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Abstract

The Caputo formulation is used to handle fractional derivatives in this study. The
well-known method form employs Adomian’s polynomials as the proper mathematical tool
for dealing with nonlinear variables. The integral equation may be solved by applying the
Sumudu transformation to both sides and then the terms can be written out. The solution is
given as a convergent infinite series. Nonlinear Volterra integro-differential equations with
fractional derivatives are amenable to the proposed method. The results strongly support the
validity, applicability, and efficacy of the approach.
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1. Introduction

In order to achieve an approximation solution for certain fractional integro-
differential equations, the Sumudu decomposition method is introduced in this
study. Using the Caputo definition for fractional derivatives, we show that the
results of our solution analysis may be trusted. Due to the presence of nonlinear
variables, the integral equation must be transformed into a system of Adomian
polynomials [1-4]. We obtain a convergent infinite series with computable terms
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by solving the two-sided problem using the Sumudu transformation. This
method is used to effectively resolve a wide variety of nonlinear integral
equations, including fractional derivatives [4-7]. The authors also go through the
salient features of the Sumudu transformation and how it can be used to create
and solve mathematical models. Methods that have proven to be successful are
investigated [8-14]. The implications of this study's findings could be huge.

2. The Sumudu Decomposition Algorithm in Practice

By Consider the Fractional nonlinear integro-differential equation in the
following form:

TR 02 () YO = g® + A [ I8, A D) Ry(Y(D)dt +

A J S BiGE D Fi(Y(D) dr ()
with the initial conditions Y (0) = a,,n=2012,...k—1
Where a,(§) , k=0,1...... m,A;E 1), =01,..5),Bj¢1),(=
0,1, ...r) and g(%)) are given functions, Y™ indicates the n-th derivative of
Y (1), Ri(Y(r)) and F; (Y(‘r)) are nonlinear functions and A4, A,, a,, are constants.

Now, apply the Sumudu transform to solve Eq. (1) to find an approximate
solution for the fractional integro-differential equation as follows:

YO () = —= TR an @YV E) + 8 +

m (&)
A j ZAi(E,r) R(Y(D))dr
2 j=0
2 [P I BiE O F(Y(@®)dtm—1<a<m )

We assume that Y (§) is sufficiently distinct. Put both sides of (2) via a
Sumudu transformation. is sufficiently differentiable.

S[Y@ )] = s[ ‘;) Y tan (“)(E)] +S[g(®]

+S[A [F 250 A D RI(Y(D)dr| + S A, [ o BiE D Fy(Y(D) dr |, m —
1<a<m
Then

uS[Y (®)] - Zhcdu T an YO )| + S[e®)]

+5|n FEi,AG T)R(Y(r))dr]+s[xz [ o BiGE 1 F(Y(D) dr
Then

SIY ()] = u® T w0 YO 0) + [ =5 T am YOO + us[g(®)]

+uS [y [F550AE D) R(Y(D)dt| + u™S A, [ 510 Bi(E ) F(Y(D) dr]

Now, the Sumudu decomposition method represents the solution in the
form of infinite series given as the following expressions
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Y(® = I a® (3)
and let Ri(Y (®) = Zi-o(Cn
Fi(Y (®) = ZiLo(Dy), and Y © (§) = Ei, En 4

Where (C;),, (Dj)n' E,, are the Adomain polynomials. Substituting Eqs (3)
and (4) yields:
S[Zi0 Ya(®)] = u 2g u @0 Y0 (0) + uS [ == T ai(§) Lo B
+u® S[g(®)] + u*S[A [ T AiE D Zn=o(Ci)n dT] +
S [, [1 B Bi(& 1) Bie(D)), dr]

The recursive relation is built on the principle that the zeroth component is
the starting point S[y,] is defined by all terms that arise from

S[Yol = u® X2 u—<°‘ o Y“<>(0) + +u® S[g(®)]
And S[Y 1 (] = S [ = B a()) Zio En |
+ucs[a, [T Z,-=0Ai(z. ©) Taso(Cn dt] +
uS A, [ B Bi(E 1) Bie(Dy) dr] k2 0

