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Abstract

The relation between faithful, finitely generated, separated acts and the one-to-one
operators was investigated, and the associated S-act of coshT and its attributes have been
examined. In this paper, we proved for any bounded Linear operators T, V., is faithful and
separated S-act, and if a Banach space V is finite-dimensional, V_; is infinitely generated.
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1. Introduction

We assume that A is a nonempty set and S is a monoid. If u: A x S —A,
pu(a,s):=(a,s)+a,sothat (as)t=a(st),soa=a. l, wheres, t, €S, and a € A.
Assume R = F[x] be a polynomial ring with coefficients in F. Define O:
RxV—V so that p (T) v=p. v=0 (p, v) where T is the linear operator. @ form
V is a left R-module which is denoted by Vg, so we called it the associated R-
module. Using H as a Hilbert space over a field K (K may be real or complex),

and T is a bounded linear operator on H [1- 4]. By defining the exponential

operator e as follows:eT= Z %, where TO = I, the identity operator on H is
n=0 """

well-defined [5]. However, we put T as a bounded operator, and also V as a
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Banach space, and S = {e*:x € R} represent the semigroup. By determining
w:S XV -V by eT(v) = p(e*,v).u makes V a left act over S and is
indicated by V;[6]. In this paper, the Vg, have been studied ,let S = {coshx :
X € R} is the semigroup. Put pfrom SxV into V defined by p(coshx,v) =
cos hT (v), Vis called a left act over S, denoted by Vg1

2. Main result
Definition: Banach space V over a field (F), and (T) bounded operator, put
S = {coshx : x € R} is the semigroup. Put pfrom SxV into V defined by
u(coshx,v) = cosh T (v), V is called a left act over S, denoted by V_qsp-

We put

n i 2 3 n
pn(T)= E g =I+(’[’)+ Q+Q+...+Q)andpn(_’r)=
i=0 !

n i 3 -\
z ey EE Dy OO
i=0

3! n!

Proposition: If a basis K = {vj, j€ A} for V, then every element w of V¢, can
be composed as

= llmn_,oo(z (T) Z
i=0

P (— T)) vforsomevm V.

jen @ = imon (1) +

Proof: We definep: SxV —V, byu (cosh x, v) = cosh T (v) = % (eT+e NHv)=

%( E (T) + Z ) (v).Forw € Voo 1, then w

_1 (T) _1 N @™
= ( E = +z )v) = E[I+(T)+ +T+”'+T +1+

) B e e
(T)+ 2! + 3! toet n! 1)

Since K = {v jj € A} is a basis for V then

1 (T) (1)?
w=—( E T +Z a; vy) [1+(T)+ +
i=0
3 n 2 _ n
%+~-+%+-~-+I+(T)+ )+(;)+ +E 4
T T
](Z,aa,v,) a4 242Dy s 2D (S, )

2+ o (T) + Oy +() ](Z}EAajvJ—[1+ ok +(T) +o

2
(T) S+ ] (ZJEI\ a;v;) = I(ZJE/\ a;v;) + (T) (ZIE/\ 4 v 1) + 5 (Z]E/\ a;v;) +

[eY) (T) oo Ti
(Z]E,\ ajv;) + - Z _, @ . While the serleszpoﬁ converges in

(T)Zn
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* i2i
B(H), While T in B(H). Therefore Z ((Z)i)|
1o @D

. n (T)?
limy,_e 0(21)'(216" @ V) = limyo(pu(T) + pu(=T)).V

is converges. Thus w =

Examples:

1. Put {vj:j € /\} is a basis for a Banach space V. For any operator 7, we
define 70 = I, and then we have 0° = I, where O is the zero operator,

Letw €V cosnow), thus through proposition (2 2), w= 2 [eT(v) +

i © i i
TEI= ) Dy Choiy Gy cy
2 120 i! i=o t! 2

thusw =¥ e a;v; =1 (Z]-E,\ a; vj), because e? = I /3])
2- Put /s the identity operator, and {vj: jE€E /\} is a basis, and take w €

1

Veosnr> thenw = w =%[€T(V)+€_T(U)] = E( E (?_)+
i=0

Z (_.—T))=l( E +Z —)smcee = e.I,thusl(ell+
i=0 il 2 —o il 2

e ') = —(Z o0 Z )Iproposmon (2.2). Then w =
5 ( 2 Zn:oﬁ (Zje/\ aj vj)) - llmn—mo Zl 051 (Z]E/\ a] 17]) put a, =
n

1 .
i=05; - Then w = lim,,_,, a, (Z}-EA a; vj).

