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Abstract  
The new concepts in grill topological spaces are investigated in this study 

by employing specified sets in which the α-open sets are defined and grill 
topological spaces. Properties of this set and certain relationships are studied, 
examining a group of functions, like open, closed, and continuous functions, 
determining their relation with each other and giving examples and properties 
associated with this set. This shall serve as the beginning of examining 
numerous topological properties with this set. 
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1. Introduction  
Choquet first proposed the idea of the grill on a topological space in 1947 

[1]. A grill is a collection of non-empty subsets of (℘, τ). If i.   ∈ G and   ⊆   
so   ∈G, ii.  ;   ⊆ ℘ and       ∈ G, then   ∈ G or   ∈ G. a grill topological 
space denoted by (℘, τ , G)[2]. investigated topological concepts and defined a 
unique topology via a grill. For any topological space point  , (℘ , τ),τ (℘) 
represents a collection of  ’s open nbhd. Let  :Ƥ(℘) → Ƥ(℘) be a mapping, and 
it is referred to as   ( ) = {   ∈ ℘:   ∩ U ∈ G for every U ∈   ℘ for every   
∈Ƥ(℘) and   ℘ which is all open set containing   .suppose that  : Ƥ(℘) →Ƥ(℘) 
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is a mapping, and it is referred to as   ( ) =       ( ) for every   ∈Ƥ(℘). The 
map   satisfies the closure axioms of Kuratowski [3] 

 
i.    (∅)=∅. 
ii.  when   ⊆  , then   ( ) ⊆   ( ). 
iii.  when   ⊆ ℘, then   (  ( ))=   ( ). 
iv.  when  ,   ⊆ ℘, then   (     )=   ( )     ( ). 

 
Several kinds of grill topological spaces exist, including discrete and 

cofinite topologies [4]. We can locate    in a grill ₢ on a topological space 
 (℘, τ) via the base given by following  (   ℘)  {     ∈       }. 

There exists a unique topology with the formula    ={u⊆ ℘: Ψ (℘- u)=( ℘- u)}, 
for any   ⊆℘.Ψ ( ) =       ( ) =     - ςl ( ) and   ⊆     [5].Every set belongs 
to    called G - open sets, and its complement called G - closed sets, and the 
family of all G - closed denoted by    [6]. For instance, suppose that (℘, τ ) is a 
topological space, If G= Ƥ(℘)∖{ }, then     =    . Let (℘, τ) be a topological 
space, suppose that  ⊆ ℘ ,if  ⊆             )) then   is  -  𝑒𝑒𝑒 set. Suppose 
  ⊆ ℘ is  -closed set if  ℘- ) is an   -  𝑒𝑒𝑒  𝑒𝑒𝑒 . 

The collection of all  -  𝑒𝑒𝑒 (respectively,  -𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) sets in (℘, τ) will be 
symbolized by    (respectively,    ℘)).Many academics have employed these 
combinations to produce novel generalizations [7]. In this study, Int( ) is 
employed to represent the interior( ), and the symbol cl( ) represents a closure 
of the set  .  

2. On     -open sets 
Definition 2.1: Suppose (℘, τ, G) is a grill topological space and u ∈ τ. A 
closure grill alpha of u which is shortly     (u) is defined by      (u)=∩{Ѵ⊆ ℘; 
Ѵ 𝑖𝑖  𝑎𝑎 𝑐𝑐   𝑒𝑒𝑑𝑑 set in      whenever u⊆Ѵ}. 

Definition 2.2: Let A be a subset of a grill topological space (℘ , τ, G), and A is 
a     -open set if there exist  ∈  ;   ⊆ A⊆ ᶩ  𝑐𝑐𝑐   ( ) .the complement of  

    -open set is     -𝑐𝑐   𝑒𝑒𝑑𝑑 set, the set of all     -  𝑒𝑒  set denoted by     -
 (℘) and the set of all     –closed set denoted by     -𝑐𝑐(℘). 

