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Abstract

We used the notion of interval-valued picture fuzzy sets (IvPFSs) in UP-algebras to
introduce the eight new notions of IvPFSs. We also discuss about how the eight new notions
of IvPFSs in UP-algebras relate to each other. This idea is extended to level subsets of IVPFSs
in UP-algebras. Furthermore, we define an IvPFS in the same manner that a characteristic
function is defined, and we examine its characterizations using the associated subset.

Subject Classification: Primary 06F35, Secondary 08A72, 03E72.
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1. Introduction

In 1965, Zadeh [25] was the first to consider the notion of fuzzy sets.
The fuzzy set theories created by Zadeh and others have a wide range
of applications in mathematics and beyond. After Zadeh [25] introduced
the notion of fuzzy sets, Atanassov [2] proposed a new notion called an
intuitionistic fuzzy set, which is a generalization of fuzzy sets. Cuong and
Kreinovich[4]in2013 proposed thenotion of picture fuzzysets (PFSs), which
are direct expansions of fuzzy sets and intuitionistic fuzzy sets. In 2014,
Cuong [3] published a paper in the J. Comput. Sci. Cybern. that introduced
the notion of PFSs. On PFSs with certain properties, various operations are
considered. Singh [16] proposed a geometrical interpretation of PFSs in
2015. The author suggested correlation coefficients for PFSs that take into
account the degree of positive, neutral, negative, and refuse membership.
Wei [21] presented another form of eight similarity measures between PFSs
based on the cosine function between PFSs in 2017, taking into account the
degree of positive, neutral, negative, and refusal membership in PFSs. Wei
and Gao [23] presented some novel Dice similarity measures of PFSs as
well as generalized Dice similarity measures of PFSs the following year,
indicating that Dice similarity measures and asymmetric measures are
special cases of generalized Dice similarity measures in some parameter
values. Wei [22] described a novel method for determining the similarity
of PFSs. These similarity measurements between PFSs were used by the
author to recognize building materials and minerals fields. Ganie et al. [5]
presented two picture fuzzy set correlation coefficients in the year 2020.
These picture fuzzy set correlation coefficients are superior than previous
ones in terms of reflecting the nature of correlation. In [3], the notion of
IvPFSs was also proposed. The following was said by Liu et al. [12]: “In
IvPFSs, the degrees of membership, abstinence and non-membership are
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given in closed sub-intervals of [0,1] and have a condition that the sum
of the supremum of all three subintervals must belong to a closed unit
interval.” Yuphaphin et al. [24] used the idea of PFSs to present eight new
PFS concepts through a special type in UP-algebras this year. From the
idea of this article led to this research.

In this article, we exploited the notion of IvPFSs in UP-algebras to
present the eight new IvPFESs. We also discuss about how the eight new
notions of IvPFSs in UP-algebras relate to each other. In UP-algebras, this
notion is extended to level subsets of IvPFSs. Furthermore, we define an
IvPFS in the same manner that a characteristic function is defined, and we
examine its characterizations using the associated subset.

2. Basic UP-algebra results
Let’s look at the definition of UP-algebras before we get started.
Definition 2.1 : [7] Allow U to be a nonempty set, * to be a binary

operation on U, and 0 to be a fixed element of U. A UP-algebra is defined
as an algebra U =(U,*,0) of type (2,0) if the following axioms are true:

(allx,y,z eU)((y*z)*((x *y) *(x *z)) = 0), (2.1)
(allx eU)(0*x =x), (2.2)
(allx eUU)(x*0=0), and (2.3)
(allx,y ed)(x*y =0,y*x=0=>x=y). (2.4)

Unless otherwise indicated, let I/ signify a (U/,*,0) UP-algebra.
The binary relation < is described as follows on I/ :

(allx,y e)(x<y < x*xy =0) (2.5)

and the claims that follow are true (see [7, 8]).
(allx eU)(x<x), (2.6)
(allx,y,z eU)(x<y,y<z = x<2), (2.7)
(allx,y,z eU)(x<y => z*x<z*Y), (2.8)
(allx,y,zeU)(x<y => y*z<x*2), (2.9)

(allx,y,z e U)(x <y *x,inparticular,y * z< x *(y * 2)), (2.10)
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(allx,y eU)(y*x<x <= x =y *x), (2.11)
(allx,y eU)(x<y *y), (2.12)
(alla,x,y,z eU)(x*(y *z)<x*((a*y)*(a*z))), (2.13)
(alla,x,y,z eU)(((a*x)*(axy))*z<(x *y)*z2), (2.14)
(allx,y,z eU)((x*y)*xz<y *z), (2.15)
(allx,y,z eU)(x<y => x<z*y), (2.16)
(@llx,y,z et)((x*y)*z<x *(y *z)), and (2.17)
(alla,x,y,z eU)(x *y)*z<y *(a*z)). (2.18)

For more studies and examples of UP-algebras, see [1, §, 10, 11, 13,
14, 15, 19].

Definition 2.2 : [6, 9, 7, 17] Let S be a nonempty subset of U. Then S is
called

(1) a UP-subalgebra (UPs) of U if
(allx,y €S)(x*y €5), (2.19)

(2) anear UP-filter nUPf) of U if
(allx,y eU)(y eS=>x*y €5), (2.20)

(3) a UP-filter (UPf) of U if
0eS, (2.21)
(allx,y e)(x*y €S,x eS=y €5), (2.22)

(4) an implicative UP-filter (iUPf) of U if (2.21) and
(allx,y,z eU)(x*(y*z) eS,x*y eS=>x*z €5), (2.23)

(5) a comparative UP-filter (cUPf) of U if (2.21) and
(allx,y,z eU)(x*((y*z)*y) eS,x eS=y €8), (2.24)

(6) a shift UP-filter (sUPf) of U if (2.21) and
(allx,y,z eU)(x*(y*z) €S, x eS=((z*y)*y)*z €5), (2.25)

(7) a UP-ideal (UPi) of U if (2.21) and
(allx,y,zel)(x*(y*z) €S,y eS=>x%z €S), (2.26)

(8) astrong UP-ideal (sUPi) of U if (2.21) and
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(allx,y,z eU)(z*y)*(z*x) €S,y €S = x €85). (2.27)

Guntasow et al. [6] proved that the only sUPi of a UP-algebra U/ is U.
The following theorem is straightforward to prove.

Theorem 2.3 : Given a nonempty family F of UPss (resp., nUPfs, UPfs, iLIPfs,
cUPfs, sUPfs, UPis, sUPis) of U. Then nF isa UPs (resp., nUPf, UPf, iUPf,
cUPf, sUPf, UPi, sUPi) of U.

3. IvPFSs in UP-algebras

The concept of an interval number is studied in [26] which is stated
as follows:

We refer to a close subinterval @ =[a",a*] of [0,1], where 0<a <a'<1
as an interval number. The set of all interval numbers is denoted by int[0,1].
If 4, b eint [0,1], we define the refined minimum and the refined maximum of
a and l;, denoted by rmin{a, E} and rmax{a, l;}, respectively, as follows:

rmin{d, b} = [min{a",b"}, min{a*,b*}] and
rmax{d, b} = [max{a~,b"}, max{a®,b*}].
The following, in case of @ and 5, are the definitions for the relations
=, %, and =.
irbea >b anda” >1b",
and similarly we may have a<b and d=b. To say a> b (resp., @=Db)
we mean d>-b and d=b (resp @=b and d=b). The complement of &,

denoted by a°, is defined by a“ =[1-a",1-a"].
In the int[0,1], the following assertions are valid (see [20]).

