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Abstract

The novel ideas in grill topological spaces are explored by applying them to the setting
of specified sets, where the -open sets are defined. The set’s attributes are investigated,
and examples and properties related to this set are provided. The set includes a variety of
functions, such as open, closed, and continuous functions. This is the first step in a series
of analyses of various topological features of this collection. By studying the new concept
G, -open set and it is properties we created a new concept can be named as connectedness via
G,-open sets and some covering properties.
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1. Introduction

Many scholars were interested in studying the grill concept [1], such as the
scholar Choquet, who is considered the first to lay the foundation stone in
forming an idea about the grill concept and formulating a definition for this
concept [2]. After that, many attempts were made to study the properties
associated with this concept and to know the relationship of these properties
with each other [3]. Several kinds of grill topological spaces exist, including
discrete and cofinite topologies [4]. Let A be a subset of a grill topological space
(o7, G). A'is a a -open set if there exist ¢c€ ; ¢ © AC Intcl; (¢) . A space W is
compact if every open cover has a finite subcover for W. A topological space
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(W,r) is called Lindeldff if every open cover has a countable subcover. A
topological space (W,t) is disconnected if there exist two open disjoint
nonempty sets A and B such that AUB=W.The topological Space (W,1) is
connected if it is not disconnected. The complement of @ — open set is

a -closed set, the set of all & -open set denoted by a -(¢) and the set of all
a—closed set denoted by a-c(p)[5].

A grill is a collection of nonempty subsets of (g, 7). If i. y € Gand u S v
sov €G,il. y; v S pand py U v € G, then u € G orv € G. a grill topological
space denoted by (0, T, G)[6].let (0, T) is a topological space, If G="P(p)\ {¢},
then 7, = 7[7].

2. Studying some properties of the concept G, -open sets

Definition 2.1: Suppose (g, T, G) is a grill topological space and u € 1. A
closure grill alpha of u which is shortly ¢l;, (u) is defined by;

Slge (W=N{VE p; V is a closed set in 75, whenever ucV'}.

Definition 2.2: let A be a sub-set of a grill topological space (g, T, G), Aisa
G, -open set if there exist ¢€ ; ¢ € AC Intcl;, (¢) .the complement of

G, —open setis G, -closed set, the set of all G, -open set denoted by

G, -(g) and the set of all G, —closed set denoted by G, -c(g).

Proposition 2.3: If K is an open set, it is also G, *-open set. And for all closed
set K€ then it is also G, *-closed set.

Proposition 2.4: Whenever set A is G, - o it is also G o —o set.
Theorem 2.5: The union of any family of G, -o sets is G,, -0 set.

Definition 2.6:Let {:( ,1,G)— (9, 7',G") be a function then :

1. fisa G, - continuous function, denoted by " G, -cf "if f~1(u)€ G, o(p)
for each ue 7'.

2. fis Strongly G, -continuous function, denoted by "s G, -cf" if £~ (v)€rt,
for each ueG, o(Y) .

3. fis G, -irresolute function, denoted by "G, -irr £" if f~1 ()€ G, o(gp), for
each ueG, o(Y).

3. G, -open sets in grill compact space
Definition 3.1: Suppose that (19,,C) is a grill topological space. By a "G, -open
cover" of X, we mean a sub-family of G, O(99), which covers 9 .

Definition 3.2: Suppose (9,7,&) is a grill topological space. By a "G, -open
cover" of 9 we mean a sub-family of G, o(9), which covers for 9.
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Definition 3.3:The grill topological space (9,7,&) is said to be G, -compact
Space if every G, -open cover for ¢ has a finite G, — subcover.

Theorem 3.4: Every G, -compact Space is compact Space.

Proof: Suppose L ={ L;, i€] ; L; €T V i } is an open cover for {9 such that 9
=U ,¢/Li and since every open set is G, -open set. So, L is a G, -open cover for ,
and since ¢ is a G, -compact set. So, there exists a finite subcover, say L;
={Ly, Ly,..., L, } such that X=UJ-; £;. Therefore, ¢ is compact.

