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Abstract

This paper examines the global and local stability of unstable nonlinear first- and
second-order dynamical systems and the necessary conditions. More precisely, global
and local stability is attained when these systems are controlled by m-perturbed feedback
input controls functions. Finally, we obtain a dynamical system with m-perturbed feedback
controls, a summation form with a nonlinear function that is exploited, and the stability of
the systems supported by some illustrative examples.
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1. Introduction

The stability of nonlinear control systems is a fascinating topic that has
garnered significant attention in real-life applications and research [1-2]. With
the growing demand for automation, analyzing and ensuring stability in control
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systems has become increasingly important. Nonlinear systems encompass
various applications and exhibit various behaviours, making them a subject of
interest [3-6]. Feedback control techniques are commonly employed to stabilize
perturbed systems within the class of nonlinear systems. Certain control systems
can influence input information, enabling effective output control [7-8,10-12].
This paper aims to stabilize nonlinear control systems by describing the control
function as m-feedback controls. To illustrate our findings, we present several
interesting examples that highlight the effectiveness of the proposed approach.

2. Preliminaries

In this section, the interesting lemmas are presented, which are needed later
on

Lemma 2.1 [9]: Assume A is a linear unbounded produce C.-semigroup T (t)
satisfies the following condition ||T(t)]l,x) < Me"®, where A + B togother
with D(A + B) = D(A) is the generated of a perturbed C.-semigroup S(t) on
X.If B is abounded linear operator on X, satisfying ||S(t)|,) < Me™+MIED,

Lemma 2.2 [6,10]: Suppose a > 0, u(t) is a continuous, non-negative, non-
decreasing mapping well-defined on [ 0,T), u(t) < N. Let a(t) a non-negative,
integrable of type locally on [0,T), and Z(t) be a non-negative function

integrable on  [0,T)with  a(t) < Z(t) + u(t) fot (t —0)*ta(o)ds,

k
Vo e[0,T]. Then, a(0) =2+ [, [Tz, T2 (e - 5)%12(0)| do. In
addition, if Z(t) is a non-decreasing function on [0,T), we get a(t) <

Z()E (T (@)u(t)te.

Lemma 2.3 [6,7]: There are finite real constants N; = 1,N, > 1,and N; > 1

for the mittage-leffler function E,(At%). Then the following properties

verified

i.  For any 0 < a <1, there are finite real constants N;,N, such that
Eo1(At*) < Ny|le?t||, Eq o (At%) < Ny|le?t||, where A € R™™.

ii. Foranya =>1,and f =1,2,a there are finite real constant N; such that
Eqp(At™) < Na|le®™®||.

3. Main results
Consider the following nonlinear system.

¥=Ax+K© gt [} H(o,x(t))do) (1)

with initial condition x, = x(0) when [xy, X;, ..., x,]" € R™, 4 = [q j]nxn is

the constant matrix, and g(.,.):R* X R™ > R™, H(.,.):R* X R™ - R™ are
continuous nonlinear functions with K(t): R* — R™, where a(t) realizes a non-
negative bounded and continuous mapping defined on the time interval [0, T).
System (1) is considered as the first order dynamical nonlinear system and
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unstable; for stability, the system is forced by control input u(t) =
m

iz1  B;K;x to achieve local and global asymptotically stability. System (1)
becomes stable as follows:

i=Ax+K© g (6 ;Y H(ox (©)do)+ Ty Bay(e)

= Ax + K(0) g(¢, foa(t) H(o,x (t))do) + X%, BKx

=(A+30, BK)x+KO)g(t [1  H(o,x ()do) )

where B;K; e R""i=1,2,...,m.
Also, Consider the following second-order nonlinear dynamical system,
which is unstable and has a form.

#=Ax+K©® gt [} H(o,x (t)do) 3)

0
And the second-order feedback control nonlinear system with
u(t)=X2%, B;K;x to be the system(3) stable become as follow:

= (A+3IR, BK)x+K® gt [P H(o,x (©))do) @)

Theorem 3.1: Consider the following first-order nonlinear m-perturbed
feedback control system

k= (A+3IR, BKIX+K®) gt [ H(o,x ()do) (5)

realize asymptotic stability of type local, if Re (Eig (A+ X", BK))) <
0 where W=—Re(Eig(A+X", B;K))> a®)+MIX2, BKI,
la(®) || <M,/ >0 with | K¢) <M, and g(t, [ Q(a,x(t))da)
satisfies || g( t, foa(t) ﬂ(a,x(t))da) I=0 I fo(t) H(o,x(©))do | as
llx|l - 0 with H (o, x(t)) realize | H(a,x(t)) = O Il x(t) Il, when ||x|| = 0.