(alla eint{0,1])((a3°)" = a), (3.1)
(alla eint[0,1])(rmax{a,a} = a), (3.2)
(alla €int[0,1])(rmin{a, a} = a), (3.3)
(alla,,a, eint[0,1])(rmax{a, ,a,} = rmax{a,,a,}), (3.4)
(alla,,a, eint[0,1])(rmin{a, ,a, }=rmin{fl2,ﬁ1}), (3.5)
(alla,,a, €int[0,1])(rmax{d, ,a,} = d,,a,), (3.6)
(alla,,d, €int[0,1])(d,,a, = rmin{d, ,a,}), (3.7)
(alld,,a, eint[0,11)(a, = 4, < a; <a;), (3.9)
(alla,,a,,a,,a, eint[0,1])(a, = a,,a, = a, = rmax{a,,d,} = rmax{a,,a,}),3.9)



1750 N. LAPO, P. KANKAEW, S. YUPHAPHIN, R. CHINRAM AND A. JAMPAN

(alla,,a,,a,,a, eint[0,1])(a, = a,,a, = a, = rmin{a,,a,} = rmin{a,,a,}),
(3.10)
(alla,,a,,a, eint[0,1])(a, = a,,a, = a, < a, = rmax{a,,d,}), (3.11)
(alla,,a,,a, eint[0,1])(a, = a,,a, = a4, < rmin{a,,d,} = a,), (3.12)
(alla,,a, €int[0,1])(a, = 4, < rmax{d ,a,} =4,), (3.13)
(alla,,a, €int[0,1])(4, = a, < rmin{a,,a,} =a,), (3.14)
(alld,,a, eint[0,1])(rmin{a’,a }—rmax{&l,ﬁz}c), (3.15)
(alld,,a, eint[0,1])(rmax{a; a5 } = rmin{d,,a,}°), (3.16)
(alla,,a,,a, eint[0,1])(a, < rmax{a,,a,} < a~lc = rmin{flzc,fzsc}), (3.17)
(alld,,a,,a, eint[0,1])(4, = rmax{d,,d,} < 4. <rmin{a; ,d; }), (3.18)
(alld,,d,,a, eint[0,1])(4, < rmin{a,,d,} < d; = rmax{d, 4, }), and (3.19)
(alld,,a,,a, eint[0,1])(a, = rmin{d,,d,} < d; < rmax{d, ,d; }). (3.20)

Cuong and Kreinovich [4] established the notion of PFSs in 2013,
defining it as follows.

In a nonempty set U, a picture fuzzy set (PFS) is a structure of the
form:

P= {(.X, rp(x)rgp(x)/bp(x)) I X eZ/I},

where 7, :U—>[0,1], g,:U—>[0,1], and b,:U —>[0,1] fulfill the
following:

(allx eU)(r,(x)+ g, (x)+b,(x) < 1).

We'll refertoaPFSas P=(U,r,,8,,b,) ={(x,7,(x),§,(x),b,(x)) | x €U}
for the sake of simplicity.

Cuong [3] proposed the notion of IvPFSs in 2014, and provided the
formal definition.

In a nonempty set U, an interval-valued picture fuzzy set (IvPFS) is a
structure of the form:

I= {(x/ RI (X), G[ (.X'), B[ (.X')) | X € u}/

where R :U —int[0,1] is a  membership  function  sending
x = [inf R, (x),supR (x)], G,:U —int[0,1] is a abstinence function sending
x - [infG,(x),supG,(x)], and B, :U —int[0,1] is a non-membership
function sending x - [inf B, (x),sup B, (x)], fulfill the following:

(allx eU)(supR,(x)+supG,(x)+supB,(x) < 1).
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If we write R (x)= I/QT(;),G, (x)=CTIZ;), and B, (x)= ]/i’FxJ),
then (R (x))" +(G,(x))" +(B,(x))"<1. An IVPFS shall be denoted as
I=(U,R,,G,,B))={(x,R,(x),G,(x),B,(x))| x e} for our convenience.

Now we’ll present the eight new IvPFSs notions: IvPFUPss,
IvPFnUPfs, IvPFUPfs, IvPFiUPfs, IvPFcUPfs, IvPFsUPfs, IvPFUPis, and
IvPFsUPis, give some instances, look into their characteristics, and show
their generalizations.

Definition 3.1 : An interval-valued picture fuzzy UP-subalgebra (IvPFUPs) of
U isan IvPFSI'in U that meets the following;:

(allx,y e U)(R,(x*y) = rmin{R, (x), R, (y)}), (3.21)
(allx,y eU)(G,(x *y) = rmin{G, (x),G,(y)}), (3.22)
(allx,y eU)(B,(x *y) < rmax{B, (x), B,(y)}). (3.23)

Example 3.2 : As indicated in the Cayley table below, let ¢/ ={0,1,2,3,4}
represent a UP-algebra (U, *,0).

O O O © oo
W =, O N NN
W O O O WlW
S = o e

W= O O ==

= W N = O %

An IvPFS I is defined as follows:
R (0 1 2 3 4 ),
! L[o.2,0.5] [0.2,0.4][0.1,0.4][0.1,0.3] [0,0.1])
c_l 0 1 2 3 4 ),
' ([0.2,0.4] [0.1,0.3][0,0.2] [0.1,0.3][0,0.1]J
g 0 1 2 3 4 ).
' \[0,0.1][0.1,0.3][0.1,0.3][0.2,0.4][0.3,0.6])

Therefore, I is an IVPFUPs of .

Definition 3.3 : An interval-valued picture fuzzy near UP-filter IvPFnUP) of
U isan IVPFS Iin U that meets the following:
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(allx,y eU)(R,(x*y) = R, (y)), (3.24)
(allx,y €U)(G,(x*1) =G, (y)), (3.25)
(allx,y e U)(B,(x*y) = B,(y)). (3.26)

Example 3.4 : As indicated in the Cayley table below, let ¢/ =1{0,1,2,3,4}
represent a UP-algebra (U, *,0).

«]0 1 2 3 4
0lo 1 2 3 4
110 0 2 3 4
210 000 4
3|0 020 4
410 0000
An IvPFS I is defined as follows:
R0 1 2 3 3 ),
! ([0.2,0.4] [0.2,0.3][0.1,0.3][0.1,0.4] [0,0.1]}
G =( 0 1 2 3 3 )
L[o.1,o.4] [0.1,0.4][0,0.3][0.1,0.2] [0,0.1])
(0 1 2 3 3 )

B = L[0,0.Z] [0.1,0.2] [0.2,0.3] [0,0.4] [0.2,0.6])'
Therefore, I is an IVPFnUPf of U.

Definition 3.5 : An interval-valued picture fuzzy UP-filter IvVPFUPY) of U is
an IvPFS I'in U that meets the following:

(allx eU)(R,(0) = R, (x)), (3.27)
(allx eU)(G,(0) = G,(x)), (3.28)
(allx e U)(B,(0) = B, (x)), (3.29)
(allx,y e U)(R,(y) = rmin{R, (x *y), R, (x)}), (3.30)
(allx,y e U)(G,(y) = rmin{G, (x *y),G, (x)}), (3.31)
(allx,y e U)(B,(y) = rmax{B,(x *y), B,(x)}). (3.32)

Example 3.6:[24] Asindicated in the Cayley tablebelow, let ¢/ = {0,1,2,3, 4}
represent a UP-algebra (U, *,0).



INTERVAL-VALUED PICTURE FUZZY SETS 1753

*10 1 2 3 4

00 1 2 3 4

1/0 0 2 3 4

210 0 0 3 3

3/0 1 20 3

410 1 200
An IvPFS [ is defined as follows:

R[ 0 1 2 3 4 )
' k[0.2,0.4] [0.2,0.4] [0.2,0.4] [0,0.3] [0,0.3])
Gl 0 1 2 3 4,
' L[0.3,0.4] [0.1,0.3]]0.1,0.3] [0,0.2] [0,0.2])

g 0 1 2 3 4 )
" 10,02110,021[0.1,0.31 [0.3,0.5] [0:3,0.5)

Therefore, I is an IVPFUPf of U.

Definition 3.7 : An interval-valued picture fuzzy implicative UP-filter
(IvPFiUPf) of U is an IVvPFS I in U that meets the following: (3.27), (3.28),
(3.29), and

(allx,y,z e U)(R,(x *z) = rmin{R, (x *(y * 2)), R, (x * y)}), (3.33)
(allx,y,z e U)(G, (x *z) = rmin{G, (x *(y *2)), G, (x * y)}), (3.34)
(allx,y,z e U)(B, (x *z) < rmax{B, (x *(y * z)), B, (x * y)}). (3.35)

Example 3.8 : As indicated in the Cayley table below, let ¢/ ={0,1,2,3}
represent a UP-algebra (U, *,0).

WNHO'*
S O © oo
=
N © © NN
S W O WlWw

An IvPFS I is defined as follows:

(0 2 3 3 )

R =
L10.2,0.4]10,0.31 [0,03] [0,0.3])

1
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[0 1 2 3 ),
101,041 [0.1,031 [0.1,0.3] [0.1,031)
(0 1 2 3 )

B = L[0,0.Z] [0.2,0.4] [0.2,0.4] [0.2,0.4]}
Therefore, I is an IvPFiUPf of U.

Definition 3.9 : An interval-valued picture fuzzy comparative UP-filter
(IvPFcUPY) of U isanIvPFSIin U that meets the following: (3.27), (3.28),
(3.29), and

(allx,y,z e U)(R,(y) = rmin{R, (x *((y *z) *y)), R, (x)}), (3.36)
(allx,y,z eU)(G,(y) = rmin{G, (x *((y *2) * y)), G, (x)}), (3.37)
(allx,y,z e U)(B,(y) = rmax{B, (x *((y *z)*y)), B, (x)}). (3.38)

Example 3.10: [24] As indicated in the Cayley table below, let ¢/ ={0,1,2, 3}
represent a UP-algebra (I, *,0).