Theorem 3.5: The G, -irresolute function image of G, -compact Space is a
G, -compact Space.

Proof: Let £:(9,1,€)—(Y,7',&") be an G, -irresolute function such that 9 is a
G, -compact , and let

L ={L;L; €G, o(Y)} be a G, -open cover for f (J), then f (V)&
U eLi; Li €G, o(Y),hence f~f (9)E f~ (U ¢Li) So, 9 &f 7" (U ¢, Li )Then
9 €U of " (L) Now, since f is an G, -irresolute function .Therefore,
f~1(L)EG, o(V), for each €. So, f ~1(L;)E € is a G, -open cover for, but I is
a G, -compact, then there exist Ly, L,,..., L, such that XSU™,f "1(£; ) So, f
(O)SE (UiZ,f 71 (L) henee £ (9)= UL (L)

Therefore, f (IJ) is a G, -compact Space.

Theorem 3.6: The strongly G, -the continuous image of compact Space is a
G, -compact Space.

Proof: Let £:(9,1,€)—(Y,7',&") be a strongly G, —continuous such that 9 is a
compact, and £ =U{ L;; L; €G, o(Y)}i€] such that f(9)=U ¢ Liso f~f ()<
f7HU ekli), L €G, o(Y)}i€Dthen 9 =U{f ™1 (L), £~ (L)E t}. Now since 9
is compact there exist i=1,...,n. 9 =U{f~! (L), f~1 (L)€ 1} i=l,...,n. So, f
O)=ULfF (Ly).f f7Y (L)E t}i=],...,n. cU{ L;; L; €t} i=1,...,n.There fore, f
(9) is a G, O-compact space.

Theorem 3.7: The G,, -continuousimage of G, -compact is compact.

Proof: Let £ :(9,7,6)—(Y,7',€") G, —continuous function such that 9 is a

Gq -compact, and L =U ¢, { L;; L; €7’} such that f(9)= U ¢ L, so

fHOE f71 (U 1 Lis Li €7} )then 9 =U{ f1 (L)), f 1 (L)EG, 0(9)}.
Now since 9 is G, o-compact there exist; = 1,...,n.

9=U{ 71 (L), f~ (L)€ 1}i=1,...,n. therefore there exist i=1,.....,n such that
f()CU{ L;; L; €t'}i=1,...,n Therefore {(IJ) is a compact space.
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Theorem 3.8: If A and B are G, -compact, then AU B is a G, -compact.

Proof: Let L= { L;,i€; L; €T Vi } is an G, — open cover for AU B; Au B=U £;
, i€l , hence AcU;¢; £ and BSU;¢ L, but A and B are G, -compact, then
there exist L;, £L,,..., Lysuch that AC U, £;.; and Bgc UL, £;.So, AU B
c UM £, . That mean L;,=1,2,...,s is a finite sub-cover for £ then Au B
which is a G, -compact set.

4. G, -lindeloff Space
Definition 4.1:A grill topological space (9,7,&) is called G, - lindeldff Space if
every G, -open cover for 9 has a G, -countable subcover of 9.

Theorem 4.2: Every G, -lindeldff space is a lindeldff space.

Proof: Let #={%,i€| ;%€ V : } is an open cover for ¢ such that 9 =U ¢, % and
since every open set is a G, -open set. So, £ is a G, -"open cover" for , and
since 9 is a G, -lindeloff set .So, there exist a finite subcover say #£={¥,,
%,.,,...,; such that 9 =U;2, % =1 .Therefore, 9 is a lindel6ff space.

Theorem 4.3: The G, -irresolute continuous function image of G, -lindeloff
Space is a G, -lindeldff Space.

