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Abstract

The new concepts in grill topological spaces are investigated in this study by
employing specified sets in which the a-open sets are defined and grill topological spaces.
Properties of this set and certain relationships are studied, examining a group of functions,
like open, closed, and continuous functions, determining their relation with each other and
giving examples and properties associated with this set. This shall serve as the beginning of
examining numerous topological properties with this set.
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1. Introduction

Choquet first proposed the idea of the grill on a topological space in 1947
[1]. A grill is a collection of non-empty subsets of (g, 7). If . p € Gand u S v
sov €G,il. u; v S pand u U v € G, then u € G or v € G. a grill topological
space denoted by (g, T, G)[2]. investigated topological concepts and defined a
unique topology via a grill. For any topological space point x, (o , 1),T ()
represents a collection of x’s open nbhd. Let ¢:P(g) — P(g) be a mapping, and
it is referred to as ¢ (u) = { x € p: p N'U € G for every U € 7, for every u

€P(p) and 7, which is all open set containing x .suppose that ©: P(p) —P(gp)
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is a mapping, and it is referred to as © (u) = u U ¢ (u) for every u €P(p). The
map O satisfies the closure axioms of Kuratowski [3]

L 0(0)=0.

ii. when pu C v, then @ (u) € 0 (v).

iii. whenp S g, then 0 (0 (1))=0 (u).

iv. whenp, v C p,then® (L UvV)=0 (1) U O (V).

Several kinds of grill topological spaces exist, including discrete and
cofinite topologies [4]. We can locate 7,; in a grill & on a topological space

(g, 1) via the base given by following B(z;, ) = {V—w; Vet u & G}
There exists a unique topology with the formula 7, ={uc p: ¥ (- W=( p- )},
forany p Cp.¥ (u)=p U @ (u) = 1, -l (u) and 7 S 7 [5].Every set belongs
to ¢ called G - open sets, and its complement called G - closed sets, and the
family of all G - closed denoted by F.[6]. For instance, suppose that (¢, 7 ) is a
topological space, If G= P(p)\{¢}, then 7, = 7. Let (p, 1) be a topological
space, suppose that uC o ,if u € nt(gl(‘nt(w)) then yu is a-open set. Suppose
v C g is a-closed set if (p-v) is an a -open set .

The collection of all a-open (respectively, a-closed) sets in (g, T) will be
symbolized by (respectively, ac(gp))-Many academics have employed these
combinations to produce novel generalizations [7]. In this study, Int(u) is
employed to represent the interior(u), and the symbol cl(u) represents a closure
of the set u.

2.0n G, -open sets

Definition 2.1: Suppose (g, T, G) is a grill topological space and u € 7. A
closure grill alpha of u which is shortly ¢l;,(u) is defined by ¢l;, (W=N{VC
Vis a closed set in T, whenever ucVy.

Definition 2.2: Let A be a subset of a grill topological space (&, 1, G), and A is
a G, -open set if there exist ¢€7 ; ¢ € AC Intcl;, (¢) .the complement of

G, -open set is G, -closed set, the set of all G, -open set denoted by G,, -
o(g) and the set of all G, —closed set denoted by G, -c(g).

Example 2.3: Suppose (@, 1, G) is a grill topological space
o=, 435, =10, 9, 1)}, G={ucp; £, €u}
o ={p, 8,063, (0,023,081, 8:)) 16, ={p. 8,06}, (01,2}, (¢, 3}
Fo, ={0.,0,{¢2, 43}, {£3},{£2}} G, 0(p) =
{9,0,{£.3,{€1,42},{£1,4:}}
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Proposition 2.4:
1. Eachopensetis G, -o.
2. Eachclosed set is G, -c.

Proof:

(i)  Suppose A€t ,and let ¢ €T such that ¢ = A and let AC Intclg, (A) then,
AC AC tclg, (¢), then Ais G, o( ) .

(if) Let A is a closed set, thus A°et, A° € G, o(gp), then A€ G, c(p) .
Proposition 2.5: Whenever set A is G, - o it is also G o —o set.

Proof: Suppose that A is G, -o then there is an open set denoted by ¢ such that ¢
CAChtclz,(g) thus clgy(s) € clp(g) and intclg,(s) S intclg(g) -and since ¢
CAchtclz,(g) Shtcls(g) then ¢ CA Sintcl;(¢), then A is G o —open set.