W N = O | *
o O O OO
S O O |-
_ O = NN
O W W Wl W

An IvPFS I is defined as follows:

P 1 2 3 )
l‘haaq [0,0.4] [0,0.4] mlnsﬂ'
ol o 1 2 3 )
’_UQLQQ [0.1,0.3] [0.1,0.3] mﬁzﬁ’
(0 1 2 3 )

B :L[O.Z,O.S] [0,0.3] [0,0.3] [0,0.3]}
Therefore, I is an IvVPFcUPf of U.

Definition 3.11 : An interval-valued picture fuzzy shift UP-filter (IvPFsUPf)
of U isan IVPFSIin U that meets the following: (3.27), (3.28), (3.29),
and
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(allx,y,z e U) (R, (((z*y) *y) *z) = rmin{R, (x *(y * z)), R, (x)}), (3.39)
(allx,y,z eU)G,((z*y) * y) *z) = rmin{G, (x * (y *z)), G, (x)}), (3.40)
(allx,y,z e U)(B,(((z*y) * y) *z) < rmax({B, (x *(y * 2)), B, (x)}). (3.41)

Example 3.12 : As indicated in the Cayley table below, let ¢/ ={0,1,2,3}

represent a UP-algebra (U, *,0).

W N = O | *
o O O OO
O O O Rk
S O N NN
S NN WIW

An IvPFS I is defined as follows:

P 1 2 3 )
f‘([o.1,0.4] [0.1,0.4] [0,0.3] [0,0.3])’
ol o 1 2 3 )
’_L[0.2,0.4] [0.2,0.4] [0.1,0.2] [0.1,0.2])’
(0 1 2 3 )

B .
! L[0,0.Z] [0,0.2] [0.1,0.4] [0.1,0.4]}
Therefore, I is an IvPFsUPf of U.

Definition 3.13 : An interval-valued picture fuzzy UP-ideal (IVPFUPi) of U is
an IvPFS I in U that meets the following: (3.27), (3.28), (3.29), and

(allx,y,z e U)(R,(x*z) = rmin{R, (x *(y *2)), R, (v)}), (3.42)
(allx,y,z e U)(G,(x *z) = rmin{G, (x *(y *2)),G,(y)}), (3.43)
(allx,y,z e U)(B,(x *z) < rmax{B, (x *(y *z)), B,(y)}). (3.44)

Example 3.14 : As indicated in the Cayley table below, let ¢/ ={0,1,2,3,4}

represent a UP-algebra (U, *,0).
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* 10 1 2 3 4

00 1 2 3 4

1{0 0 2 3 4

210 0 0 3 4

310 01 0 4

40 0 00O

An IvPFS I is defined as follows:

Rl 0 1 2 3 4 )
’_\[0.3,0.5] [0.2,04] [0.2,0.3] [0.1,0.2] [0,0.1])’
ol 0 1 2 3 4 )
I_L[0.3,0.4] [0.2,0.4] [0.2,0.3] [0.1,0.2] 0,0.1])’
(0 1 2 3 4 )

B, = L[0,0.l] [0.1,0.2] [0.2,0.4] [0.3,0.6] [0.4,0.7]}
Therefore, I is an IVPFUPi of U.

Definition 3.15 : An interval-valued picture fuzzy strong UP-ideal (IvPFsUPi)
of U isanIVPFSIin U that meets the following: (3.27), (3.28), (3.29), and

(allx,y,z UNR, (x) = rmin(R, ((z* y)*(z* ), R, (y)}), (3.45)
(allx,y,z e U)(G,(x) = rmin{G, ((z * y) *(z*x)), G, (v)}), (3.46)
(allx, v,z e U)(B,(x) = rmax{B,((z *y) *(z*Xx)), B,(y)}). (3.47)

Example 3.16 : As indicated in the Cayley table below, let ¢/ ={0,1,2,3}
represent a UP-algebra (U, *,0).

«[01 2 3
olo 1 2 3
10 0 11
210 0 01
310 010

An IvPFS I is defined as follows:
(R, (x)=[04,0.5])
(allx eU)| G,(x)=[0.2,0.3]|.
B,(x)=[0.1,0.2]
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Therefore, I is an IvPFsUPi of U.

Definiton 3.17 : If an IvPFS I in a nonempty set I/ is a constant function
from U to int[0,1], itis said to be constant.

Theorem 3.18 : Every [vPFUPs of U fulfills the requirements (3.27), (3.28),
and (3.29).

Proof : Let I be an IVPFUPs of U. Then for each xel,
R,(0) =R, (x*x) = rmin{R, (x),R,(x)} =R, (x) (by (26), (3.21), (3.3)),
G,(0)=G,(x*x) = rmin{G,(x),G,(x)} =G,(x) (by (2.6), (3.22), (3.3)),
and B, (0) =B, (x*x) = rmax({B,(x),B,(x)} = B,(x) (by (2.6), (3.23), (3.2)).
Therefore, [ fulfills the requirements (3.27), (3.28), and (3.29). O

Theorem 3.19 : An [vPFS I in U is constant if and only if it is an [vPFsUPi of
U.

Proof : Suppose that an IVvPFS [ is constant in #. Then
R,(x)=R,(0),G,(x)=G,(0), and B,(x)=B,(0) for all x e{. Then for each
xR (0)=R,(x),G,(0)=G,(x), and B,(0)<B,(x). Let x,y,zeld. Then
R,(x)=R,(0) =rmin{R,(0), R,(0)}= rmin{R ((z*y)* (z*x)),R (y)} (by
(3.3)), G,(x)= G,(0)=rmin{G,(0), G,(0)} = rmin{G, ((z *y) *(z*x)),G,(y)}
(by (3.3)), and B,(x)= B,(0)=rmax {B,(0),R,(0)} = rmax{B,((z*y)*
(z*x)),B,(y)} (by (3.2)). Therefore, I is an IvPFsUPi of .

Conversely, suppose that I is an IvPFsUPi of U. For each x el,
R,(x)>= rmin{R ((x*0)* (x*x)), R (0)}=rmin{R (0* (x*x)),R (0)}=
rmin{R (x*x), R, (0)}=rmin{R,(0), R, (0)}=R,(0)=R (x) (by (3.45),
(23), (2.2), (2:6), (3.3), (3.27)), G,(x)>= rmin{G,((x*0)* (x*x)),G,(0)} =
rmin{G, (0 (x *x)), G,(0)} = rmin{G, (x *x), G,(0)} = rmin{G, (0),
G,0)}=G,0)=G,(x) (by (346), (23), (2.2), (26), (33), (3.28)),
and B, (x) 2 rmax{B,((x*0)* (x*x)),B,(0)} = rmax({B, (0*(x *x)),
B,(0)} = rmax{B, (x *x), B,(0)} = rmax{B,(0), B,(0)} = B,(0) < B, (x) (by
(3.47),(2.3), (2.2), (2.6), (3.2), (3.29)). Thus R, (x)=R,(0), G,(x) =G,(0), and
B,(x)=B,(0) forall x ed. Thus R,,G,, and B, are constant. Therefore, I
is constant. O

Theorem 3.20 : Every [vPFnlUPf of U is an [vPFUPs.

Proof : Suppose that I is an IvPFnUPf of U. Let x,y €U.Then
R,(x*y)= R (y) = rmin{R (x), R ()} by~ (325), (7)), G,(x*y)»=
G,(y) = rmin{G, (x),G,(v)} (by (325), (3.7)), and B (x*y) =
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B,(y) = rmax{B,(x),B,(y)} (by (3.26), (3.6)). Therefore, I is an IvPFUPs of
U. O

Example 3.21 : We know that I is an IVPFUPs of U from Example 3.2.
Since R,(4%1)=[0.1,0.3] /[0.2,0.4] = R, (1), we obtain I is not an IvPFnUPf
of U. This demonstrates that the converse of Theorem 3.20 is incorrect.

Theorem 3.22 : Every IvPFnUPf of U fulfills the requirements (3.27), (3.28),
and (3.29).

Proof : By Theorems 3.20 and 3.18, it’s straightforward. O
Theorem 3.23 : Every [vPFUPf of U is an IvPFnlUPf.