When the preceding equation is transformed using the inverse Sumudu
operator, we get the following:

Yo(x) = ST u* Xpzg um @0 YO (0)] + S~ Hu* S[g(®)]] (%)
And

Yoar(§ =S° [ 5 TR ak(® T En]] +
574 ueS[A [ Tho MG D) Zizo(Cn d]
451 [u“S [ 0B ) Z;‘;O(Di)ndr” k>0

Thus, the series solutions are determined. The n'! term approximation
-1 . .
bOn = ZE_O Yy can be used to approximate the solution.

3. Results
In the above example, Consider the nonlinear Volterra Integro- Differential
Equation with Fractional order as follows:
Dy(t) =3[, y* (Mdr+1—t2y(t),0<a <1 (6)
Andy(0) =0
Solution: To Solve Eq. (1) by the proposed method, we apply Sumuda

transform Adomain method on both Sides and using the inverse Sumudu
transform, we have
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g =S urs@)]
R(y®) = =S~ [u*S(t*y)] (7

N(y(®) =35 u*"'S(y*)]
and, by using the recursive relation by Eq. (3.2), we get

t(l

)

Yo = Ta+n)

y, = _S—l[u(x S (t2y0)] + 35—1[u0(+1s(y02)] £

Y1 = =S7Hu* S (Pyn)] + 38 Hu 1S ()]
By using the inverse Sumudu transform of Eq.(3.2), we get
(a +2) t22*2 6r(2a) 39!
2'2a+2)  al?(a) TRa+2)
v = =S Hu® Sy )] + 38 u S(2yo y1 + ¥1)]
(a+2)TQRa+5) 6T2a)T Ba+4)

Vi =—

) F'Ra+2)TBa+5) - al?()TBa+2)T(4a+4) e
3(a+2)TBa+3) tat3 36T 2a) I'(4a + 2) Sq+s
T a ') T2a+2) I'(4a + 4) a’T3 () rBa+2)Ir'(5a+3)

+
Fora =1, then y (t) = t, which is the exact solution.

Example: Nonlinear Fractional Volterra integro-differential equation as
follows:

DUy(t) =1+ [e"y?(r)dr,3<a<40<t<1 (8)

y(0)=0,y'(0) =1y"(0) =1,y"(0) =1 €]

When a = 4, y(t) = e’ and can be considered as the optimal solution.

Solution: To solve this problem by the proposed method, We apply STADM of
Eq. (4) and using the inverse ST, we get:

g(® = S7[Zi_o uky® (O] + S7Hu* s (1)]

N(y®) =S [u**S(e "t y?)]

(10)

Thus,
t? 3 t®

R
=Ly, =t+—+=+——7+5Hu"S(1-t+=—5]yé
Yo =¥ 20731 Ta+ 1) [u 217 31)%0
Then, by using the recursive relation (6) , we get: yo = 1
tZ t3 te ta+1 ta+2 ta+3 ta+4—
=t+—+—+ + - + -
N 2! 3! T(a+1) T(a+2) T(@+3) T(a+4) T(a+5)
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Hence, the 2-term approximate solution of problems (3) and (4) is
tll toc+1 ta+2 ta+3 ta+4

tz2 3
y@m=1+t+ 2t3t T(a+1) + T(a+2) T(a+3) ' T(a+4) T(a+5)

When a = 4, the exact solution is y(t) = et

4. Conclusion

The primary objective of this study is to propose a viable approach for
solving specific types of fractional Volterra integro-differential equations. We
employ Adomian's polynomials and the Sumudu Transform, a domain
decomposition technique to address the challenge posed by nonlinear terms.
Several examples of nonlinear fractional Volterra integro-differential equations
are tested to validate the effectiveness and benefits of the proposed method. The
outcomes are carefully evaluated to ensure the efficacy of the procedure. This
approach holds great potential for various engineering and scientific
applications.
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