Example 2.3: Suppose (℘ , τ, G) is a grill topological space 
℘ ={   ,    ,   },  ={ ℘ , Ø , {  }} , G ={u⊆℘ ;   ∈u} 

   {℘    {   }  {       }  {       }}       {℘    {   }  {       }  {       }} 
     {℘     {       }  {   } {   }}       ℘)   

{℘    {   } {       }  {      }}. 
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Proposition 2.4:  
1. Each open set is     -o.  
2. Each closed set is     -c.  

Proof:  

(i)  Suppose A∈  ,and let   ∈   𝑢𝑢𝑐𝑐ℎ  ℎ𝑎𝑎     A and let A⊆ ᶩ  𝑐𝑐𝑐   (A) then, 
A⊆ A⊆ ᶩ  𝑐𝑐𝑐   ( ), then A is     (℘)

 
. 

(ii)  Let A is a closed set, thus   ∈ ,    ∈      (℘), then A∈     𝑐𝑐(℘) .  

Proposition 2.5: Whenever set A is     -   it is also G α –  set. 

Proof: Suppose that A is     -  then there is an open set denoted by   such that   
⊆A⊆ᶩ  𝑐𝑐𝑐  ( ) thus 𝑐𝑐𝑐  ( ) ⊆ 𝑐𝑐𝑐 ( ) and i  𝑐𝑐𝑐  ( ) ⊆ i  𝑐𝑐𝑐 ( ) .and since   
⊆A⊆ᶩ  𝑐𝑐𝑐  ( ) ⊆ᶩ  𝑐𝑐𝑐 ( ) then   ⊆A ⊆ᶩ  𝑐𝑐𝑐 ( ), then A is G α –  𝑒𝑒  set.  

Theorem 2.6: Suppose (℘, τ, G) is a grill topological space, A∈  , A is a 
₢ α –  𝑒𝑒  set  A ∈     -  set when ever G=Ƥ(℘)∖{ }. 

Proof: Suppose A be a     -  𝑒𝑒  set, so A is a G α –  𝑒𝑒  set by (Proposition 
(2.5)). Conversely, let A is a G α –  𝑒𝑒  set so there exists   ∈  such that   ⊆A 
⊆ᶩ  𝑐𝑐𝑐 ( ) since ᶩ  𝑐𝑐𝑐  ( ) ⊆ i  𝑐𝑐𝑐 ( ) then   ⊆A⊆ᶩ  𝑐𝑐𝑐  ( ), Therefore A is a 
    –open set. 

The two sets     -open and α -open are independent, as in this 
example(2.7). 

Example 2.7: L𝑒𝑒t (℘, τ, G) be any Grill topology and  ={℘,𝜙𝜙,{1}}  
G={   ⊆℘ ;   is an infinite set},   ={℘,𝜙𝜙,{1}} {   ⊆℘;    𝑓𝑓𝑖𝑖 𝑖𝑖 𝑒𝑒  𝑒𝑒 } is 

an α −open set; it's not     − o set. 

Theorem 2.8: Suppose that A is     -o set ,let 𝛨𝛨⊆ ℘ s𝑢𝑢ch that A⊆ 𝛨𝛨 
⊆ᶩ  𝑐𝑐𝑐  ( ) for each   ∈  then 𝛨𝛨 is a     -o set.  

Proof: Whenever A is     -o set, then    ∈  su𝑐𝑐h that   ⊆A⊆ᶩ  𝑐𝑐𝑐  ( ) , and 
since A⊆ Η,so   ⊆ Η and Η ⊆ᶩ  𝑐𝑐𝑐  ( ),then   ⊆ Η ⊆ᶩ  𝑐𝑐𝑐  ( ) , therefore Η is 
    -open s𝑒𝑒t. 