Proof : Suppose that I is an IvPFUPf of U. Let x,y eU.Then R (x*y) >
rmin{R, (y *(x*y)), R,(y)} =rmin{R,(0), R,(v)} =R, (y) (by (3.30), (2.10),
(3.27), (3.14)), G,(x*y) = rmin{G,(y * (x*v)),G,(y)} = rmin{G, (0),
G, ()} =G,(y) (by (3.31), (2.10), (3.28), (3.14)), and B, (x*y) < rmax{B,(y *
(x*y)),B,(y)} = rmax{B, (0), B,(y)}=B,(y) (by (3.32), (2.10), (3.29), (3.13)).
Therefore, I is an IvVPFnUPf of U. O

Example 3.24 : We know that I is an IVPFnUPf of U from Example 3.4.
Since R,(1)=[0.2,0.3] ¥ [0.1,0.4] =rmin{R (3*1),R,(3)}, we obtain I is not
an IVPFUPf of U. This demonstrates that the converse of Theorem 3.23 is
incorrect.

Theorem 3.25 : Every [vPFUPi of U is an IoPFUPY.

Proof : Suppose that I is an IVPFUPi of U. Then I fulfills the requirements
(3.27), (3.28), and (3.29). Let x,yeU. Then R (y)=R,(0*y)>=
rmin{R, (0 *(x *y)), R, (x)} = rmin{R, (x *y), R, (x)} (by(2.2),(3.42)), G,(y) =
G,(0*y) = rmin(G,(0* (x*1)),G, ()} = rmin(G, (x*),G,(x)} by (2.2),
(3.43)), and B,(y)=B,(0*y) = rmax{B,(0*(x *y)), B,(x)} = rmax{B, (x *y),
B,(x)} (by (2.2), (3.44)). Therefore, I is an IVPFUPf of U. O

Example 3.26 : We know that [ is an IvPFUPf of ¢/ from Example 3.6. Since
B,(3%2)=1[0.3,0.5] £ 0.1,0.3] = rmax{B,(3*(2*4)), B,(2)}, we obtain [ is
not an IvVPFUPi of U. This demonstrates that the converse of Theorem
3.25 is incorrect.

We omit the proof of Theorems 3.27, 3.29, 3.31, 3.33, 3.35, 3.36, and
3.37 because the proof is similar to Theorem 3.25.
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Theorem 3.27 : Every [vPFiUPf of U is an [vPFUPY.

Example 3.28 : We know that I is an IVPFUPf of U/ from Example 3.6. Since
R,(3%4)=1[0,0.3] /[0.2,0.4] = rmin{R,(3*(2*4)), R,(3*2)}, we obtain I is
not an IvPFUPf of Y. This demonstrates that the converse of Theorem
3.27 is incorrect.

Theorem 3.29 : Every [vPFiUPf of U is an IvPFUP:i.

Example 3.30 : We know that I is an IVPFUPi of U from Example 3.14.
Since  B,(3*2)=[0.1,0.2] X[0,0.1]= rmax{B,(3*(3%2)), B,(3%3)}, we
obtain I is not an IvVPFiUPf of Y. This demonstrates that the converse of
Theorem 3.29 is incorrect.

Theorem 3.31 : Every [vPFcUPf of U is an IoPFUPY.

Example 3.32 : We know that I is an IVPFUPf of U/ from Example 3.6. Since
G,(3)=[0,0.2] # [0.3,0.4] = rmin{G, (0* ((3%4)*3)),G,(0)}, we obtain I is
not an IvPFcUPf of /. This demonstrates that the converse of Theorem
3.33 is incorrect.

Theorem 3.33 : Every [vPFsUPfof U is an IvPFUPf.

Example 3.34 : We know that [ is an IvPFUPf of U/ from Example 3.6.
Since G,(((1%0)*2)*1)=[0.1,0.3] #[0.3,0.4] = rmin{G,(0*(2*1)), G,(0)},
we obtain I is not an IvVPFsUPf of U/. This demonstrates that the converse
of Theorem 3.33 is incorrect.

Theorem 3.35 : Every [vPFsUPi of U is an IvPFilIPf.
Theorem 3.36 : Every [vPFsUPi of U is an [vPFcUPf.

Theorem 3.37 : Every [vPFsUPiof U is an IvPFsUPY.

According to Theorem Theorems 3.20, 3.23, 3.25, 3.27, 3.29, 3.31, 3.33,
3.35,3.36, and 3.37 and Examples 3.21, 3.24, 3.26, 3.28, 3.30, 3.32, and 3.34,
the notion of IvPFUPss is a generalization of IvPFnUPfs, IvPFnUPfs is a
generalization of IvPFUPfs, IvPFUPfs is a generalization of IvPFcUPfs,
IvPFUPfs is a generalization of IvPFsUPfs, IvPFUPfs is a generalization
of IvPFUPis, IvPFUPis is a generalization of IvPFiUPfs, and IvPFiUPfs,
IvPFcUPfs, and IvPFsUPfs is a generalization of IvPFsUPis. Moreover, by
Theorem 3.19, we obtain that IvPFsUPis and constant IvPFES coincide.
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Theorem 3.38 : If I is an [vPFUPs of U that meets the following:

R (0= R, (1))
(allx,y eU){x*yiO: G x) =G, ()|, (3.48)
B, (x) < B,(v)

then 1 is an [vPFnUPf of U.

Proof : Suppose that I is an IVPFUPs of U that meets (3.48). Let x,y eU. If
x*y =0, then R (x*y)=R,(0) =R (y) (by(3.27)), G,(x*y) =G,(0) = G,(y)
(by (3.28)), and B,(x*y)=B,(0)=<B,(y) (by (3.29)). If x*y #0, then
R,(x*y) =rmin{R, (x),R,(v)} =R, (y) (by (3.21), (3.48) for R,, (3.14)),
G,(x*y) = rmin{G,(x),G,(v)} =G,(y) (by (3.22), (3.48) for G,,(3.14)),
and B, (x*y) =< rmax{B,(x),B,(y)} = B,(y) (by (3.23), (3.48) for B,, (3.13)).
Therefore, I is an IvPFnUPf of U. O

Theorem 3.39 : If I is an IvPFnlUPf of U that meets the following:
(R,(0)=G,(0) = B,(0))
R =B, , (3.49)
G, =B,

then 1 is an IvPFsUPi of U.

Proof : Suppose that I is an I'PFnUPf of U/ that meets (3.49). By Theorem
3.22, we obtain [ fulfills the requirements (3.27), (3.28), and (3.29). Let
x elU. Then R,(0) = R,(x) = B,(x) = B,(0)=R,(0) (by (3.27), (3.49), (3.29)),
G,(0) = G,(x) = B,(x) = B,(0)=G,(0) (by (3.28), (3.49), (3.29)), and B, (0) <
B,(x) = R,(x) = R,(0)=B,(0) (by (3.29), (3.49), (3.27)). Thus R,(0)=R,(x),
G,(0)=G,(x), and B,(0)=B,(x), so I is constant. By Theorem 3.19, we
obtain [ is an IvPFsUPi of U. O

Theorem 3.40 : If I is an [oPFUPf of U that meets the following:

(R (y*(x*2))= R (y))
(allx,y,z eU)| G,(y *(x*z)) =G, (y) |, (3.50)
B, (y*(x*z)) = B,(y)

then I is an IvPFUPi of U.

Proof : Suppose that I is an IVPFUPf of U/ that meets (3.50). Then I fulfills
the requirements (3.27), (3.28), and (3.29). Let x,y,z €. Then R, (x*z) >
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rmin{R, (y *(x*z)), R,(y)} =R, (y) = rmin{R, (x* (y *z)), R, (y)} (by (3.20),
(3.50) for R,,(3.14), (3.7)), G,(x*z) = rmin{G, (y*(x*z)), G,(y)} =G,(y) =
rmin{G, (x*(y *z)), G,(y)} (by (3.31), (3.50) for G,, (3.14), (3.7)), and
B, (x*z) = rmax{B,(y *(x*z)), B/(y)} =B (y) = rmax{B, (x*(y*z)), B,(y)}
(by (3.32), (3.50) for B,, (3.13), (3.6)). Therefore, I is an IVPFUPiof ¢/. 0O

Theorem 3.41 : If [ is an [vPFS in U that meets (3.30), (3.31), and (3.32) and
the following:

(R ((x*(y*z))*(x*2)) = R (x*(y *2)))
(allx,y,z eL{)LGI((x*(y*Z))*(x*Z)) tGl(x*(y*z))J , (3.51)
B, ((x*(y *2))* (x*2)) < B, (x *(y *2))

then 1is an [vPFUPi of U.

