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1. Introduction 
The concept of grills has garnered significant interest among scholars [1]. 

Notably, Choquet is recognized as the pioneer who laid the groundwork for 
understanding the grill concept and formulating a definition [2]. Subsequently, 
numerous efforts have been made to explore the properties associated with this 
concept and understand their interrelationships. Among the various kinds of grill 
topological spaces, examples include discrete and cofinite topologies [3]. Each 
game in this research is a type in which games are defined between         and 
        and each  layer has choices that can be expressed in the following 
form;   ,   ,   , ..., and these options are called moves. If the  layer chooses a 
single move, that operation is called a single move. When the game contains. 
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A game is referred to as a repetitive game involving multiple moves. The 
number of repetitions in such games can vary, sometimes countable and 
sometimes uncountable. There is a prize that the  layer gets after every move. 
The player obtaining a prize is equivalent to losing the opponent player[4,5]. 

There are two main types of matches, simultaneous and rotational matches. 
If         chooses one move,         chooses the other move, given that 
         two knows how player one moved to the next move. But if two players 
choose simultaneously, provided that neither of them knows the choice of the 
other, then the game is called simultaneous [6,7]. 

2. Games Via     
 - Separation Axioms 

Definition 2.1: Suppose A is a subset of a G.T.S (℘ , τ , G), A is     -open set if 
there exist 𝜍𝜍∈𝜏𝜏 ; 𝜍𝜍 ⊆ A⊆ ᶩ𝑛𝑛𝑡𝑡     (𝜍𝜍) .the complement of 

       𝑛𝑛   𝑡𝑡         -     𝑑𝑑 set, the set of all     -   𝑛𝑛 set denoted by 
     -(℘) and the set of all     –closed set denoted by     - (℘ as shown in 

Figure 1. 

Definition 2.2:The G.T.S ( , τ, ₢) is     -To-space if and only if for each 
   ∈  ;      ∈ 𝜏𝜏  ;then    ∈         )          ∈  )  

If (X, t) is not    
 -to space, we define X is not     -To-space if and only if 

   ∈  ;       ∈ 𝜏𝜏  ;      ∈   )          ) .  

Definition 2.3:The grill topological space ( , τ, ₢) is said to be     -   -space if 
and only if     ∈  , there is either an     -open set containing x but not 
containing y and an     -open set containing y but not containing x, in other 
meaning, X is     -    –space if and only if    ∈  ;         ∈ 𝜏𝜏  ; 

   ∈          )          ∈   ) then X is not     -  -space if and 
only if    ∈  ;         ∈ 𝜏𝜏  ;      ∈   )          ) or     ∈  )  
        )  

Definition 2.4:The grill topological space ( , τ, ₢) is     -    -space if and only 
if for each pair of distinct points    ∈  , there is either an open set containing 
x and an open set containing y, in other meaning, X is     -   -space if and only 
if    ∈  ;         ∈ 𝜏𝜏  ; 

    ∈      ∈  ) and( μ⋂ υ )=φ  
A link has been made between the axioms of separation and the axioms of 

separation presented above: 
 

 
 
 
 
 

Figure 1 
The relations among the different types of separation axioms 

𝐺𝐺𝛼𝛼  -𝑇𝑇  -space 𝐺𝐺𝛼𝛼  -𝑇𝑇  -space 𝐺𝐺𝛼𝛼  -To -space 

𝑇𝑇 -space  𝑇𝑇  -space 𝑇𝑇0 -space 
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Definition 2.5: For a grill topological space (Ҳ,τ, ₢), determine  
            in the following form: 
        and         take turns for every positive integer in the row n-𝑡𝑡ℎ 

In this game: the         : there exist     ≠     such that    ,     ∈Ҳ  
In the second step,         : let    be a     -   𝑛𝑛 set consist of one of 

elements    ,    .a         wins the game Ɠ(T0,Ҳ,   )) if 
                        is a family of     -   𝑛𝑛 for all     ≠     ∈ Ҳ, 
     ∈   consist of one of the element    ,    . Unlike that,         wins. 

Remark 2.6: In a G.T.S (K,τ,  ): 
i-  If        ↗          then         ↗            then 

         ↘          then         ↘           . 
ii-  If         ↗           , then         ↗         . 
iii-  If         ↘          then         ↘           . 

Theorem 2.7: The G.T.S (Ҳ,τ,  ) is     -To space if and only if, 
       ↗           . 

Proof: Let (Ҳ,τ,  ) be a     -To-      . For the first player 
        ∈ Ҳ , a         find     -open set   containing either     or     then, 
        ↗           . 