Lemma 2.9:   ∈  (ᶩ  𝑐𝑐𝑐   (  )) ⊆ (ᶩ  𝑐𝑐𝑐   (  ∈    )  

Proof:    ⊆   ∈  (  ),   ᶩ  𝑐𝑐𝑐  (  )⊆ᶩ  𝑐𝑐𝑐   (  ∈ (  ))  
    ∈  (ᶩ  𝑐𝑐𝑐   (  ))⊆(ᶩ  𝑐𝑐𝑐   (  ∈   )  
   ∈  (ᶩ  𝑐𝑐𝑐   (  ))⊆(ᶩ  𝑐𝑐𝑐   (  ∈   ). 
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Theorem 2.10: The union of any family of     -o sets is     -o set. 

Proof: Let    be     -o set  i to show   ∈    is an     -o set, since    is     -
open set, then there exist    ∈  such that   ⊆   ⊆ᶩ  𝑐𝑐𝑐  (  ). Now since   ⊆
  ∈ (  ) then (   ) ⊆   ∈ (  )  i, then 

   ∈   ⊆  ∈    ⊆   ∈  ᶩ  𝑐𝑐𝑐  (   ), so by (lemma 2.9) 
   ∈   ⊆  ∈    ⊆ ᶩ  𝑐𝑐𝑐  (   ∈   ) Then   ∈    is an     -open set. 

Note 2.11: A collection of every     -o sets is supra topology.  

3. Some Kinds of    
 -O Functions.  

Definition 3.1: Suppose ᶂ:( ℘,τ,G)→(Y, ′,G′) is a function then ᶂ is said :  
1.      -open function denoted by     𝑓𝑓  if ᶂ(s)∈      (Y) when 

ever,s∈     (℘).  
2.       - open function denoted by      𝑓𝑓 if ᶂ(s)∈     o(Y) when ever , s∈  . 
3.        - open function denoted by       𝑓𝑓  if ᶂ(s)∈ ′ when ever, s∈    o(℘). 

Proposition 3.2: Suppose ᶂ:(℘ ,τ,G)→(  , ′,G′) is function then 
1.  ᶂ i  an o -f whenever ᶂ i  a        f  
2.  ᶂ i  𝑎𝑎      f whenever ᶂ i  a       f . 
3.  ᶂ i  𝑎𝑎        f whenever ᶂ i  a       f. 
4.  ᶂ i  𝑎𝑎        f whenever ᶂ i  an o -𝑓𝑓  

Proof: (1) suppose u∈  by (proposition 2.4 (i)), u∈    (℘). Let 𝑓𝑓 be a 
       𝑓𝑓,𝑓𝑓  𝑢𝑢) is an open set (Y, ′). Hence 𝑓𝑓 is an open function. (2) suppose 
  ∈   

 o(℘) let 𝑓𝑓 is        𝑓𝑓 so 𝑓𝑓 (  )∈ ′. By(proposition2.4 (i)), 𝑓𝑓 (  )∈    
 o( ) 

. so 𝑓𝑓 is     -  f . (3) Let   ∈  by (proposition 2.4 (i)),   ∈    
   (℘). Whenever 

𝑓𝑓 ∈    -  𝑓𝑓 , 𝑓𝑓 (  )∈    
   ( ).so 𝑓𝑓 ∈      𝑓𝑓.(4) L𝑒𝑒t   ∈  and since 𝑓𝑓 is an o - 𝑓𝑓 

then 𝑓𝑓 (  )∈ ′. By (proposition 2.4 (i)),   ∈    
  (℘). S  𝑓𝑓 i  a      𝑓𝑓 .  

The reverse direction of this Proposition is not true as an example. 

Example 3.3: suppose ℘ ={  ,   ,   }, ={ ℘,𝜙𝜙,{   }},G = Ƥ(℘)∖{Ø} ,  
𝑓𝑓:( ℘, , G)→( ℘  , G), 𝑓𝑓 ( )=   for all   ∈℘ ,     o(℘) = {u⊆℘ ;    

∈u} { }, there exist {  ,   }∈     (℘) ,𝑓𝑓 ({  ,   })={  ,   }  .Then we 
observe that 𝑓𝑓 is not       𝑓𝑓. 

