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Abstract

In this paper, we introduce the notion of soft P-field. Characterization and different
properties of this concept are studied as well as the restriction concept of soft P-field is
introduced.
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1. Introduction

o — field is of a significant topic in measure theory. Wang [1] and Ahmed et al. [2-
6] have studied many types of classes of sets, which are generalizations of g-field as
B — field, o-ring and a — o — field as well as explained some important results of these
notions in measure space. Endou [7] has studied the g-ring concept as a family 9t such
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that it is closed under countable union and the difference between any two sets. In 2021
Ahmed et al. [8] have been studied the o- field concept to define an outer measure. The
idea of o-field and field are studied by [9]. The notion of the soft set was studied by
[10], where W is a universal set, and the set of parameters is denoted by € with respect
to W. Let A be a nonempty subset of £. Then a set of Fy={(a,fs(a)):a€
E,f4(x) € P(W)} is called a soft set on W, where j4: € — P(W) such that j4(a) =
® if a not belong to A. The null soft set is Fyg, or . F; or A is denotes to
A —universal soft set . If A = &, then the A —universal soft set is called a universal soft
set and denoted by Fg or €. F,UFz is symbolized to soft union for F,, F5 and defined
as the approximate function f,(a)Ufg(a) Va € E. F4NFp is symbolized to soft
intersection for F,,Fz which is define by the approximate function f,(a)Nfz(a)
Va € €.

2. The main results

We will involve the definition of soft set in the field, so we introduced the
definition of soft P — field and proof many propositions and gave important examples.

Definition 2.1: A universal set W and a set of parameters € with respect to W and let
9t be a class of soft subsets of Fg (M S P(F¢)). Then 0t is called soft P — field on
W relative to Fg for short (soft P — field on Fy) if the following statement holds:

l-  Fo,Fs € M.

2- IfFy, Fuy . € M, then N2, Fy, € B.

3- IfFu, Fm, - € W, then UZ, Fyy, € M.

Definition 2.2: (Fz, M) is called soft measurable space over soft P — field, and each
member in 9t is said soft measurable set, where Fg is universal soft set and 9t is
soft P — field on Fg.

Example 2.3: Let W = {A,,4,,, A3} and £ = {c;,¢c,, c3}. Define I as follows :
(sz, {(cr, (A1, A2D), (e, Uy, A3}), (c3, (A4} )}r\
&5 {(cr, {1, A3D), (c2, (A1, A23), (c3, {24 3)), e .
W) {en, (A, (e, (1)), (e, (A1) ), [ Then, Tisa soft — fied
(o W), (c W), (ca, A}, Fe )
on Fg.

Proposition 2.4: Let {M ), be a collection of softP — fields on Fg. Then
Neer M, also, is the soft P — field on Fg

Definition 2.5: A universal set W and a set of parameters € with respect to W. If 7 €
P(F ). Then P(7) is the soft P — field generated by J which is the soft intersection
ofall soft P — fields on Fyg, that contains 7.

Proposition 2.6: P () is smallest soft P-field F¢, that contains j.

Definition 2.7: Assume 9t is a soft P — field on Wrelativeto Fz and Fq #
Fp € Fg, then a restriction of 9t over Fy is:
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M|, = { Fx: Fy = Ful) Fp, where Fy € T},

Proposition 2.8: Let M isa soft P — field on W relative to F¢ and
Fo * Fp & Fg, then M|z is asoft P — field on W relative to Fp.

Proof: Since Fo,, Fe € M and Fo = Fu\Fp,Fp = Fe(\Fp, Then Fo, Fg € M5,
Let N, Fn,, - € ﬁ?h:w then Frny = TMkﬁ.’FB where Fm, € M vk = 1,2, .... then, we
get
iy Fn, = Ny (Fm, NFp) = (N2, Fum,)NFp and
Uy Fr, = U, (Fw NFp) = (Uiz; Fm,)NFp. But
Pisasoft P — field on W relative to Fg and Fm, € Mvk=12,..

