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Abstract

In this work we study existence, uniqueness and Ulam-type stability for nonlinear
fractional differential equations involving two Riemann-Liouville fractional derivatives. The
existence and uniqueness of solutions is established by Banach’s fixed point theorem, whereas
the existence of solutions is derived from Schaefer’s fixed point theorem. Furthermore, we
present and discuss different types of Ulam stability. At the end, some illustrative examples
are presented.
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1. Introduction

Recently, many studies on fractional differential equations, involving
different operators such as Riemann-Liouville operators [13, 23], Caputo
operators [2, 6, 11, 22] and Hadamard operators [3, 19], have appeared
during the past several years. Moreover, by using many classical fixed-
point theorems, several authors have obtained results of the existence of
solutions or positive solutions for various classes of fractional differential
equations, see for example [4, 5, 9, 10, 16, 17, 20] and the references cited
therein. The study of Ulam type stability problems has grown to be one of
the most important subjects in the mathematical analysis area. Since then,
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a large number of papers have been published in connection with various
generalizations of Ulam’s type stability theory or the Ulam-Hyers stability
theory. For the advanced contribution on Ulam’s type stability, we refer to
[1,3,8,12, 14, 16, 18, 21].

Motivated by the above works, in this paper, we discuss the existence,
uniqueness and the Ulam stabilities, generalized Ulam-Hyers stabilities
and Ulam-Hyers-Rassias stable for boundary value problem of nonlinear
fractional differential equations with two Riemann-Liouville fractional
derivatives of the form

D*(D” + )x(t) = f(t,x(t),D’x(t)),t €[0,T],
k 1
J7x(0)=0,D°x(T) =Y uD’x(n,)+0,0<n, <T, M
i=1

where D? is the Riemann-Liouville fractional derivative of order
9,9 ela, p,0}, with O<a, <1, 1<a+p<2,6<a, A,u (1<i<k)
are real constants, J'“ is the Riemann-Liouville fractional integral of
order 1-a and f:[0,T]xR — R is continuous functions on [0,T]. The
operator J° is the Riemann-Liouville fractional integral, defined by

1 9-1
ft)= m 0(t -7)" f(r)dr,8>0,
where T'(9):= [, e "u’"'du. The operator D is the fractional derivative in
the sense of Riemann-Liouville, defined by

1 (d)

Fn-a)\dt) [0y~ fz)dz, 8 > 0,n =[9]+1.

D’ f(t)=

For 9 <0, we use the convention that D’ =] °h. Alsofor 0< p< 9,
it is valid that D?J°h=h"".
We note that for ¢>-1 and ¢ #9-1,8-2,...,4—n, we have
Spo I(e+1) o9
I'(e-8+1)
D°t*"=0,i=1,2,..,n.

7

Lemma 1 : [15] Let $>0 and x €C(0,T)NL'(0,T). Then the fractional
differential equation D°x(t)=0 has a unique solution

x(t) = Zn:citg’i,
i=1
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where ¢, eR, i=1,2,..,n, n=[3]+1.

Lemma 2 : [15] Let $>0. Then the following equality holds for
x eC(0,T)nL'(0,T), D’x eC(0,T)nL'(0,T);

J*DPx(t) = x(t)+ D ct*”,
i=1
forsome ¢, R, i=1,2,..,n, n-1<3<n.

Lemma 3 : For a given h e C([0,T],R), the fractional boundary value problem
D?(D* + )x(t)=h(t),t €[0,T],0<a, B <1
k 2
J7x(0)=0,D°x(T) = Y_uD’x(n,) + 6, @
i=1

has a unique solution

a+f-1 a-1
()= [ {2 teyds - 4, oy

+1—~(ﬁ+a _5)ta+ﬂ—l k J'”i (’7Z _s)a+ﬂf§—1
1“(,3)/\ o 0 T(a+p-9)

Z J_ S)a+ﬁ 5-1

x(s)ds — j (T—
J_ (T 5o (s)ds}+r(ﬂ+a_§)9ta+ﬂl

h(s)ds

)aél

h(s)ds

+p-0)
, 3
a—5) r(pA ®

where

k
A= Zﬂing+ﬁ—(i—l _Ta+ﬂ—a‘—1 £0. (4)