Theorem 2.6: Suppose (g, 1, G) is a grill topological space, A€r, A is a
G a —open set A € Gy -0 set when ever G=P(p)\{¢p}.

Proof: Suppose A be a G, -open set, so A is a G o —open set by (Proposition
(2.5)). Conversely, let A is a G a. —open set so there exists ¢ €7 such that ¢ CA
Cintcls(¢) since intclgy(¢) € intclg(¢) then ¢ SAChtcl;,(c), Therefore A is a
G, —open set.

The two sets G, -open and a -open are independent, as in this
example(2.7).

Example 2.7: Let (&, T, G) be any Grill topology and t={ x,¢,{1}}
G={ ¢ S ; ¢ is an infinite set},7; ={p,¢,{11}}U{ ¢ Sp; gc finite set} is
an o —open set; it's not G, — o set.

Theorem 2.8: Suppose that A is G, -o set ,let HC psuch that ACH
Cintclgy(c) for each ¢ Erthen H is a Gy -o set.

Proof: Whenever A is G, -o set, then 3¢ €7 such that ¢ CAChtcl;,(¢) , and
since AC Hyso ¢ © Hand H Shtclg,(¢).then ¢ € H Shtclg,(¢) , therefore His
G, -open set.

Lemma 2.9: U (\ntclg, (4¢)) S (ntclgy (Vier 4Ar)

Proof: A; € U,er (Ap),50 ntclgo(Ag)Sintclsy (Vig(4y))
Uier (ntclgq (Ap))S(Intclgy (Vier Ar)
Uies (Intclge (Ap))S(Intclgy (User Ae).
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Theorem 2.10: The union of any family of G, -o sets is G, -o set.

Proof: Let A; be G, -0 set Vi to show Uy 4; is an G, -0 set, since A;is G, -
open set, then there exist ¢; €7 such that ¢, © A;Shtclg,(s,). Now since 4; €
Uie(4;) then (¢; ) € Usef(A;) Vi, then

Uier §; SVier Ai € Uier mtclge( 6,), so by (lemma 2.9)

Uies§; SVier Ai © Intclga(Uies6;) Then Usep A; is an G, -open set.

Note 2.11: A collection of every G, -o sets is supra topology.

3. Some Kinds of G, -O Functions.
Definition 3.1: Suppose f:( 4,7,G)—(Y,7',G’) is a function then {'is said :
1. G, -open function denoted byG,of if f(s)¢ G, o(Y) when
ever,seG, o(p).
G, “o- open function denoted by G, “of if f(s)€ G, o(Y) when ever , s€T .
3. G, " o- open function denoted by G, ““of if f(s)et’ when ever, seG, o(p).

Proposition 3.2: Suppose {:(y»,7,G)—( 9,7',G’) is function then
1. fisano-fwhenever fisaG, "o f

fis a G, of whenever fis a G, *of .

fisa G, " o f whenever fisa G, o f.

fisa G, " o f whenever fisano -f

e

Proof: (1) suppose uetr by (proposition 2.4 (i)), u€G, (p). Let f be a
G, "o f.f (w) is an open set (Y,z'). Hence f is an open function. (2) suppose
¢EG, o(p) let fis G, ™ of so f (¢)€T’. By(proposition2.4 (i), f (¢ )€ G, o)
.80 fis Gy -0 f. (3) Let ¢ €t by (proposition 2.4 (i)), ¢ € G, o (y»). Whenever
f€EGy-0f,f(c)EG, 0(9).s0f€ G, of.(4) Let ¢€7 and since fisano - f
then f (¢)€et’. By (proposition 2.4 (i), c € G, (). So fisa G, of .

The reverse direction of this Proposition is not true as an example.

Example 3.3: suppose o ={fy, £y, £3},7={ 29,1 £1}},G = P()\{9} ,

fi( .7, G)—=(p.1,Q), f (=L forall £ €p, G, o(p) = {uSp ; ¥,
EujU{g}, there exist {£;, £,}€G, o(p) .f ({£1,€,})=1€1, £, }&t. Then we
observe that f is not G, ""of .