Proof: By taking, the transformation of Laplace to equation (5), then obtained
X(S) =
m -1 a(t)
S—@A+3n BE) o+ L{K® g6, [;”  H(o,x(0)do)}],
therefore,
XS =
(S—(A+ZE BK)'x +S—(A+

oy Bk L{K® g6 [ H(o,x(©)do)}.

From Laplace inverse transform x(t) = e(A+Zi=1 B"Ki)txo +x(t) =
e(A+Zi=1 BiKi)txO n

fot e(A+Zl-=1 BiKi)(t_S)E(S)Q (S, foa(t) ﬂ(0_’36(5))610_) ds.
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By lemma (2.1), we get || x(t) I Me(-o+MIZZ, B || x|
+f0f Me(-WHMIZZ,  BiKill)(t=s) | K(s) Il g(s, foa(t) ﬁ(o,x(s))da) | ds.
we have that
Il x(E) < Me(—W+MISZ,  BiK;l)t Il x I +f0t MMle(-w+M||2{';1 BiK;ll)(t-s)
g (& H(ox (©)do)i — 0. such
llac ()

that lg (&, /77 H(o,x(®)do) || < 1M 1 [ H(o,x(®))do].

||Q(S,fa(t) E(O,x(S))da) Il ds . we get

0

0
Consequently, while t = oo, then, |l x (t) | = 0 for W > a(t) + M ||

Y. BiK; Il with a(t) is a bounded function, then equation (5) realizes the
asymptotic stability of the type local system.

Example 3.2: Consider the differential equation without control input:
x=Ax+ K(t)g(t, o) (6)
where A = [-35350,-7280, 00 —31],K(¢t) =tj—1 ,and

x(t) = [y () %2 () x3(t) ], and, g (¢, foa(t) H(o,x(t))dr) =

1 1
0,(t+1)% [ (—x;x3)odo, (£+1)3 [ (xlxz)ada]we get

the following system

J'Cl = —35x1 + 35x2 (7)
5{2 = —7X1 + 28x2 - x1X3 (8)
5{3 = —3X3 + X1Xo (9)
x1 ) x2 x3
1), x2(,] | x3)
Figure 1

Unstable of first order nonlinear dynamical system

see Figure (1) forced by the function u(t) = B; K;x(t) to equation (3). Now
consider the following first order differential equation with feedback control
system

%= (A+BK)x () +K© g, [0 H(t,x (©)do) (10)
Then, the matrix can be chosen via the form B;K; = [0 —350,7 — 300,
000], where B;=[23-3,012,-102], K, =[84 —220,-1.4 —
80,42 —110],A+B,K;, =[-3500,0 —20,00 — 3]
System (10) become as follows:
X, = —35x; (11)
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XZ = _2x2 - X1X3 (12)
X3 = _3x3 + xlxz (13)
By theorem (3.1) Figure (2), the solution of the controlled system (11-13)
is a local asymptotically stable

=3 = x1

&

Figure 2
The first order nonlinear dynamical system is locally stable

Theorem 3.3: Consider the following first order nonlinear m-perturbed control
system

F=A+EE BK)XO+KO g Hox®)do) (14
realize asymptotic stability of type global, if
Re (Eig (A+3¥", B;K))OwithW =
—Re (Eig A+ XL, BiK)) > MMiLiL,a(OM I EZ,  Bik; |
for,Re (Eig (A+ X1, B K))>a®)+MII™, BK; I, lalt) || <
M ,M > 0 with ||[K(t) II< M;and g(s,x) satisfies global Lipchitz i.e. ||
g(s, x1) — g(s, %) IS Ly x; — ;2” and, g(s,0) =0 fors = O0and, L, € R*
also H(s, x)_satisﬁes global Lipchitz that isi H(s, x1) —H(s,x,) I
Ly|| x; — x3||land, H(s,0) = 0, for s = 0 and, L, € R™.

4. Conclusion

The instability of some classes of nonlinear dynamical systems with
integral part was treated by some necessary conditions with m-feedback control
functions to be stable nonlinear dynamical of first order or second order.
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