Proof: Let £:( 9,1,6)—(Y,7',€") G, -irresolute continuous function such that 9 is
a G, -lindeloff, and #={%} be a G, -open cover for f(19) then f(9)c Ug,
L %€G, o(Y).hence i (Ug#) So, 9 cf ' (Ug#), then 9
cUg (™ 1 (%) Now, since f is an G, -irresolute continuous function. Therefore,
=1 (#)e G, o(X). , for each i€ So { {1 (#)}i€lis a G, -open cover for ¢, but
9 is a G, -lindeloff ,then there exist #,, %,,...U2;% =l. So,
fO)SiUZ, 1% =1) hence f(¥)S U2, % =1 Therefore, f(9) is aG, -
lindeloff Space.

Theorem 4.4: The Strongly G, -continuou.s function image of lindeldff Space is
a G, -lindeldff Space.

Proof: Let f :(9,1,&)—(Y,7’,&") Strongly G, —continuous function such that
is compact, and Z=U{%; Z€eG, o(Y)}i€] be an G, —open cover for f(9) such
that f(9)= U(Z) so, WS THU{L%EeG, o(Y)}i€) then 9 = {1 (H=U{
71 (Z), 1 (#)e t}. Now since 9 is a Lindeloff space, then there exists
i=1.2,... such that 9 =UZ2, £2( (), £ (%e 1. So f 9)=UR, f(f
(#),c U2, {%:%4e t}.Therefore, { (9) is a G, o-lindeloff Space as shown in
Figure 1.



SOME COVERING PROPERTIES AND CONNECTEDNESS 1695

Theorem 4.5: The G, - continuou.s function image of G, -lindeldff is lindeldff.

Proof: Let £:(9,1,6)—(Y,7",C") be G, - continuous function such that 9 is a
G, o-lindeloft, and #=U{%;%€1'}i€] be an open cover of {(19) such that {f(9)C
U (Bso, fHOIC 1 (U{Z Zer'}i€) then 9 =Ug (£)=U{ [ (%), {*
(#)e G, 0(9)}. Now since 9 is a G, o-lindeloff there exist i=1,2,... ,9 =
U2y 4 £ (), £ (€ =12 So [ (@)= U, { [ (4), [£7 (%) €
t'}=1,2... € U2 {& %er'} . Therefore, 9 is a lindeloft space.

Proposition 4.6:

1. Every G, -compact is G, - lindeloff.
2. Every G, -compact is compact.

3. Every G, -Lindel6ff is Lindelo6ff.

The inverse of (proposition 4.6) this is not always the case see (Example
4.7) and (Example 4.8).

Example 4.7: Let 9 =N, =D with any grill , it's clear that (:9,7,&) is a
G, -lindeldff since every open cover has a countable subcover, but it is not
G, -compact since ¥={{n},n€eN}is a G, -open cover has no finite
subcover.

Example 4.8: Let 9 =R, =I, =0, G, 0(9)=P(Y), it's clear that (9,7,¢) is a
compact and lindel6ff , but it is not G, -compact and not G, - lindeldft, since
there exists a G, -open cover Z={{r},r€R}has no finite subcover.

G, — compact

G, —lindeloff

compact D[ tinaerrs

Figure 1
Compact via Lindeloff space

5. G, o- connected set

Definition 5.1: The grill topological space (9, 1, &) is said to be G, o-
disconnected if there exist two G, -open disjoint nonempty sets A and B such
that AUB=9. i.e.,9 is G, o- disconnected if and only if 9 =AUB ;



1696 TABARAK A. ALI AND R. B. ESMAEEL

A, B G, (9), ANB =0 . The sets A and B form a G, o-separation of .
and the grill topological space (9, 1, €) is a G, o- connected if and only if it is
not G, o- disconnected. 9 is a G, o- connected if and only if 9 # AUB ;

A, B € G, (9), ANB =0 ,A;B+0.

Example 5.2: Let (9, 1, &) be a grill topological space and
19 :{ 1913 1923 1-93}7T:TG:{ 19» @,{ 192}9{ 193}7{ 1927 193}}’ (E :P(ﬁ)\{g} iS
G, o- connected Space.