3. Put {vj:j € A} is a basis and also T'is a nilpotent operator. Letw € Vo7,

s w =)+ T H0YT T 3 S (1
i=0 =0

M+ L+ Db D Nt (14 D+ Ty
Y@ =21+ + & Oy O +((T)_nl_)1!+1+(—T)+
C 4Dyt (n”:y +| Brengyv) =221 +2 L4204
R B T OGN N
gz):lz_)zr)](ZJeA a; ;) =[r+ ) +@+(T)6 ((:l)nz)?](ZJEA a; v;)
proposition (2.2), let p,,(T) = I + (T—)+@ +Q...+ ((1)_112)2' Then w=

pZn(T)(Zje/\ a; 17j) =pan(T).v

Lemma: Vg, is S-act & V,,our is a module where T is a nilpotent operator.
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Proof: Put V,_,ur 1s S-act, we have to show that V4, is R-module. Since T is a
nilpotent operator on V, Vw € V,,opr, We get W =p,,(T). v, then V., our 1S
module [3], conversely, assume that V7 is @ module, then V,, g,y is S-act. [6]

Proposition: If T and S are similar bounded operators. Then V¢, and V. opr
are isomorphic.

Proof: Put S and T are similar operators, then existent h on V is an invertible
operator so that h T h™t = S[5], then (hSh™' =T).h, thus h S = T h. Since
hS = Th , therefore hSn= hSSn-1 = ThSSn-2 =TThSn-2 = T?hS"? =
T2hSS™3=T2ThS™"3..... T3hS" 3=T3hpSS" *=T3ThS™" * = T*hS" * =Tnh,
hence hSn=Tnh, thus h coshS = coshT h.....(1). ' : V oeps = Vipsnr defined
by (cosh(v))h’ = coshT(h(v)) wee..(2). To prove h' is an isomorphism we
show that, h'is well defined, assume that coshS(v;) = coshT(v,) , therefore
h(coshS(vl)) = h(coshT(vz))(because h is well defined). Thus by (1), we
have coshT(h(vl)) = h(coshS(Ul)) = h(coshS(vz)) = coshT(h(vz)), this
give coshS(T(vl)) = coshT(h(vz)).. (3). Therefore by (2),(3), we have
(coshS(vl))h’ = coshS(v,))h'. Hence h' is well-defined, Show that h' is 1-1,
suppose  that (coshS (vl))h’ = (coshS(v,))h', thus by (2), we
have coshT(h(vl)) = coshT(h(vz)). Thus by (1), we have h(coshS(vl)) =
h(coshS (v, )), but h has an inverse, thus
h™*h(coshS(vy)) = h™*h (coshS(v,)), thus (coshS(v,)) = (coshS(vy)),
thus h' isl-1, Show that h'is onto, put coshT (v) € v e Since v €V
thenh~1(v) € Vand coshS(h‘l(v)) € V.psns» thus by (2), we have
(coshS(R™*(v))h' = coshT (h(h™*(v)) = coshT(v), then h’ is onto, and
(coshS())h' = coshT(h(v)) = h(coshS(v)), therefore (coshS(v))h' =
h(coshS(v)), while h is linear, hence h is a homomorphism, therefore h’ is
homomorphism, Hence h'is an isomorphism.

Proposition: Vg, is a faithful S-act, where T is any bounded linear operator.

Proof: We want to show thatV_, ¢, ris a faithful S-act for any bounded operator.
Let coshx;.coshT(v) = coshx,.coshT(v). Since coshTis operator, then coshT
is a linear transformation, this gives coshT(cosh x;.v) = coshT(cosh x,.v).
Since coshT is one to one [7] .Hence cosh x,.v = cosh x,.v., then coshx,.=
cosh x,, Vx # 0. Therefore Vg, is faithful S-act.