Example 3°4: Let (W:{els '€23 33}3‘[ :{W9¢9{ €1}9{€15 fz}}

G={uCp ; £3€u}, 1,=P(p), G, o(p)=P(p).f(p T, GO)—(p.1, G),
f D)=L}, f @)={£1}, f (£3)={¥5}.We observe that f is G, of and
G, " of, but it's not open and not G, ** of since f (£,)={ £, }¢&t.
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Example 3.5: Let f:(»,1,G)—(2,1,G) ,
=1 L1, L £33t {1,853} G=P(ON LD UL £}, F (£,) = { £5),
f (f]):{ ‘EZ}’f (#3):{ ’El}a Tg z{@9¢’{ ’Ela 1“02}’{ 1“02’ €3}a {fz}}a Ga 0(50):
{04 €1, €2}, {80, €3},{€2} {41} }. fisaG, ™ o fbut fisnot G, " — o f since
there exist {£,, £3}€G, o(p) , but f ({£,, £3})={f1, €3} € G, o(gp), and it's not
G, ™" o f since there exists {€,}€G, o(p) but f {£,}={¢3}¢&T.

Definition 3.6: Suppose that f:( T, G)—( 9,7, G') is a function, then f is said

to be:

1. G, -closed function, denoted by."G, ¢ f" if f (u)€ G, c(¥9) when ever,
ueG, c(p).

2. Gy “closed function, denoted by."G, *c f " if f (v)€ G, c(9) whenever, u
is a closed set in (g,T).

3. G, " -closed function, denoted by."G, "¢ f " if f (u) is closed set in (9,7")
whenever, u€G, c(gp).

Proposition 3.7: Suppose that f:(»,1,G)—(9,7',G’) is a function
1. fisaclosed function whenever f is G, "¢ f.

fis G, c fwhenever fis G, "¢ f.

fis G, "¢ f whenever fis G, c f.

fis G, “c f whenever f is a closed function.

bl

Proof: In the same way as (proposition 3.2), the proof has been completed.
The reverse direction of this Proposition is not true, as in examples
(Example 3.3), (Example 3.4), and (Example 3.5).

Remark 3.8: If f is onto function, then:

1. G, o fandG, cfare equivalents.

2. G,"o fand G, *c f are equivalents.
3. G, "o fand G, ¢ f are equivalents.

4. Some kinds of G, - Continuous Functions.

Definition 4.1: Let f :(»,7,G)—(9, 7',G") be a function then:

1. fis a G, - continuous function, denoted by." G, -¢ f "if f (W€ G,
o(g) for each ue 7".

2. fis Strongly G, -continuous function, denoted by “s G, -¢ f ” if f~!
(w)er, for each ueG, o(Y) .

3. fis G, -irresolute function, denoted by."G, -irr f " if f~1 (w)€ G, o(p),
for each ueG, o(Y).

Theorem 4.2: Suppose that f (g ,7,G)—(9,7,G)) is a function denote that :
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1.  fisG, -irr f whenever fisans G, -c f.

2. f1is cont- function whenever fisans G, -c f.
3.  fis G, -c f whenever fisac- f.

4. fisaG, -c f whenever f is G, -itt f.

Proof:

1. Letg€ G, o(¥), Since f isans G, -c f, then f~1 (¢)ET.by
(proposition (2.4(i))) f ! (¢)€ G, o(p), this implies fis a G, -irr f.

2. Suppose that ¢ €7. By (proposition 2.4(i)), ¢ €G, o(9).since f is
s-Gg -¢ f , then 71 (¢) is an open set in (¢ ,7), Implies that fisac f.

3. Suppose that ¢ €7, since f is a continuous function, then f~1 (¢) € t By
(proposition (2.4(i))) £~ (¢)€ G, o(gp).so f is G, — cont function.

4. Let ¢ €7,By (proposition 2.4(i)), ¢ €G, o(p), since f is G, -irr f.
Thenf~* (¢)€ G, o(gp).so f is G, -cont function.
The inverse of this theorem is not true in the following example.

Example 4.3: Let f :( ,7,G )—(Y,7, G') be a function such that f(£)=+¢ for
each? €gp. where o ={€,4,,43},1 ={p9.{¥41}}, G =P(p\{9},
¢'={u; £1€u}, G, o(p)={u; £;eu}u{B}, G';, o(Y)=P(p) .then fisc f and G, -
c f.but fis not SG, ()¢ fand fis not G, (p)-irr £ Since whenever
{£3, 03} €€ 00(Y) but =1 { £,, £3}={¥,, £3}€G, o(@) and {£5, £5} € T.
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