Proof : Suppose that [ is an IvPFSin U that meets (3.30), (3.31), (3.32), and
(3.51).1f x =0,y = 0, andby(3.51), weobtainIfulfillstherequirements(3.27),
(3.28), and (3.29). Let x,y,z €Y. Then R, (x*z)>= rmin{R,((x*(y*z))*
(x*z)), R(x*(y*z))}= R(x*(y*z))= rmin{R (x*(y*z)), R (y)} (by
(3.30), 3.51) for R,, (3.14), (3.7)), G,(x*z) = rmin{G,((x*(y *z))* (x*z)),
G (x*(y*z)}= G (x*(y*z))= mmin{G (x*(y*z)), G,(y)} (by (3.31),
(3.51) for G,, (3.14), (3.7)), and B, (x*z) = rmax{B,((x*(y*z))* (x*2z)),
B,(x*(y*2))} = B, (x*(y*2)) < rmax(B, (x*(y*2)), B,(y)} (by (3.32), (3.51)

for B,, (3.13), (3.6)). Therefore, I is an IvVPFUPi of U. O
Theorem 3.42 : If I is an [vPFUPi of U that meets the following:
(R, (y) =R, (x*(y*2))
(allx,y,z eU)| G,(y) =G, (x*(y *2)) |, (3.52)
B,(y) = B, (x*(y *2))

then I is an IvPFiUlPf of U.

Proof : Suppose that I is an IvPFUPi of U/ that meets (3.52). Then [ fulfills
the requirements (3.27), (3.28), and (3.29). Let x,y,z eU. Then R (x*z) =
rmin{R, (x *(y *z)), R, (y)} =R (x*(y*z))= rmin{R, (x*(y *z)), R (x*y)}
(by (3.42), (352) for R,, (3.14), (3.7)), G,(x*z)= rmin{G,(x*(y*z)),
G, (W} =G, (x*(y *z)) = rmin{G, (x *(y *2)), G,(x*y)} (by (3.43), (3.52)
for G,, (314), (3.7)), and B, (x*z)= rmax{B,(x*(y*z)), B,(y)} =
B, (x*(y*z)) = rmax{B,(x*(y *z)), B,(x*y)} (by (3.44), (3.52) for B,
(3.13), (3.6)). Therefore, I is an IvPFiUPf of U. O



1762 N. LAPO, P. KANKAEW, S. YUPHAPHIN, R. CHINRAM AND A. JAMPAN

Theorem 3.43 : If I is an IvPFUPi of U that meets the following:

(R (x*((x*y)*z)) = R (x*y))
(allx,y,z eU)| G,(x*((x*y)*z)) = Gl(x*y)J , (3.53)
B, (x*((x*y)*z)) 2 B,(x*y)

then I is an IvPFiUlPf of U.

Proof : Suppose that I is an IvPFUPi of U that meets (3.53). Then I
fulfills the requirements (3.27), (3.28), and (3.29). Let x,y,z €. Then
R, (x*z) = rmin{R,(x* ((x*y)*z)), R(x*y)}= R (x*y)>= rmin{R, (x*
(y*2)), R, (x*y)} (by(3.42),(3.53)for R, (3.14),(3.7)), G, (x * z) = rmin{G, (x *
((x*y)*2)), G (x*y)} = G, (x*y) = rmin{G, (x * (y *2)),G, (x*y)} (by
(3.43), (3.53) for G,, (3.14), (3.7)), and B, (x*z) = rmax{B,(x* ((x*y)*z)),
B,(x*y)}= B,(x*y) < rmax{B, (x* (y*z)),B,(x*y)} (by (3.44), (3.53) for

B,, (3.13), (3.6)). Therefore, I is an IVPFiUPf of U. O
Theorem 3.44 : If I is an IoPFUPf of U that meets the following:
(R, (x*y) =R, (%))
(allx,y,z eU)| G,(x*y) = G,(x) |, (3.54)
B, (x*y) X B, (x)

then 1is an I[vPFcUPf of U.

Proof : Suppose that I is an IVPFUPf of U that meets (3.54). Then I fulfills
the requirements (3.27), (3.28), and (3.29). Let x,y,z €. Then R (y) =
min(R,(x*y), R,(x)} = R,(x) = rmin{R, (x* (y*2)*y)), R,(x)} (by (3.30),
(3.54) for R, (3.14), (3.7)), G,(y)>= rmin{G,(x*y), G,(x)}= G,(x) =
rmin{G, (x* ((y *z)*y)), G,(x)} (by (3.31), (3.54) for G,, (3.14), (3.7)), and
B,(y)< rmax{B,(x* y),B,()}= B,(x)=< rmax(B,(x* (y*2)*y)), B,(x)}
(by (3.32), (3.54) for B,, (3.13), (3.6)). Therefore, I is an IvPFcUPf of ¢. O

Theorem 3.45 : If [ is an IvPFS in U that meets (3.30), (3.31), and (3.32) and
the following:

(R ((x*((y *2)*y) *y) = R (x*((y *2) *)))
(@llx,y,z eU)| G,((x*((y*2)*y))*y) = G, (x*((y*2)*1)) |,  (3.55)
B ((x*((y*2)*y))*y) X B, (x*((y *2) *Y))

then I is an IvPFcUPf of U.
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Proof : Suppose that [ is an IvPFSin U that meets (3.30), (3.31), (3.32), and
(3.55). If x=0,y =2z, and by (3.55), we obtain [ fulfills the requirements
(3.27), (3.28), and (3.29). Let x,y,zeld. Then R, (y)>= rmin{R, ((x*
(y*2)*y)*y), Rx* (y*2)*y)l= R(x* (y*2)*y)= rmin(R (x*
((y*z)*y)), R, (x)} (by (3.30), (3.55) for R,, (3.14), (3.7)), G,(y)=
min(G, ((x* (¥ *2)*y)*y), G,&* (y*2)*y)= G,x* (y*2)*y)=
rmin{G, (x* ((y *z)*y)), G,(x)} (by (3.31), (3.55) for G,, (3.14), (3.7)),
and B,(y)< rmax(B,((x* (y*2)*y)*y), B (x* (y*2)*y)}= B(x*
((y*2)*y)) = rmax{B, (x* (y *z)*y)), B,(x)} (by (3.32), (3.55) for B,
(3.13), (3.6)). Therefore, I is an IvPFcUPf of U. O

Theorem 3.46 : If I is an [IvPFUPf of U that meets the following:
(R (x*(((z*y)*y)*2)) = R, ()
(allx,y,z e u)LG, (x*(z#y)*)*2) = G,(x) J , (3.56)
B, (x#(((z*y)*y)*2)) < B, (x)

then I is an IvPFsUPf of U.

Proof : Suppose that I is an IvPFUPf of U that meets (3.56). Then
I fulfills the requirements (3.27), (3.28), and (3.29). Let x,y,z el.
Then R ((z*y)*y)*2)= rmin(R (x* (z*y)*y)*2), R (x)} = R, (x) =
rmin{R (x* (y*z)),R, (x)} (by (3.30), (3.56) for R, (3.14), (3.7)),
G((z*y)*y)*2)= minG,(x*  (z*y)*y)*2), G @)= G ()=
rmin{G, (x*(y *z)), G,(x)} (by (3.31), (3.56) for G,, (3.14), (3.7)), and
B (zxy)*y)*z) = rmax{B (x* ((z*y)*y)*z), Bx)}= B(x)=
rmax{B, (x * (y *z)), B,(x)} (by (3.32), (3.56) for B,, (3.13), (3.6)). Therefore,
I is an IvPFsUPf of U. O

Theorem 3.47 : If I is an IvPFS in U that meets (3.30), (3.31), and (3.32) and
the following:
(R ((x*(y*2)*((z*y)*y)*2z) = R, (x *(y *2)))
(allx,y,zeU){G,((X*(}/*Z))*(((Z*y)*y)*Z)>G,(X*(y*2)) . (357)
B, ((x*(y*2))*(((z * y) *y) *z) < B,(x * (y *2))

then 1 is an IvPFsUPf of U.

Proof : Suppose that [ is an IvPFSin U that meets (3.30), (3.31), (3.32), and
(3.57). If x=0,y=0, and by (3.57), we obtain I fulfills the requirements
(3.27), (3.28), and (3.29). Let x,y,zel. Then R (((z*y)*y)*z)=
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min{R ((x*(y*2))*  ((z*y)*y)*z), R (x*(y*2)}= R (x*(y*z))=
rmin{R, (x* (y *z)), R (x)} (by (3.30), (3.57) for R, (3.14), (3.17)),
G ((z*y)*y)*z) = rmin{G, ((x *(y *2))* ((z*y)*y)*2)), G, (x*(y*2))}=
G,(x*(y+*z)) = rmin{G, (x *(y *z)), G,(x)} (by (3.31), (3.57) for G,, (3.14),
(3.7)), and  B(((z*y)*y)*z) = rmax{B,((x*(y *2))* ((z*y)*y)*2),
B (x*(y*z))} = B (x*(y*z)) 2 rmax{B, (x*(y *z)), B,(x)} (by (3.32), (3.57)
for B,, (3.13), (3.6)). Therefore, I is an IVPFsUPf of U. O

Theorem 3.48 : If I is an IvPFS in U that meets the following:

( R (z) = rmin{R, (x), R, (y)} \
(allx,y,z eu)t < x*y =13G,(2) = rmin{G, (x),G, (y)J (3.58)
B,(z) X rmax{B,(x), B, (y)}

then I is an IvPFUPs of U.