Then N2, Fm,, Ups; Fm, € D So, wehave N2, Fn,, Ul, Fn, € Mg,
Therefore, iﬁ'?ﬂ isasoft P — field on W relative to Fg.

Remark 2.9: A universal set W and a set of parameters £ with respect to W. IfJ €
P(Fs) and Fo # Fp € Fg, then P, is soft P — field on W relative to Fp.

Lemma 2.10: 4 universal set W and a set of parameters E with respect to W. IfJ €
P(F¢) and Fy # Fy € Fg. Define a class P(J|z,) = N { Mgz, My |,is a soft P —
field on Fg and J|5, S ﬁah—g Ya € 1}, then :P(ﬁ|TB) is smallest soft P-field on Fg

which contain 7|7:B .

Proof: Since Va €1, ﬁalfﬂis a soft P — field on Fg, then from the definition of
soft P-field directly ?@B) is soft P-field on Fp.

Assume Mg |z, is a soft P — field on Fg and I|z, S W|r, Va €1, then J|¢,
ﬂaelﬁalﬁz,hence j"|7_—B c P(Fﬂ;B).

Let T |z,is a soft? — field on Fp and J|5, € M |z,. Then T |5, 2 (7|7, )-
Therefore, the prove is complete.

Proposition 2.11> A universal set W and a set of parameters € with respect to W. If 7
€ P(F¢) and Fo, # Fp € Fg. Define aclass M = {Fy EFs: FyNFp € P(T|g,) b
then 9t also is a soft P-field on W relative to Fg.

Proof: :P(Fﬂ;B) isasoft P — field on Fp from the previous lemma.

So, Fo,Fp € :PC]:GB) . Since Fo= Fyp N Fg and Fz = Fg 1 Fg, then we get
Fo, Fe € M. Assume that Fy, Fy,, .. € M. Then (Fy A Fz) € P(T]z,) Viel.2...
Now, (NiZ; Fm) N Fz = N2, (PN Fp) and

(UZ, Pu) N Fp = U2, (Fw,N Fp). Since P(7|5,) is a soft P — field on Fyp
and  (Fy,AFp) € P(Jlr,) Vi=l2.. Then OZ, (Fy,0Fp) € P(l5,)
and UZ, (Fy,N Fp) € ?@E@).Thus NZ, Fy, € Mand U, Fy, € M.
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Therefore, Mt is a soft P-field on W relative to F.

Theorem 2.12: A universal set W and a set of parameters E with respect to W. If j €
P(Fz) and Fy + Fp € Fg. Then ?(jlﬂs) = j)(j)h,s_

Proof: From Proposition2.6: we will get :]’3?:]:) is a soft P-field on W relative to Fg.
Hence from Proposition2.8: we will have Pp(‘ij |#, is asoft P-field on Fp. Assume Fy €
J|5,. Then Fy = Fyl) Fp where Fyy € 7. But 7 ¢ P(7), so we have F\ € P(7) and
thus Fy € Pz,

Hence J|z, € P(J)|g,. Therefore, P(7)|z, is soft P — field on Fg that contains
Jl#,. But by Lemma2.10: :P(Fﬂ;B) is smallest is soft P-field on Fythat contains J|z,,
which implies that P(PjTT/B) c ?F(‘ijm;.

Now, if we define It as below :

M={Fy EFs: FullFg € ?(Fﬂ;z}) }, then by Proposition 2.11:

We will get 90 is a soft P — field on W relative to F.

Let F¢ € 7, then (Fc Fp) €|z, but J|z, ?(Fﬂ;;) implies that (Fc() Fg) €
?(Fﬂ;g), hence Fc € M and 7 € M.

Now, if Fy € 7?(7)’“’3’ then Fy=Fy N Fp, where Fy, € P(7).

But ];Z% c M, leads to  Fy € 9%, hence Fy € ?(ﬂ;g)_ Consequentially,
P@ lr, € ?(jT;B). This completes the proof.

Proposition 2.13: Suppose M is a soft P — field on W relative to F¢ and
Fc & Fp & Fg such that Fc € I, then F € ﬁ|TB.