Remark: V, ,is finitely generated. If Banach space V is a finite-dimensional

Proposition: Vis finite-dimensional, If V,

osht 18 finitely generated, and T is
onto the operator.

Proof: Suppose that space V is not infinite. Put K(T)={w € V: Tw = 0}.
Clearly, K is a subspace which is invariant (since K €
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Vand for eachwin K, Tw = 0 but 0 € K therefore Tw € K), thusTV =
% [2], therefore TV=V. Hence % =~ V. K is a finite subspace, or K is an infinite

subspace. K is invariant and thus considered as K yspt- Thus Kcospr s finitely
generated when K is finite, remark (2.7), the set {coshT(wj) 1j € A}
generate the sub — act Kp,r.,, where {wj 1jE A} is a basis for K. While
wj € K then Tw;j = 0, because the zero operator O is the restriction of T on K.
Therefore K ospr = Keosho» thus Keospreannot be finitely generated, which is a
contradiction. Thus K is infinite, whileK g, rKris a sub-act ofV,,,rand
Veosnis finitely generated. Which is contradiction shows that V is finite-
dimensional.

Proposition: V., is separated S-act, where T is any bounded linear operator.

Proof: Put a # b in V¢, rto prove V. 4t 1S separated, we aim to approve that s,
e in S, also e+ s when e is the identity element so that sb # sa. Put sb = sa, e
#s €S, so that s = coshx, where the identity element is e, a, b in Vg1, thus
coshx. coshT(v,) = coshx. coshT(v,) vy, v,in V,xin R, since coshT is the operator,
then coshT is transformation, thus coshx.coshT(v;) = coshx.coshT(v,)s,
thus coshT( coshx.v,)=coshT( coshx.v;), while coshT is one-to-one.
Therefore coshx.v, = coshx.v, , thus (v; — v,)coshx =0, because coshx #0.
therefore v, = v, ,this gives either coshT(v;) # coshT(v,) orcoshT(v;) =
coshT(v,), but if coshT(v,) # coshT(v,), thus v, # v; this contradiction with
v; = V,, then coshT(v,) = coshT(v,), so b=a , which is a contradiction, thus
Veosht 1S Separated.
The following proposition gives the converse of the last proposition.

Proposition: T is one-to-one. If Vg, is separated.

Proof: Suppose that V., 18 separated to show that T is 1-1 (one-to-one).

Put v, # v;,we have to show that T(v;) # T(v,). Because v, # vy,
therefore  either coshT(v;) # coshT(vy;)or coshT(v,) = cosh T(v, ) .If
coshT(v,) = coshT(v, ), thus contradiction with v, # v, (because coshT is
one-to-one), hence coshT(v,) # coshT(v, ), when Vg, 1is separated.
Therefore there is e #s, S = coshxeS ) that
coshx. coshT(v;) # coshx. coshT(v,), since coshT is an operator, then coshT is
a linear transformation, this gives coshT(coshx.v;) # coshT(coshx.v,),i.e

T T -T -T)3
” () Suk L 4 ) (coshx. v )#(1 +

+Q+ ---)(COShX Vv ) we have
3! T

() (T)

2
(T) + 7+ +- +I+( T)+
) 2
coshx.v, + T (coshx. vy) + T (coshx. vy) + -+ #coshx.v, + % (coshx.v,)
4
Q (coshx. VZ) + -+, coshx.v; # coshx.v,, this gives v;# v2 and

o~ ) (coshx Vi) + O (coshx v,), therefore %(T(coshx. vy)) # i(T(coshx. v3))
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thus T(coshx.v,)) # (T(coshx.v;)), thus we have T(v,) # T(v,). Therefore
Tis 1-1.

Conclusion

In this paper, we have proved that if T and S are similar bounded operators,
then Vi osns and Viospt are isomorphic, also for any bounded Linear operators T,
Veosnr are faithful, separated S-act and V.,g,ris finitely generated if Banach
space V is finite-dimensional.
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