Proof : Suppose that I is an IVPFS in U that meets (3.58). Let x,y €U.
By (2.6), we obtain (x*y)*(x*y)=0. Thus x*y < x=*y. From (3.58),
R(x*y)= min(R(x), R}, Gx*y)= rminG (), G,(y) and
B,(x*y) < rmax{B,(x),B,(y)}. Therefore, I is an IvPFUPs of U. O

Theorem 3.49 : If I is an IvPFS in U that meets the following:

( R,(y) = rmin{R,(z), R, (x)} \
(allx,y,z eU)| z < x*y = 1G,(y) = rmin{G, (2), G, (x)} (3.59)
B,(y) X rmax{B,(z), B, (x)}

then I is an IvPFUPf of U.

Proof : Suppose that I is an IVPFS in U that meets (3.59). Let x,y €U.
By (2.3), we obtain x*(x*0)=0. Thus x<x*0. From (3.59), R, (0)>=
rmin{R, (x), R, (x)}=R,(x) (by (3.3)), G,(0)>= rmin{G,(x), G,(x)}=G,(x)
(by (3.3)), and B,(0) <X rmax({B,(x), B,(x)} = B,(x) (by (3.2)). Let x,y €U.
By (2.6), we obtain (x*y)*(x*y)=0. Thus x*y < x*y. From (3.59),
R,(y) = rmin(R, (x*1), ()}, G,(y) = rmin(G, (x*y), G,(x)}, and B,(y) <
rmax{B, (x *y), B,(x)}. Therefore, I is an IVPFUPf of U. O

Theorem 3.50 : If I is an IvPFS in U that meets the following:
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( R, (x*z) = rmin{R, (a),R (y)\
(alla,x,y,z eU)| a<x*(y *z) = G, (x*z) = rmin(G, (a),G, (y)J (3.60)
B, (x*z) < rmax{B,(a), B, (y)}

then I is an IvPFUPi of U.

Proof : Suppose that / is an IVPFSin U that meets (3.60). Let x e{. By
(2.3), we obtain x#*(0*(x*0)=0. Thus x<0*(x+*0). From (3.60), R, (0) =
R,(0%0) = rmin{R,(x), R (x)} =R, (x) (by (2.2), (3.3)), G,(0)= G,(0*0) =
rmin{G,(x), G,(x)} =G,(x) (by (2.2), (3.3)), and B,(0)=B,(0%0)=
rmax{B,(x), B,(x)} =B,(x) (by (22), (3.2)). Let x,y,zelU. By (2.6),
we obtain x*(0*(x*0))=0. Thus x*(y+*z)<x*(y+*z). From (3.60),
R, (x*z)> rmin{R (a), R, (y)}, G,(x*z)>= rmin{G,(a),G,(y)}, and
B,(x*z) < rmax{B,(a), B,(y)}. Therefore, I is an IvPFUPi of U. O

Theorem 3.51: If I is an IvPFS in U that meets the following:

( R(x*z)>-rm1nR(a)R(x*y)\
(alla,x,y,z eU)| a < x*(y*z) =G, (x *z) = rmin{G, (a),G,(x *y)} |, (3.61)
B, (x*z) < rmax{B,(a), B, (x * y)}

then I is an IvPFiUPf of U.

Proof : Suppose that I is an IvPFS in U that meets (3.61). Let x eU/.
By (2.3), we obtain x#*(0*(x*0))=0. Thus x<0*(x*0). From (3.61),
R,(0)= R,(0%0)> rmin{R (x), R,(0*x)}= rmin{R (x), R, (x)}=R,(x)
(by (2.2), (3.3)), G,(0)= G,(0%0) = rmin{G,(x), G,(0*x)} = rmin{G, (x),
G,(0)}=G,(x) (by (22), (3.3)), and B,(0)= B,(0*0)= rmax{B,(x),
B,(0*x)} = rmax{B,(x), B,(x)} =B,(x) (by (2.2), (3.2)). Let x,y,zelU. By
(2.6), we obtain (x*(y*z))* (x*(y*z))=0. Thus x#*(y*z)< x*(y*z).
From (3.61), R, (x*z) = rmin{R, (x* (y*z)), R, (x*y)}, G, (x*z) =
rmin{G, (x* (y *z)), G,(x*y)}, and B, (x*z) = rmax{B, (x *(y *z)),
B,(x*y)}. Therefore, I is an IvVPFiUPf of U. O

Theorem 3.52 : If I is an IvPFS in U that meets the following:

( R,(y) = rmin{R, (@), R (x)})
(alla,x,y,z eU)| a < x*((y *z)*y) = 1G,(y) = rmin{G, (a), G, (x)} |, (3.60)
B, (y) < rmax{B,(a), B, (x)}

then I is an IvPFcUPf of U.
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Proof : Suppose that I is an IvPFS in U that meets (3.62). Let x eU.
By (2.3), we obtain x*(x*((0*x)*0))=0. Thus x<x*((0*x)*0). From
(3.62), R,(0)>= rmin{R,(x), R,(x)}=R,(x) (by (3.3)), G,(0)>= rmin{G,(x),
G,(x)} =G, (x) (by (3.3)), and B,(0) <X rmax{B,(x), B,(x)}=B,(x) (by (3.2)).
Let x,y,zeU. By (2.6), we obtain (x*((y*z)*y))* (x*((y=*z)*y))=0.
Thus x*((y*z)*y) <x*((y*z)*y). From (3.62), R, (y)>= rmin{R, (x*
((y*2)*y)), R,()}, G,(y) = rmin(G, (x* (y*2)*y)), G,(x)}, and B,(y)=
rmax{B, (x* ((y *z)*y)), B,(x)}. Therefore, I is an IvPFcUPf of U. O

Theorem 3.53 : If P is an IvPFS in U that meets the following:
( R ((z*y)*y)*2) = rmin{(R, (a), R (x)})
(alla,x,y,z e L{)La <x*#(y#*z) =G, ((z*y)*y)*z) = rmin{G, (a), G, (x)}J ,
B, ((zxy)*y)*z) = rmax{Bl (a), B, (x)}
(3.63)

then I is an IvPFsUPf of U.

Proof : Suppose that I is an IvPFS in U that meets (3.63). Let x /.
By (2.3), we obtain x#*(x*(x*0))=0. Thus x<x*(x*0). From (3.63),
R,(0)= R,(((0*x)*x)*0) = rmin(R,(x), R, ()} =R,(x) (by (23), (33)),
G,(0)= G,(((0*x)*x)*0) = rmin{G, (x), G,(x)} =G,(x) (by (2.3), (3.3)), and
B,(0)= B,(((0*x)*x)*0) < rmax{B,(x), B,(x)} = B,(x) (by (2.3), (3.2)). Let
x,Y,z €U. By (2.6), we obtain (x*(y+*z))* (x*(y+*z))=0. Thus x*(y*z)
<x#(y#*z). From (3.63), R, (((z*y)*y)*z)>= rmin{R, (x*(y*2z)), R (x)},
G,((z*y)*y)*2) = min(G,(x*(y*2)), G,(x)}, and B,((z*y)*y)*2)=
rmax{B, (x * (y *z)), B,(x)}. Therefore, I is an IVPFsUPf of U. O

Theorem 3.54 : If I is an IvPFS in U that meets the following:

( R,(2)= R,(1))
(allx,y,z eu){zgx*y: G,(2) =G, (y)|, (3.64)
BI(Z)jBI(y)

then I is an IvPFsUPi of U.

Proof : Suppose that I is an IVPFS in U that meets (3.64). Let x,y €U.
By (2.3) and (2.6), we obtain x*(y*y)=0. Thus x<y=*y. From (3.64),
R,(x) = R,(y), G,(x) = G,(y), and B,(x) = B,(y). Similarly, R, (y) = R,(x),
G,(y) = G,(x), and B,(y) < B,(x). Thus R,(x)= R,(y), G,(x) = G,(y), and
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B, (x) = B,(y), soIis constant. According to Theorem 3.19, I is an IvPFsUPi
of U. O

In this section, we define an IvPFS similarly to a characteristic function
and explore its characterizations with the help of the associated subset.