Proof : By Lemma 1 and Lemma 2, the solution of (2) can be written as

X(t)=]a+ﬂh(t)—/1]aX(t)+C _Ip) ta+[)‘ 1+C2ta—1/ (5)

1 I(p+a)

where ¢, and ¢, are arbitrary constants. The boundary condition

1-a _ . . _ . . 9,6 _ T(e+l) Lo-9
J “x(0)=0 implies that ¢, =0. Using the relation D"t* = r(g719+1)t ,
(5) reduces to

D5x(t) ]ll+ﬂ 5h(t) /1](1 6X(t)+C B ta+ﬂ7671

r(B+a-5) 4
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Using the boundary conditions D°x(T) = i uD’x(17,)+6 we obtain
. _T(p+a-9) [

! L(BA
]I T+ A] T x(T)+ 6],

D] hin,) - /12#]“ x(n,)

i=1

where A givens by (4). Substituting the value of ¢, and ¢, in (5), we
obtain the solution (3). O

2. Existence and uniqueness of solutions

We denote by C([0,T],R) the space of continuous functions defined
on [0,T]. The space X={x:xeC([0,T],R), D’x eC([0,T],R)} equipped
with the norm || x || = sup, ;, ,,1x(t) | +sup, , ., |D’x(t)| is a Banach space.

In view of Lemma 3, we define an operator O: X — X as:

Ox(t)

(t—s)""" 5 (t=9)""
jo Tt d) £(s,x(s),D x(s))ds—,ij )

JT(Bra-ox" { [ (n —s)

L(p)A P +p-5)
_ Z K ( (T—s)“*“*
0 T(a+pS-9)
)“ o B+ =0)0 oy
L(p)A

——x(s)ds

L £(s,x(s), D’ x(s))ds

)o{bl

x(s)ds [ f(s,x(s), D" x(s))ds

J‘(TS

x(s)ds} + (6)

Observe that the existence of a fixed point for the operator O implies
the existence of a solution for the fractional boundary value problem (1).

For computational convenience, we set

T+ +r(ﬂ+a—5)T“+”'l(k | |70

M ST g r(p)[A| \&T@+p-5+1)
Ta+/i—5 \
=
INa+p-6 +1)J
T . F(ﬁ+a _5)Ta+ﬂ—1 ( k |/U, |77ia*5 Ta—é' \

A .= + ,
z I +1) I'(B)IA| Lizll"(a—5+1) F(a—5+1))
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O i BN & V) it BV
1 _F(a+ﬂ—5+1) 1“(/3)|A| Lizlr(a+ﬂ o+1)
Tah-8 \
+— 7
F(a+ﬂ—5+1)J
HZ o Ta—é' +F(ﬁ+a)Ta+ﬁ—§—1 (i Iﬂl |77i‘7‘*5 . Ta—5 },
I'a-06+1) T'(B)IA| ZTl(a-6+1) T(a-6+1)

_ I(B+a-0) Ta+p1 I(p+a) Ta+ﬁ—§—l:|‘ @)

1-[2]A, 1-| AT,

Now, we present the existence and uniqueness of solutions of
fractional boundary value problem (1) by using Banach’s fixed point
theorem.

Theorem 4: Let f:[0,T]xR xR — R be a continuous function. Assume that

1-[A1(Ap+TT5)
RV — shch that | f(t,x,y)—

f(tzfzyﬂ ﬁa’(|x—f|+|y—]7|)/ fOT f E[OIT] and (xry)r(fry) ERZ'
If

(A,) : There exists constant 0< @ <

(A, +T1)w <1-| 4| (A, +11), ®)

where A ,11,(j=1,2) given by (7). Then the fractional boundary value problem
(1) has a unique solution.