Proof: Since Fc & Fy, then F; = FNFp , but Fc € M, hence Fc € M|, by the
definition of ﬁ|¢3.

Note 2.14: Suppose M is soft P — field oA W relative to Fs &
Fo # Fp € Fg.Then not necessarily that ﬁlfg cMand M c ﬁlﬂg.

The following examples explain these facts.

Example 2.15:Let W = {£,, A,, A3} and £ = {c;, c5, c3}. Define I as follows :

Fo, {(cr, (P, 22}), (2, {#e1, i3} ), (e3, {13}
{(cr, A1, #3D), (e, Ty, A23), (c3, {43,
{Cer, (1D, (2, {#1}), (3, {443},
{(c, W), (e, W), (c3, {1} )}, Fe
Then M is soft P — field on Fe. Put Fg = {(cy, {41}), (c2, {£2}), (c3, {#35} )},
then {£;} S W Vk =1,2,3. Hence Fg & Fe. So, we have Fo = Fo1Fg, FeNFp =
Fy.

ﬁ:

{(cr, {1, 2D, (2, {1, A3}), (c3, {24} )}GTB = {(c1, {21 D}
{(cr, (A, 2i3D), (ca, {1, A12}), (03'£ﬁ1} NNFg = {(c1, {41, (c2, {£2})}
{Ccq, {21 D), (2, {A13), (3, {13 )INFp = {(cq, {41 D}
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{(cr, W), (2, W), (e3, {11} )}INFp = {(c1, {#1}), (c2, {£2})}-

Thus M|z, = {Fo, {(er, (2 D} (e, (14D, (e2, {423 )}, Fg).

Now, {(cq, {8, #,)), (ca, {#1,23}),(c3,{#,})} belong to Tt but it does not
belong to ﬁhB and {(¢q, {#1}), (¢4, {#,} )} belong to ﬁﬁhﬂ but it does not belong to
m.

In the following proposition, we put a necessary and sufficient condition for us to
obtain ﬁ|yg c M.

Proposition 2.16: Assume Mtis soft P — field on Wrelativeto Fgand Fq #
TB ETé‘ If:FB € ﬁ,thenﬁly:ﬂ = {TC § TB:“FC Eﬁ} andﬁb.—g Cﬁ

Proof: Assume Fy € M|, then Fy =Fy) Fg, where Fyy € .

Since Mtissoft P — field on Wrelativeto Fg and Fy,Fp € M, then Fy
=FuN Fg € M, hence Fy € { Fc € Fp: Fc € M}

Therefore, M|z, S { Fc € Fp: Fc € M} Let Fp € { F € Fp: Fc € MY. Then
Fp € Fp and Fpp, € M. Hence Fp = Fp) Fp, thus Fp € M|z, because Fp € M. So,
M|z, 2 {Fc € Fp: Fc € M. Then, M|z, = { Fc € Fp: Fc € M}.To claim M|z, ©
%, assume Fe € ﬁlﬁ?, then F¢ € Fz and Fc € M.

Remark 2.17: Suppose M is soft P — field on W relative to Fz &
Fo # Fp € Fg, if Fp = Fe, then M|z, = M.

Proof: Since F3 = Fg and F¢ € I, then ‘Imfﬂ = {Fc € Fg: Fc € W}.
Hence for F¢ € M|y,, we get Fe € M.For any Fy € M, then Fyy € Fg = Fp.
Hence TM E{TC g.’Fg:TC Eﬁ} Zﬁly‘B.ThuSﬁly‘B Zﬁ

Conclusion

The main results of this work are if M is a soft P — field on W relative to Fg &
Fo # Fg C Fg, then ﬁlﬁgis asoftP — field on W relative to Fz. SD(PjT;B) is
smallest soft P — field on Fz which contain J|z, as well as where A universal set W
and a set of parameters £ with respect to W. If § € P(Fz) and Fg, # Fg & Fg. Then

:P(pjl‘?:ﬁ) = ﬁl?’s'
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