Let 7,7 ,8",§,b",b” eint[0,1] be such that 7* > 7 ,§" =& ,b" = b
and @ #Sc U, anIvPFS IS[', 3, ;]— U, RS[ 1 GS[ 1 BS[ 1) in U, where
R[ ;,],Gf[g,], and B’[! E+] are functions on U whlch are listed below:

Rf[?1<x>={§_ FreS G- {: =S,

. 4 . 4
otherwise, otherwise,

[]() { if x €85,

b+ otherwise.

Lemma 3.55 : If 0 eSc U, then the IvPFS Is[:§Z] in U fulfills the
requirements (3.27), (3.28), and (3.29).

Proof : If 0 €S, then R’[1(0)=#", GS[%i](0)=g+, B[L 1(0)=b". Thus
for all xel, RLI0)=7 =R 1), GE10=§ =G 1), and
BIS[” 100)=b" =B’ [ _1(x). Therefore, IS[’, g, ;] fulfills the requirements

(3.27), (3.28), and (3.29). O

Lemma 3.56 : If the [vPFS IS[ ’g, 23 ] in U satisfies (3.27) (resp., (3.28),
(3.29)), then 0 €S c U.

Proof : Suppose that the IvPFS I° [fi' gb ] in U satisfies (3.27). Then

[ 100) = RS[ _I(x) forall x eld. Since S is nonempty, there exists g €8S.
Thus Rf[;,](g)zfﬁ and so RS[ 1(0) = RS[ I(g)=7" >-RS[ 1(0). Thus
RIS[?](O)z 7*. Therefore, 0 €8S. O

Theorem 3.57 : The [vPFS I° [’ Sa w1 in U isan IvPFUPs of U if and only if
@+ScU isalUPsof U.
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Proof : Suppose that I 5[: f:] is an IvVPFUPs of U. Let x,y €S. Then
RIS[?](JC)=7~’+ =Rf[§f](y)- Thus RS[V](JC’W)> rmin RS[?](X) RS[?](y) =
minfF, 7} = F = R 1(x#y) (by (321), (33)) and so B[ I(x#y)=F".
Thus x*y €S. Therefore, S is a UPs of U.
Conversely, suppose that S is a UPs of U.Let x,y eU. If x,y €S,
then RI[71(x) =7 = RI[71(), G/[{ 1) = &' = GJI{ 1(y), and B[ 1(x)=
[ ](y) Thus rmm{RS[’ 1), RS[ 1(y)} = rmin{#, 7"} =7" (by
(3.3)), rmin{ GS[ 1(x), Gs[g (y)} =rmin{3",g"}1=¢" (by (3.3)), and
rmaX{Bf[;](x), Bf[Z](y) = rmax{b b =b (by (3.2)). Since S is a UPs
of U, we obtain x*yeS and so Rf[?](x*y)z?",Gf[?](x*y)zgﬁ,
and Bf[g;](x*y) =b". Therefore, Rf[r](x*y)— T A rmin{Rf[?](x),
RS[V](y)} Gs[ Ix*y)= g =g = rmm{Gs[ 1(x), Gls[gi](}/)}/ and
[ x#*y)=b" =b = rmax|(B [ ), B [b Iy) If xeg$ or ygS§s,
then R}[[](x)=7 or R{[[ 1(y) =7, Gs[g I(x)=g or Gs[y](y): ¢, and
B 1(x)=5" or B[ 1(y)=5". Thus rmm{RS[ 1), RS[’ ) =F (by
(3.14)), rmm{Gf[g 1(x), GS[‘g Iyi=g (by (3.14)), and rmax{B [ 1(x),
Bf[g:](y)}=5+ (by (3.13)). Therefore RS[ l(x*y) =7 = rmm{RS[ 1(x),

R [i* 1)}, GS[Q* lx*y)=g = rmm{Gs[g, Ix), G [g, I(y)}, and
BRI 10y <6 = rmaxtBETE 1), BETE 1)), Therefore, 0751 is an
IvPFUPs of U. =

We omit the proof of Theorem 3.58 because the proof is similar to
Theorem 3.57.

Theorem 3.58 : The [vPFS 15[:§Z] in U is an IvPFnUPf of U if and only
if 3=ScU isanUPfof U.

Theorem 3.59 : The [vPFS IS[IZZ] in U is an [vPFUPf of U if and only if
D=ScU isaUPfof U.

Proof : Suppose that IS[:ilb’] is an IvPFUPf of U. Since I°[" %7 ]

7 ,g’,b*

satisfies (3.27) and Lemma 3.56, we get 0 €S. Let x,y el be such that
x*y €S and x €S. Then RS[ 1(x*y) —7’+—R5[ 1(x). Thus RS[ 1(y) =
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iR 1(x*y), RIC 1)) = mminfe*, 7} = 7 = R 1(y)  (by  (330),
(3.3)) and so Rf[;,](y) =7". Thus y €S. Therefore, S is a UPf of U.
Conversely, suppose that S is a UPf of Y. Since 0e€S and
Lemma 3.55, we get IS[:‘ZZ] fulfills the requirements (3.27), (3.28),
and (329). Let x,yelU. If x*yeS and xeS, then Rs[ 1(x *vy)
=7 =R, GE ey =g =G 1),  and B[ 1x*y)
=b =B 10 Thus  mmin(RL Jaxy), R 1) = mminff*,7*) = 7
(by (3.3)), rmm{cf[ii](x* v), Gf[gi](x)} =rmin{§*,3"}=%" (by (3.3)),
and rmax{B; [}, [(x*y), B[\, 1(x)} = rmax(b",b"} =b~ (by (3.2)). Since S is
a UPf of U, we obtain y €S and so R["1(y)=7", Gf[?](y)=§*, and
B 1(y)=b". Thus R[ I(y)=7 =7 = min{R[ (x*y), K[ 1(x)},
Gy =g =& = minG/[{ Jx*y), G 1),  and B[ 1w)=
b <b = rmax{BS[f](x*y), Bs[gf](x)}. If x*ygS or xgS, then
R lxxy)=7 or R Ix)=7, GEIx*xy=g or GEI0=g,
and Bf[g;](x* y)=b" or Bf[;](x):l;*. Thus  rmin{R;[ J(x*y),
R 1) =7 (by 3.14), min(GI[ lxxy), G 01 =g (by (3.14),
and rmax{BS[ 1(x*y), BS[ 1(x)} = b* (by (3.13)). Therefore, RS[ I(y) =7
=min{R [ J(c+xy), RCIOL  GEIy = § =min{G][ [(x+y),
Gf[gi](x)} and BS[ (y)=<b" = rmax{BS[b 1(x*y), BS[ 1(x)}. Therefore,
Is[;éi:f;] is an IvPFUPS of U. O
We omit the proof of Theorem 3.60 because the proof is similar to
Theorem 3.59.
Theorem 3.60 : The [vPFS IS[:ii] in U is an [vPFiUPf (resp., [vPFcUPf,

IvPFsUPf, lvPFUPi, I[vPFsUPi) of U ifand only if & #Sc U isan ilPf (resp.,
cUPf, sUPf, UPi, sUPi) of U.
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4. Level subsets of an IvPFS

The connections between IvPFUPss (resp., IvPFnUPfs, IvPFUPfs,
IvPFiUPfs, IvPFcUPfs, IvPFsUPfs, IvPFUPis, and IvPFsUPis) of UP-
algebras and their level subsets are discussed in this section.

Definition 4.1 : Let f:— int[0,1] and f €int[0,1]. Level sets are defined
as follows: U(f;f)={x eU | f(x) =1}, U'(f;f)= {x eU | f(x)=t}, L(f;}) =
{xeU| f(x) =}, L(f;f)={x elU| f(x)<F}, and E(f;})={x eU | f(x)=1F).

Theorem 4.2 : An IvPFS I in U is an IvPFUPs of U if and only if for each
t eint[0,1], nonempty subsets U(R,;t), U(G,;t), , and L(B,;t) are UPss of U.

