ).

D D x t f t x t D x t t T
x x D x T D x T

α β δ

δ δ

λ α β δ α + ∈ ≤



For each > 0, ,x Xε ∈  we let

( ) ( ) ( , ( ), ( )) .D D x t f t x t D x tα β δλ ε+ − ≤

Using the hypoteses (A2) and (A3), we get

1 1 2 2

| |
| ( )| ( ) ( ) . (30)

( )| |
x t M r

θ
β

≤ ∆ +Π + ∆ +Π + Ω
Γ Λ

By (29) and (30), we have

[0, ] [0, ]
| ( )| | ( ) ( )|. (31)sup sup

t T t T
x t D D x tα β λ

∈ ∈

≤ +

Using (31), we get

[0, ] [0, ]

[0, ]

( ) ( ) ( )( ( ) ( ))sup sup

( ) ( ) ( , ( ), ( ))sup

( ) ( ) ( , ( ), ( ))
( , ( ), ( )) ( , ( ), ( ))

. (32)

t T t T

t T

x t x t D D x t x t

D D x t f t x t D x t

D D x t f t x t D x t
f t x t D x t f t x t D x t

x x

α β

α β δ

α β δ

δ δ

λ

λ

λ

ε ω

∈ ∈

∈

− ≤ + −

≤ + −

− + +

+ −

≤ + −  	

This yields that
(1 ) . (33)x xω ε− − ≤ 

Then, for each [0, ]t T∈
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1( ) ( ) := . (34)
1

x t x t ε γε
ω

− ≤
−

So, the fractional boundary value problem (1) is Ulam--Hyers stable.
By putting ( ) = , (0) = 0ϕ ε γε ϕ  yields that the fractional boundary 

value problem (1) generalised Ulam-Hyers stable. 	 

Theorem 11 : Let : [0, ]f T × × →    be a continuous function. Suppose that 
the assumptions 1 2( ), ( )A A  and 3( )A  hold . In addition we assume that

(A4) : There exists a function ([0, ], )C Tφ +∈   that satisfies (28).
Then the fractional boundary value problem (1) is Ulam-Hyers-Rassias 

stable. 

Proof : Let x X∈  be a solution of the inequation (27) satisfying

( ) ( ) ( , ( ), ( )) ( ), [0, ],D D x t f t x t D x t t t Tα β δλ εφ+ − ≤ ∈

Let us denote by x X∈  the unique solution of the fractional boundary 
value problem

( ) ( ) = ( , ( ), ( )), [0, ], 0 < , 1, < ,
(0) = (0) =, ( ) = ( ).

D D x t f t x t D x t t T
x x D x T D x T

α β δ

δ δ

λ α β δ α + ∈ ≤



In virtue of Remark 11 and by some easy calculations, we get

1 1 2 2(1 [( ) | |( )]) ( ). (35)x x tω λ εφ− − ∆ +Π + ∆ +Π ≤ 

Then, for each [0, ]t T∈

1 1 2 2

1( ) ( ) ( ) := ( ). (36)
1 [( ) | |( )]

x t x t t tεφ γεφ
ω λ

− ≤
− ∆ +Π + ∆ +Π

So, the fractional boundary value problem (1) is Ulam-Hyers-Rassias 
stable. 	 

4.  Application

To illustrate our main results, we treat the following examples.

Example 12 : Let us consider the following fractional boundary value 
problem
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1
2

2 2

1 1 1 1
2 2 2 2

23
34

1

| ( )| sin| ( )|1 ( ) = arctan( 1), [0,1],
10 32 ( 1) 32 ( 1)

1 3 3(0) = 0, (1) = 2 ,
3 2 4

(37)

t t

x t D x t
D D x t t t

te te

J x D x D x D x e

π π

−

  
 + + + + ∈    + +

    

+ +       

Here we have 3
4= ,α 2

3= ,β 1
10= ,λ 1

2= ,δ 1 = 2,µ 2
3

2= ,µ 1
1
3= ,η

2
3
4=η  and 

2 2

sin| |
( , , ) = arctan( 1), [0,1], , .

32 ( 1) 32 ( 1)t t

yxf t x y t t x y
te teπ π

+ + + ∈ ∈
+ +



For each , , ,x y x y ∈  and [0,1],t ∈  we have

1( , , ) ( , , ) | | | |.
32

f t x y f t x y x x y y
π

− ≤ − + −

Hence condition (A1) is satisfied with 1
32= .πω  By computation, 

1 1 2 2( ) = 0.04059 < 1 | |( ) = 0.46366.ω λ∆ +Π − ∆ +Π  Thus Theorem 4 
guarantees the uniqueness of a solution for the boundary value problem 
(37). 

Example 13 : Consider the following problem
2

43 5
54

2 2 2 2 21
5 5 5 5 5

1 cos ( ) sin ( )( ) = , [0,1],
18 15 (38)

6 2 1 3 1(0) = 0, (1) = ,
7 9 2 4 4 3

x t D x tD D x t t

eJ x D x D x D x D x

π

−


  + + ∈   

      
+ + +            	

where 3
4= ,α 4

5= ,β 1
18= ,λ 2

5= ,δ 1
6
7= ,µ 2

1
2= ,µ 3 = 1,µ 1

2
9= ,η 2

3
4= ,η

3
1
4=η  and cos sin

15( , , ) = ,x yf t x y
π
+ [0,1],t ∈ , .x y ∈  With the given data, 

it is found that 2
15= ,M
π 2 = 3.4619,∆ 2 = 2.5512Π  as 2

15| ( , , )| ,f t x y
π

≤

2| | < 1λ ∆  and 2| | < 1.λ Π

It is clear that the conditions of Theorem 5 hold. Then the problem 
(38) has at least one solution on [0,1].  
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