Example 3.4: Let ℘ ={  ,   ,   },  ={℘,𝜙𝜙,{   },{  ,   }} 
G={u⊆℘ ;   ∈u},   =Ƥ(℘),      (℘)= Ƥ(℘),𝑓𝑓:(℘ , , G)→(℘, , G) , 

𝑓𝑓 (  )={   }, 𝑓𝑓 (  )={   }, 𝑓𝑓 (   )={   }.We observe that 𝑓𝑓 is     𝑓𝑓  and 
      𝑓𝑓  but it's not open and not        𝑓𝑓 since 𝑓𝑓 (  )={   }  . 
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Example 3.5: Let 𝑓𝑓:(℘ ,τ,G)→(℘ ,τ,G) , 
℘={   ,   ,   }, ={℘,𝜙𝜙,{   ,   }},₢=Ƥ(℘)∖{{Ø} {   }}, 𝑓𝑓 (  ) = {   }, 

  𝑓𝑓 (  )={   }, 𝑓𝑓 (  )={   },    {℘,𝜙𝜙,{   ,   },{   ,    }, {   }},      (℘)= 
{℘,𝜙𝜙,{   ,   },{  ,   },{  },{  }}. 𝑓𝑓 is a         𝑓𝑓 but 𝑓𝑓 is not        𝑓𝑓 since 
there 𝑒𝑒xist {  ,   }∈     (℘) , but 𝑓𝑓 ({  ,   })={  ,   }       (℘), and it's not 
        𝑓𝑓 since there exists {  }∈     (℘) but 𝑓𝑓 {  }={  }  . 

Definition 3.6: Suppose that 𝑓𝑓:(℘ ,τ, G)→(  , ′, G′) is a function, then 𝑓𝑓 is said 
to be: 
1.      -𝑐𝑐   𝑒𝑒𝑑𝑑 function, denoted by."    𝑐𝑐 f " if 𝑓𝑓 (u)∈     c( ) when ever, 

u∈    c(℘). 
2.      𝑐𝑐   𝑒𝑒𝑑𝑑 function, denoted by."    𝑐𝑐 𝑓𝑓 " if 𝑓𝑓 (u)∈     𝑐𝑐( ) wh𝑒𝑒never, u 

is a closed set in (℘, ). 
3.       -closed function, denoted by."     𝑐𝑐 𝑓𝑓 " if 𝑓𝑓 (u) is closed s𝑒𝑒t in ( , ′) 

whenever, u∈    𝑐𝑐(℘). 

Proposition 3.7: Suppose that 𝑓𝑓:(℘ ,τ,G)→(  , ′,G′) is a function  
1. 𝑓𝑓 i  a closed function whenever 𝑓𝑓 i       𝑐𝑐 f. 
2.  𝑓𝑓 i      𝑐𝑐 f whenever 𝑓𝑓 i       𝑐𝑐 𝑓𝑓.  
3.  𝑓𝑓 i      𝑐𝑐 𝑓𝑓 whenever 𝑓𝑓 i      𝑐𝑐 𝑓𝑓. 
4.  𝑓𝑓 i      𝑐𝑐 𝑓𝑓 whenever 𝑓𝑓 i  a closed function. 

Proof: In the same way as (proposition 3.2), the proof has been completed.  
The reverse direction of this Proposition is not true, as in examples 

(Example 3.3), (Example 3.4), and (Example 3.5). 

Remark 3.8: If 𝑓𝑓 i  onto function, then: 
1.        𝑓𝑓 and     𝑐𝑐 f are equivalents.  
2.        𝑓𝑓 and     𝑐𝑐 𝑓𝑓 are equivalents. 
3.        𝑓𝑓 and      𝑐𝑐 𝑓𝑓 are equivalents. 