Proposition 5.3: Every disconnected is G, o-disconnected Space.

Proof: Let (9,7) be disconnected Space, and then the exist u#@, V#@ and u,
Ver,uNV=0 and uUV=X since every open set is a G, -open set. Therefore, 9
is G, o-disconnected.

Proposition 5.4: The grill topological space (9, 1, €) is G, o- disconnected with
any grill whenever G, o(9)=P(9) if 9 contained more than one element since
there exists A and A°€G, 0(9); AUA =9, ANA° =0 A, A#Q .

Proposition 5.5: The grill topological space (9, 1, &) is a G, o- connected
where € =P(9)\ {@} and 1t =1, ={ 9,9}.

Proposition 5.6: If 7,= & ; and t,# Indiscrete topology that is, mean (9, 1, ©),
is a G, o- disconnected.

Theorem 5.7: The grill topological space (9, t, @) is a G, o-connected if and
only 9 can not be written as a union of two nonempty disjoint G, -closed sets.

Proof: Let 9 is G, o-connected if 9 =AUB such that ;A and B €G, c(99), ANB
=0, A, B£ 0, so. A=B¢ and B=A¢, then 9 =AUB;Aand BeG, 0(9), ANB =
@, A, B# @ , that's means that ¢ is a G, o- disconnected. That's a contradiction.
Therefore, 9 cannot be written as a union of two nonempty disjoint G, -closed
sets. Now, if 9 is a G, o- disconnected Space, so. 9 = AUB; Aand B €G, (9),
ANB = 0,A,B# @, so A=B° and B=A°, then A and B €G, c(9), but that is a
contradiction. Therefore, 9 is G, o-connected Space.

Theorem 5.8: The grill topological space (9, t, &) is a G, o-connected if and
only if the only subsets of the space 9 which are G, -open and G, -closed are 9
and 9.

Proof: Let A and A€ €G, o(x) and A9 , A#D ,s0 9 =AUAS; ANA° =0 ,
A, A°#@. Then 9 is a G, o-disconnected, and that is a contradiction. Let 9 be a
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G, o-disconnected space that's mean that 9 =uUV ; u,V€G, o(x) such that
uNV=0 and u,V#Q implies that u=v° and V=u°. So u, V€G, c(x) (which is a
contradiction). Therefore, 9 is G, o-connected Space.

Remark 5.9: If f:( 9,7,€)—(Y,7, €) is a G, o-irresolute and on to function,
and Y is a G, o-connected space, then ¢ is not necessary G, o-connected
space.

Example 5.10: Let {:(R,D,G)—(R.1, €) ; {(r)=r for all reR and ¢ =P(Y)\ {9}
,50 f'is a G, o- irresolute Now, onto function and (R, I, &) is a G, o-connected
Space and (R,D,&) is a G, o-disconnected Space.

Theorem 5.11: If A and B are G, o-connected sets of (9,7,&) and AN'B #@ then
AUB is G, o-connected set.

Proof: Let (9, 1, €) be a grill topological space and A, BS ¢ such that A, B are
G, o-connected sets. Now, let AUB be a G, o-disconnected space, so AUB =
UuV; U,VeG, o(X), UNV=0p and U,V#Q,then ACAUB , ACUUV,AcCU or
AcV. Now in a similar way on B that leads to either:

AcU and BCU then AUBCU then V=@ which is a contradiction Or ACV
and BEV then AUBCV then U=0 which is a contradiction Or ACU and BEV
then ANBCUNV then ANB=0 which is a contradiction Or ACV and BCU
then ANBSUNV then ANB=0, that's contradiction!. So, AUB is a G, o-
connected Space.

Remark 5.12: We can generalization Theorems5.11. for a family of a G,
o-connected sets as follows let {A,},xEA be a family of a G, o-connected
subsets of a space (9, 1, &) and NAFOD ,x€EA, then UA,.XEA is a G, o-
connected set.
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