Proof : For x,x €B,,t €[0,T], and by assumption (4,), we have following
estimates
|Ox(t) - Ox(t) |
J_ (t S a+ﬁ 1
0 T'(a+p)
[ 709
r(p+a -0y (, =5
TR IA ;' W e pos)
x| f(s,x(s), D’ x(s)) - f(s,%(s), D°X(s)) | ds

)aél

+UHZ| T ) (9l

S| s, x(6), D7) - £, %(9), D (o)) s
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atf-5-1
[TEZ | (s, x(6), D x(6)) ~ £, %(6), D°F() | ds

o T(a+p-0)
e |x<s>—f<s>|ds}. ©

IA

T T(Bra-T (& |l
fa+ps) TN |\ ETw@rp-o+1)

T -0 \} _
+——| o ||x—X||
F(a+/}—5+1)J

T +F(ﬁ+a—5)T’“ﬂ’1(" | |~
fa+) RN (ET@-o+D)

R G |
F(a—5+1)J ’

This means that,

[0x-Ox || <(A@ +|A|A) |l x=X]|. (10)

+|A]

On the other hand we have
|D°Ox(t) - D°Ox(t)|

(t s)a+ﬂ o-1 s _ S—
[ =T £(5,%(5), D x()) ~ £ (5, ¥(s), D°%(s)) | s

IA

\T(a+f-0)
Half! tr(s)a () -6 ds
C(p+a)t* 0| (17, =)o
TN {Zl N T(a+f—0)
<1 f(s, (5, D"‘x(s)) 5 39, D) I s
P e I
+] % If(s,x(s),D(’ X(3))~ (5, ¥(s), D(s)) | ds
+alf! (Tr( o |x<s)—f<s>|ds}, (1)
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Ta+,5‘—5 . F(,B +a)T¢z+/}—5—1
IMNa+p-6+1) T(B)IA|

a+f-6

(w2 |u|n T/ _

X(;r(a+ﬂ_5+1)+r(a+ﬂ—5+1)J @llx=x

| ﬂl{ T +F(,B+a)T‘“ﬁ”5’1
T(a—-0+1) SN

a-6
(m—z |/,l1 |77’ Ta—& \ _
<[> + lx-xI.
S T(a-0+1) T'(a-0+1)
Consequently (11) becomes
||DJOx—D‘$Oy||S(Hla)+|/1|l_[2)||x—f||. (12)

Summing (8) and (12) we deduce
|Ox=Ox || <[(A, +I1))o+ | A (A, +TL)]l| x =X | . (13)

By (8), we conclude that O is contractive. As a consequence of Banach’s
fixed point theorem, we deduce that O has a unique fixed point which is a
solution of the fractional boundary value problem (1). O

Now, we prove the existence of solutions of fractional boundary value
problem (1) by applying Schaefer’s fixed point theorem [7].
Theorem 5: Let f:[0,T]xR xR — R be a continuous function. Suppose that

(A,) : There exists constant M >0 shch that | f(t,x,x)| <M, for t €[0,T]
and (x,X) eR>.

(A):1A1A, <1,]2|T0, <1.

Then the boundary value problem (1) has at least one solution on [0,T].

Proof : We will use Schaefer’s fixed point theorem to prove this result. We
divide the proof into four steps.

Step 1 : The continuity of O on X is trivial and hence it is omitted.

Step 2 : Next we prove that O maps bounded sets into bounded sets in X.
For anumber 7 >0, let B ={x e X: || x| <r} be abounded set in X. Then,
for t €[0,T] and (A,), we have
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Il Ox ||

gjt%|f(s x(s), D‘;x(s))lds+|/l|_|. (tr(s)) |x(s) | ds

a+p-1 a+f-5-1
PR *rf‘ﬂ) |5/3t| {Z a1 [ iy i) PR OO
1S [ e s jgfﬁ%é%aﬂaﬂaD%@Mds
)“01 0IT(B+a=06) sy
PR e T |@ndﬂ+ TR (14)
- Ta+ﬂ . F(ﬂ +a _6)Ta+ﬁ—1 (m—z |/ul | ﬂia+ﬂ7§
| T(a+pB+1) C(B)|A| “T(a+p-5+1)

Toh0 )
F(a+ﬂ §+1)J

a _ a+ﬂ—1(m—2 a-o
MI[ T° T(fra-8T |4, | 7,

Ta+) ' TBIA (&ET@=o+1

°? | 10IT(B+a-5)T*""
+ r+
r(a—5+1)J L(B)IA]