4. Some kinds of    
 - Continuous Functions. 

Definition 4.1: Let 𝑓𝑓 ∶(℘ ,τ,G)→( ,  ′,G′) be a function then:  
1.  𝑓𝑓 is a     - continuous function, denoted by."     -c 𝑓𝑓 "𝑖𝑖𝑓𝑓 𝑓𝑓  (u)∈      

o(℘) for each u∈  ′. 
2.  𝑓𝑓 is Strongly     -continuou  functio , denoted by “s     -c 𝑓𝑓 ” 𝑖𝑖𝑓𝑓 𝑓𝑓   

(u)∈ , for each u∈    o(Y) . 
3.  𝑓𝑓 is     -irresolute function, denoted by."    -irr 𝑓𝑓 " if 𝑓𝑓   (u)∈      (℘), 

for each u∈     (Y). 

Theorem 4.2: Suppose that 𝑓𝑓 ∶(℘ ,τ,G)→(  , ′,G′) is a function denote that : 
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1.  𝑓𝑓 𝑖𝑖      -irr 𝑓𝑓 when ever 𝑓𝑓 is an s     -c 𝑓𝑓. 
2.  𝑓𝑓 is cont- function whenever 𝑓𝑓 is an s     -c 𝑓𝑓. 
3.  𝑓𝑓 𝑖𝑖      -c 𝑓𝑓 whenever 𝑓𝑓 is 𝑎𝑎 c- 𝑓𝑓. 
4.  𝑓𝑓 𝑖𝑖  a     -c 𝑓𝑓 whenever 𝑓𝑓 is     -irr 𝑓𝑓. 

Proof: 
1.  Let  ∈      ( ), Since 𝑓𝑓 is an s     -c 𝑓𝑓, then 𝑓𝑓   ( )∈ .𝑏𝑏𝑦𝑦 
  (proposition (2.4(i))) 𝑓𝑓   ( )∈      (℘), this implies ᶂ is a     -irr f. 
2.  Suppose that   ∈ . By (proposition 2.4(i)),   ∈     ( ). 𝑖𝑖 𝑐𝑐𝑒𝑒 𝑓𝑓 is 
  s-    -c 𝑓𝑓 , then 𝑓𝑓   ( ) 𝑖𝑖  𝑎𝑎  o 𝑒𝑒   𝑒𝑒  𝑖𝑖  (℘ , ), Implies that 𝑓𝑓 is a c 𝑓𝑓.  
3.  Suppose that   ∈ , since 𝑓𝑓 is a continuous function, then 𝑓𝑓   ( ) ∈   By 

(proposition (2.4(i))) 𝑓𝑓   ( )∈      (℘),   𝑓𝑓 𝑖𝑖      − cont function. 
4.  Let   ∈ ,By (proposition 2.4(i)),   ∈     (℘), since 𝑓𝑓 is     -irr 𝑓𝑓. 

Then𝑓𝑓   ( )∈       (℘),   𝑓𝑓 𝑖𝑖      -cont function. 
The inverse of this theorem is not true in the following example. 

Example 4.3: Let 𝑓𝑓 ∶(℘ , ,G )→(Y, , G′) be a function such that 𝑓𝑓( )=   for 
each   ∈℘  where ℘ ={  ,   ,   },  ={℘,Ø,{   }}, G =Ƥ(℘)∖{Ø}, 
₢′={u;   ∈u},      (℘)={u;   ∈u} {Ø},       (Y)=Ƥ(℘) .then 𝑓𝑓 is c 𝑓𝑓 and     -
c 𝑓𝑓.but 𝑓𝑓 is not       ℘)-c 𝑓𝑓 and 𝑓𝑓 is not     (℘)-irr f Since whenever 
{  ,   }∈   α (Y) but 𝑓𝑓   {   ,   }={   ,   }       ℘) and {  ,   }     .  
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