When         ↗           , then if there exists    ≠     in Ҳ of         , 
then         can be chosen   it is an open set, and it includes one of the 
elements .then the G.T.S is     -To-     . 

Corollary 2.8: In a G.T.S (Ҳ,τ,  ) a         ↗          if and only if ∀ 
   ≠    ∈Ҳ there exist   a     -     𝑑𝑑 set whenever    ∈   ,       . 

Proof: Clearly. 

Corollary 2.9: A grill topological space (Ҳ,τ,  ) is     -         if and only if, 
                    

Proof: When (Ҳ,τ,  ) is     -To-      . If        ↗             there exist 
   ≠     ∈Ҳ no exist     -o set   includes only one of the elements. (This 
contradiction). 

 Let                      If (Ҳ,τ,  ) is not     -   -     , therefore 
there exist    ≠     in Ҳ and not exist     - open set   includes only one of the 
items         can win the game by choice of these two elements     𝑛𝑛𝑑𝑑     
(contradiction). 

Theorem 2.10: A grill topological space is not     -   -      if and only if 
        ↗            
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Proof: Let (Ҳ,τ,  ) is not     -To-      , and suppose that    ≠     ∈Ҳ then 
does not exist     -open set   includes only one of the items. and    ≠     will 
be the choice of         , and a         not find an     -open set   includes 
only one of the items, then,         ↗         . 

 Reverse proof: If         ↗         , this mean that there is a choice 
   ≠     and         cannot be taken an     -open set includes only one of the 
items, then (Ҳ,τ,  ) is not     -   -     . 

Corollary 2.11: A grill topological space is not     -          if and only if 
                     

Proof: Suppose that (Ҳ,τ,  ) is not     -To-       If         ↗             
then if    ≠     exist in Ҳ, let   is     -open set includes either     or     . This 
contradicts the hypothesis  

 Let                     If G.T.S     -         ,    ≠     ∈ Ҳ, let   
be a     -open set includes only one of the items, then         win This 
contradicts the hypothesis. 

Definition 2.12: For a G.T.S (Ҳ,τ, ₢), determine a game            In the 
following form: The two players take turns with each natural number in this 
game in the game n-𝑡𝑡ℎ: 

Firstly,         : take    ≠    where    ,    ∈Ҳ 
Secondly,         : take        are     -   𝑛𝑛 sets such that    ∈    𝑛𝑛𝑛𝑛 

         . and         𝑛𝑛𝑛𝑛    ∈    . 
Then         wins in the game            if  

                                         
It is a family of     -   𝑛𝑛 sets since ∀    ≠     in Ҳ,  {     }∈   It 

contains one element, but not both    ,    . irrespective of,         wins in 
          . 

Remark 2.13: In the grill topological space : 
i-  If         ↗         , then         ↗           .Therefore,         ↘ 

Ɠ(   ,Ҳ) then         ↘           . 
ii-  If          ↗           , then          ↗          
iii-  If          ↘         , then          ↘           . 

Theorem 2.14: AG.T.S is     -   -      if and only if          ↗           . 

Proof: Let (Ҳ,τ,  ) is     -   -     . And let    ≠     ∈ Ҳ of         , and 
        there exist T and K are     -open sets    ∈ T-K and     ∈K-T. so 
        ↗           . 

 Now let  layer    ↗           , since    ≠     ∈ Ҳ of        , then 
         can be take   and 𝒱𝒱, are     -open sets    ∈ T-K and     ∈K-T so, 
(Ҳ,τ,  ) is     -   -     . 
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Corollary 2.15: In A grill topological space a          ↗           if ∀ 
   ≠     in Ҳ then, let T, K is     -     𝑑𝑑 set where    ∈ T-K and     ∈K-T. 

Corollary 2.16: A grill topological space is     -         if and only if         
            . 

Theorem 2.17: A grill topological space is not     -         if and only if 
         ↗           . 

Proof: Let (Ҳ,τ,  ) is not     -        , there exist    ≠     ∈ Ҳ such that there 
not find     -open sets Each of them contains one of the two points and does not 
contain the other.So the two elements    ≠     ( the choice of        ),         
cannot be found T and K, where    ∈T-K and     ∈K-T.  

 Hence,         ↗           , If         ↗           , this means that 
there is a choice    ≠     in Ҳ of         , such that          can not find two 
    -open sets such that    ∈T-K and     ∈K-T. Hence, (Ҳ,τ,  ) is not     -   
     . 

Corollary 2.18: A grill topological space is not     -         if and only if 
                     .  

Definition 2.19: The game           ) is such as the game            except 
 ,𝒱𝒱 are two disjoint     -   𝑛𝑛 sets let Ḅ is a family of     -   𝑛𝑛 sets, are a 
disjoint in X. 
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