Hence,
[0|T(B+a _5)Ta+ﬂ—1

|Ox || < AM+|A| A7+
C(B)IA]

(15)

Moreover, we have
| DOx ||
(t S)a -6-1
-6)

| f(s,x(s), D x(s)) | ds

a+p-6-1
< [18 s D s 41 ) s

'T(a+p-9)
RISl el
rin |2 e s
_ q)e-s-1 b1 )
121 [ @) s [ 6 00, D) s
12 |F(ﬂ+a)ta+/}—§—1
FA)IA]

)a&l

DAY e P |<wmﬁ+ (16)
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Using (A,), we can write
| D°Ox ||
Ta+ﬂ—§ . r(ﬁ+a)Ta+ﬂ—d—1 (m—z |ﬂ, |77ia+ﬂ—é‘
Ta+p-0+1) T'(B)IA| Li:l INa+p-0+1)
a+f-6
T My
INa+p-6 +1)J

<

) P S V200 i £ S
fa-o+D)  THIAl | ET@-5+1)

T \}+|¢9|r<ﬂ+a>wﬁ_a-3

17)
Fa-o+0) | TNl
This implies that
" T "
1D°0x || < 11 Mt | 4| 11, r 4+ 2B D) pspoa, (18)
NI
From (15) and (18), we get
0]

Ox|| <(A, +I1) )M+ |A|(A, +11 —Q. 19

10x || < (A +TT))M+|A[(A, + 2)r+F(,B)|A| (19)
Consequently

[| Ox || < oo.

Thus, O maps bounded sets into bounded sets in X.

Step 3 : Now, we show that O maps bounded sets into equicontinuous sets
of X.

Let t,,t, €[0,T] with t, <t, and x €B,. Then, thanks to (A,), we can
write

|Ox(t,)—Ox(t,)|

M Hrep oye+Bl g oyarp-l
P +ﬂ) [RICED (t, —5)/ " 1ds

j (t, —s)"P s

F(a+ﬂ)
[A]r a-1 al |47 -1
F()Mt—) ~(t,-9) F()ja—)ds
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F(ﬂ+a—§)(t;*ﬂ’1—tf+ﬂ’l) m— _S)a+ﬁ -5-1
’ TAIA| { Z I Ta+f-0)
m—2 (77 _ )‘1 -6-1 (T S)a+ﬂ -1
+|ﬂ|rZI lI Io C(a+p-9) #
(T -s)*°" |6’|F(,B+a—5) wrfl_ garpod
+|/1|rj o =3) ds}r s BT, (20)

Thus,

|Ox(t2) - Ox(tl) |
M (tzz+/3_ | |
T(a+p+1) 2 ! [(a+1)"?
N Mr(ﬂ+a_§)(,ﬂz_:2 |/ui|nia+ﬂ5 . Ta+ﬁ*5 \
TAIAl (ET@rf-o+D) T@+f-o+D)
+Il|rr(ﬁ+a—5)(’§ lln T )
TAAl \ET@-0+1) T@-5+D)

ty —t7)

OIT(B+a —6)} st ooy, 21
L(B)IA]
and
| D°Ox ||
A
M ttzz+ﬂ 5 _ta+ﬂ 5)+ | |r (;1—5 _tafé)
INa+p-90+1) I'a-0+1)

+I:F(ﬂ+a){'§ |Iui|77ia+ﬂ—5 . (T — sy h-s \
TN & Tarp=o+D) Tarpo+1)

A1T(B+a) (% |y In T

YN (;r(a—5+1)+r(a—5+1ﬂ
[0|T(B+a)
C(B)IA|

:|(t;z+ﬂ51 _tiz+ﬂ—5—l), (22)