Proof : Suppose that I is an IvPFUPs of U. Let f €int[0,1] be such that
U(R, ;b), u(G, ;f), and L(B, ;f) are nonempty. Let x,y eU(RI;f). Then
R(x)=f and R/(y)=t We get R (x*y)= rmin{R (x), R (y)}=f by
using (3.21) and (3.12). Thus x*y eU(R,;#). The case of G, can be proved
in the same way as R,. Let x,y €L(B,;f). Then B,(x)<t and B,(y) =<*.
We get B, (x*y) = rmax{B,(x), B,(y)} =<t by using (3.23) and (3.11). Thus
x*y eL(BI,'f). Therefore, U(RI;E), U(Gl;f), and L(BI,'E) are UPss of U.
Conversely, suppose that for all  eint[0,1], nonempty subsets
U(R,;f), U(G,;t), and L(B,;t) are UPss of U. Let x,y eU. Then R (x),
R (y) €int[0,1]. Pick = rmin{R, (x), R,(y)}. Thus R,(x) = and R,(y) = f,
so x,y eU(R,;t) # . We may deduce that U(R ;) is a UPs of U, and
hence x*y EU(RI;E). Thus Rl(x*y)tfz rmin{R, (x),R,(y)}. The case
of G, can be proved in the same way as R,. Let x,y eU. Then B,(x),
B,(y) €int[0,1]. Pick f = rmax{B,(x), B,(y)}. Thus B,(x) <t and B,(y) =¥,
so x,y eL(B,;t)# Q. We may deduce that L(B,;f) is a UPs of U, and
hence x*y eL(B,;#). Thus B,(x*y)=f= rmax{B,(x),B,(y)}. Therefore, I
is an IvVPFUPs of U. O

We omit the proof of Theorems 4.3 and 4.4 because the proof is similar
to Theorem 4.2.

Theorem 4.3 : An [vPFS I in U is an IoPFnlUPf of U if and only if for each
f eint[0,1], nonempty subsets U(R ;t), U(G,;t), and L(B,;t) are nUPfs of
Uu.

Theorem 4.4 : If I is an [vPFnUPf of U, then for each t €int[0,1], nonempty
subsets U"(R,;t), U™ (G,;t), and L (B,;f) are nUPfs of U.
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Theorem 4.5 : An [vPFS I in U is an IvPFUPf of U if and only if for each
f eint[0,1], nonempty subsets U(R ;t), U(G,;t), and L(B,;t) are UPfs of U.

Proof : Suppose that I is an IVPFUPf of U. Let f eint[0,1] be such that
U(R, ;6), U(G, ;f), and L(B, ;F) are nonempty. Let x eU(R, ;£). Then
R (x) =t. We get R (0)>=R,(x) =t by using (3.27). Thus 0 eU(R,;#). Let
x,y €U be such that x*y eU(R;#) and x eU(R;f). Then R, (x*y)>=*
and R (x)=f. We get R (y)=rmin (R (x*y), R (x)} = by using (3.30)
and (3.12). Thus y eU(R,;t). The case of G, can be proved in the same
way as R,. Let x eL(BI;f). Then Bl(x)jf. We get BI(O)jBI(x)jf by
using (3.29). Thus 0 €L(B,;f). Let x,y €U be such that x*y eL(B,;f)
and x eL(B,;f). Then B,(x*y)=<f and B,(x)=<f. We get B,(y)<rmax
{B,(x*y), B,(x)} = f by using (3.32) and (3.11). Thus y € L(B,;f). Therefore,
LI(RI;E), U(Gl;f), and L(Bl;f) are UPfs of U.

Conversely, suppose that for all f eint[0,1], nonempty subsets
U(R;f), U(G,;t), and L(B;;t) are UPfs of U. Let xelU. Then
R (x) €int[0,1]. Pick #=R (x). Thus R,(x)=f, so x eU(R;t)#D. We
may deduce that U(R ;) is a UPf of U, and hence 0 eU(R,;f). Thus
R(0)=f=R/(x). Let x,yel. Then R (x*y), R (x)eint[0,1] Pick
f =rmin{R (x*y), R,(x)}. Thus R (x*y)=f and R (x)=f, so x*y,
x eU(R,;f) # D. We may deduce that U(R,;#) is a UPf of U, and hence
y eU(R;f). Thus R, (y)=f=rmin {R (x*y),R (x)]. The case of G,
can be proved in the same way as R,. Let x eld. Then B, (x) €int[0,1].
Pick 17=Bl(x). Thus B, (x) = f, so x eL(BI;E) # . We may deduce that
L(BI;E) is a UPf of U, and hence 0 eL(BI;E). Thus B,(0) = = B, (x). Let
x,y €. Then B (x*y), B,(x)€int[0,1]. Pick fzrmax{Bl(x*y), B, (x)}.
Thus B, (x*y) <t and B,(x) <#, so x*y, x e L(B,;f) # @. We may deduce
that L(B,;t) is a UPf of U, and hence y eL(B,;f). Thus B,(y)<f=
rmax{B, (x *y), B,(x)}. Therefore, I is an IvPFUPf of .

O

We omit the proof of Theorem 4.6 because the proof is similar to
Theorem 4.5.

Theorem 4.6 : An [vPFS Iin U is an [vPFiUPf (resp., [vPFcUPf, IvPFsUPY,
IvPFUPi) of U if and only if for each t eint[0,1], nonempty subsets U(R,;¥),
U(G,;t), and L(B,;t) are iUPfs (resp., cUPfs, sUPfs, UPis) of U.

Theorem 4.7 : An [vPFS Iin U isanIvPFsUPiof U ifand onlyif E(R,;R,(0)),
E(G,;G,(0)), and E(B,;B,(0)) are sUPis of U.
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Proof : The proof is a direct result of Theorem 3.19. O

Definiton 4.8 : Let I be an IvPFSin U/ and 7, g,l; €int[0,1]. Level sets are
defined as follows: UUL,(7,§,b)= {x eU |R, (x)> 7,G,(x) > §,B,(x)< b},
LLU,(#§,b)= {x eU|R,(x) < 7,G,(x)< §,B,(x)=b}, and E, (7 §b)=
{x eU|R,(x)=7,G,(x)= &, B,(x)=b}. Then UUL,(#§,b)=UR ;7N
UG,;3)n L(B;b), LLU,(F§,b)= LR LG;Z)n UB;b), and
E (7,3,b)= E(R,;7)n E(G,;3) E(B;b).

By Theorems 4.2, 4.3, 4.5, 4.6, 4.7, and 2.3, we obtain the following
corollary.

AnIvPFSIin U is an IvVPFUPs (resp., IvPFnUPf, IvPFUP{, IvPFiUPf,
IvPFcUPf, IvPFsUPf, IvPFUPi, IvPFsUPi) of U if and only if for each
7, g,E €int[0,1], the nonempty subset UUL, (7, g,l;) is a UPs (resp., nUPA,
UPf, iUPf, cUPf, sUPf, UPi, sUPi) of U.

5. Conclusions

We have proposed eight new notions of IvPFSs in UP-algebras in this
paper: IvPFUPss, IvPEnUPfs, IvPFUPfs, IvPFiUPfs, IvPFcUPfs, IvPFsUPfs,
IvPFUPis, and IvPFsUPis of UP-algebras and looked into a few of their key
characteristics. The diagram of generalization of IvPFSs in UP-algebras
(Figure 1) and sufficient conditions of IvPFSs (Figure 2) are then obtained.

(3.27), (3.28), (3.29)
*

Interval-valued picture fuzzy
UP-subalgebra

4
Interval-valued picture fuzzy
near UP-filter

t

Interval-valued picture fuzzy
UP-filter

t

Interval-valued picture fuzzy
UP-ideal

*

Interval-valued picture fuzzy Interval-valued picture fuzzy Interval-valued picture fuzzy
comparative UP-filter implicative UP-filter shift UP-filter

Iy
\ Interval-valued picture fuzzy

strong UP-ideal

Figure 1
IvPFSs in UP-algebras
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Interval-valued picture
fuzzy set

+(3.58)
Interval-valued picture fuzzy

UP-subalgebra

+(3.30), (3.31),

+(3.64) }+(3.48 (3.59)+ | | +(3.60) [ +(3.30),(3.31), | +(3.30), (3.31),
(3.32), (3.55) (3.48) ”
Interval-valued picture fuzzy (3:32), 351 (3:32),3:57)
near UP-filter

UP-filter
 +(3.50)
+(3.49) | +(3.62) +(3.54) +(3.61) Interval-valued picture fuzzy —em———— (3.56)+ (3.63)+
UP-ideal
¥ +(3.52)/(3.53)

Interval-valued picture fuzzy

Interval-valued picture fuzzy — Interval-valued picture fuzzy Interval-valued picture fuzzy
comparative UP-filter implicative UP-filter shift UP-filter

Interval-valued picture fuzzy
strong UP-ideal

Figure 2

IvPFSs under sufficient conditions in UP-algebras

In the future, we'll extend the ideas/results to a wider range of IvPFSs

in UP-algebras. We'll also look at soft sets, cubic sets, and rough sets of
IvPFSs in UP-algebras.
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