Thanks to (21) and (22), we can state that ||Ox(t,)-Ox(t,)|| -0 as
t,—t, = 0. By Arzela-Ascoli theorem, we conclude that O is completely

continuous operator.
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Step 4 : Now, it remains to show that theset £ ={x e X :x= pO(x), 0 < p <1}
is bounded. Let x €%, then x = pO(x),0< p <1, Thus, for each f €[0,T],
we have

x(t)
(t S)a+ﬂ 1 s (t s)a—l
_[0 M f(s x(s), D° x(s))ds — pl_[ W

L P(Ba —5)t“ﬂ { S [ —s) i

x(s)ds

f(s,x(s), D’ x(s))ds

F(ﬂ)A SH)o Ta+p-0)

m-2 )05 6-1 (T_S)a+ﬂ—5—1

- Z I x(s)ds Io T(a+B-5)

i u(ﬂwt )
0 I'(a-0) I'(B)A

f(s,x(s), D’ x(s))ds

Using (A,) and (A,), we obtain

||x||g—{l +w'pﬁz+ﬂl} (24)
1-1214, LB A
and
IDx | < ;{HIMJMF(MT‘”‘MI}. (25)
1-|411, L(B)IA]
From (24) and (25), we get
L0 )
= (s, )
0] {r<ﬂ+a—5)Ta+ﬂ-1+r<ﬂ+a> TM,,_(;_l}Q 26)
LA Al 1-12]4, 1= 11,

This shows that the set X is bounded. As a consequence of Schaefer’s
fixed point theorem, we deduce that O has a fixed point which is a solution
of boundary value problem (1). The proof is completed. O

3. Ulam-Hyers stability

We adopt the definitions [12]: Ulam-Hyers stability, generalized Ulam-
Hyers stability and Ulam-Hyers-Rassias stable for the fractional boundary
value problem (1). Let ¢ a positive real numbers and the function h € X,
we consider the following fractional differential inequalities:
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D*(D” + )x(t) - f(t,x(t), D" x(t))| < &,t €[0,T], 27)

and

D*(D* + A)x(t) - f(t, x(t), Dﬁx(t))| < ed(t),t [0, T]. (28)

Definition 6 : The fractional boundary value problem (1) is Ulam-Hyers
stable if there exists a real number y >0 such that for each &£>0 and for
each solution x € X of the inequality (27) there exists a solution x € X of
fractional boundary value problem (1) with

|[x(t)-x(B| <7 &,t €[0,TI.

Definition 7 : The fractional boundary value problem (1) is generalised
Ulam-Hyers stable if there exists ¢ e C(R_,R ), (0) =0, such that for each
solution x € X of the inequality (27) there exists a solution X € X of the
fractional boundary value problem (1) with

|x(t) - %(t)| < p(&),t €[0, T].

Definition 8 : The fractional boundary value problem (27) is Ulam-Hyers-
Rassias stable with respect to ¢ e C([0, T],R,) if there exists a real number
7 >0 such that for each ¢ >0 and for each solution x € X of the inequality
(27) there exists a solution X € X of fractional boundary value problem (1)
with

lx(t) - x(t)| < 7 £ 4(2),t €[0, T].

Remark 9 : An element x € X is a solution of the inequality (27) if and
only if there exists a function y :[0,T]— R such that

@): lyt)|<etel0,T]

(b): D*“(D” + A)x(t) = f(t,x(t),D’x(t)) +y (t),t [0, T].

Theorem 10: Let f:[0,T]xRxR — R be a continuous function. Suppose that
the assumptions (A,),(A,) and (A,) hold. If

€]

D*(D” + A)x(t) > (A, +T1,)M+| A | (A, +H2)r+m

Q. (29)
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Then the fractional boundary value problem (1) is Ulam-Hyers stable.
Proof : Let x € X be a solution of the inequation (27) satisfying
D* (D’ + A)x(t) = f(t,x(t), D’ x(t)),
with
x(0)=0,D°x(T) = Vf wD’x(n,)+6.
i1

Letus denoteby x € X the unique solution of the fractional boundary
value problem

D*(D” + A)x(t) = f(t,x(t),D’x(t)),t €[0,T],0< ¢, B <1,5 <,
x(0) = x(0) =, D°x(T) = D°x(T).

For each ¢>0,x € X, we let

D“(D” + A)x(t) - f(t, x(t), Dﬁx(t))| <e.

Using the hypoteses (A,) and (A,), we get
10|

|X(t)| < (A] +H] )M+(A2 +H2)r+m

(30)

By (29) and (30), we have
sup |x(t)| < sup |D*(D” + A)x(t)]. (31)

te[0,T] te[0,T]

Using (31), we get

sup [x(t)—¥(B)] < sup |D*(D” + A)(x(t)— ¥ (1))

t€[0,T] te[0,T]

< sup [D“(D” + A)x(t) - f(t, x(t), D’ x(t))

t€[0,T]

—D*(D” + A)x(t)+ f(t,%(t), D’ X(t))
+£(t,x(t), D°x(6) - f(t,%(t), D% (1)

< ¢+o|lx—Xx]|. (32)

This yields that
(1-w)||x-x]||<Le. (33)

Then, for each t €[0,T]



1712 M. HOUAS

1
l-w

lx(t) - ()| < £ =7e. (34)

So, the fractional boundary value problem (1) is Ulam--Hyers stable.
By putting ¢(g)=y¢,0(0)=0 yields that the fractional boundary
value problem (1) generalised Ulam-Hyers stable. O

Theorem 11: Let f:[0,T]xRxR — R be a continuous function. Suppose that
the assumptions (A,),(A,) and (A,) hold . In addition we assume that

(A, : There exists a function ¢ e C([0,T],R,) that satisfies (28).
Then the fractional boundary value problem (1) is Ulam-Hyers-Rassias
stable.

Proof : Let x € X be a solution of the inequation (27) satisfying

D (D" + A)x(t) - f(t, x(t), D x(t)| < eg(t), t €[0, T],

Letus denoteby x € X the unique solution of the fractional boundary
value problem

D*(D” + )x(t) = f(t,x(t),D’X(t)),t €[0,T],0< ¢, B <1,5 <,
x(0)=x(0) =, D°x(T) = D’X(T).
In virtue of Remark 11 and by some easy calculations, we get

X=X 11 A1-[(A, +I1,)o+ | 2] (A, +11,)]) < &g(£). (35)

Then, for each t €[0,T]

N 1 py—
|x(t) - % (1) < e T s AT T ed(t) = yeg(t). (36)

So, the fractional boundary value problem (1) is Ulam-Hyers-Rassias
stable. 0O

4. Application

To illustrate our main results, we treat the following examples.

Example 12 : Let us consider the following fractional boundary value
problem
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D4(D3+ 1J

[x()| N sin |D%x(t) |
TR’ +1) 327t +1)

2x(O) ODZx(l) \/7D2 (1} £DZXL J+e

+arctan(t+1),t €[0,1],

1-

(37)

3 2 1 1 J3 1
Here we have a=, ﬂ—g =15 5=§, =2, My = =5,
3
=7 and
x sin
N ly |

32x(te” +1) 32x(te” +1)

flt,x,y)= +arctan(f+1),t €[0,1], x,y eR.

For each x,y,x,y €R and t €[0,1], we have
|F(tx, )~ f6,F, )| < A lx—x|+]y -7
32z

Hence condition (A,) is satisfied with @ =--. By computation,

(A, +I1))o = 0.04059 <1- |21 |(A, +11,) = 0.46366.  Thus Theorem 4
guarantees the uniqueness of a solution for the boundary value problem
(37).

Example 13 : Consider the following problem

2

3 2 cos x(t)+sin D3 x(t)

(4 1)
D4 D° + = ,tel0,1],
(D7 *3g) 0= 5, t €[0,1] -

152(0) = 0, D3x(1) = §D3x [3 +%D3x G} + D%[%} +§,

3 4 1 2 6 1 2 3
where a=4 ﬁ=§/ ﬂ=ﬁ, 5=§/ == By =5 ﬂ3:1/ h=g,M=7

m, =% and f(t,x,y)zw, t€[0,1], x,y eR. With the given data,
it is found that le— ,=3.4619,I1, =2.5512 as |f(t,x,y)|< 15”

[A]A, <1 and |A|IT, <1.

It is clear that the conditions of Theorem 5 hold. Then the problem

(38) has at least one solution on [0,1].
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