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Abstract

This paper aims to study the viscosity approximation approach to fixed points and
the solution of a variational inequality. Also, we introduce a new iterative technique and
establish the convergence theorems under certain conditions in the Hilbert space.
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1. Introduction

In 1964, Stampacchia[l] introduced variational inequality(V.I) problems
and accordingly, Variable Inequality Theory (M.VI) developed into an
interesting branch in applied mathematics with many applications in fields ( see
([2] - [20]). Because of the rapid pace of change in theory and practice around
this subject, researchers from various disciplines have picked their preferred
research methods and topics. Numerous scientific disciplines use the ideals and
methods of M. V.1, which are profitable and imaginative. Many researchers have
lately focused on the F-point method to resolve M.V.I. F-point algorithms,
including those of the Mann-type iterative form, are useful for dealing with
many nonlinear problems. However, only weakly convergent iterative methods
like Mann's are applicable even in Hilbert space; for details, see [21]. Economics
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[22], image recovery [18], quantum physics [23]and control theory [24]all face
issues that arise in infinite dimensional space. Research into iterative algorithms
with high convergence rates, such as Halpern's, has been extensive. For locating
the F-points of nonlinear operators in the Hilbert space, Moudfi [25]has
introduced a stickiness technique. For further details and citations, he proved
that the convergence point is now more than simply a fixed point for nonlinear
operations. As a result, we investigate an iterative Moudaf's viscosity approach
to addressing typical M.V.I and F-point problems. For typical solutions, we
establish s-convergence theorems in the context of Hilbert space. In most cases,
the findings presented here improve upon those found in ([26]-[30]) A For the
sake of argument, assume that H is Hilbert space with the imposed norm||z|| =
\(3,3) for 3,2 € H and the inner product (3, w)for z,w € H. Let X be a
convex subset of H that is both closed and nonempty. In this work, the set of
solutions to the V.I is denoted by the notation VI(K, M). One method for
resolving the V.1 is the gradients algorithm J,. , (I—=7rM)z,n=0,1,.., where
r, > 0.
Now, we recall the following lemmas.

Lemma 1.1 [27]: Let {8B;}_; , where t > 0, be a sequence of nonexpansive
mapping. If Ni—;2(B;) # Qand (1, > Owith Y, = 1. Then M, = YI_; 1Bz
Jfor z € K is well define, nonexpansive and z(M) = Ui_, 2(B;) holds .

Lemma 1.2 [28]: Let {v,.} be a sequence lies in(0, ), and
D1 < (1 —Db)o, + Uy,

where {B,,} is a seq. in(0,1) and {U,.} is a seq. such that

(i) limy.eby=0 and X7 b, = o

(ii) limsup, o % <0or Yo |0, <oo.

Then lim; 0, =0

2. Main Results

In this section, we defined new iterative technique methods via ji; — inverse
strongly M-mappings and contraction mappings. Also, we prove the
convergence theorems to a unique solution of the variational inequality.

Theorem 2.1: Let M;: K — H be fi; — inverse strongly M-mapping for each
1<i<#r , where » >0, § be a nonexpansive mapping, and fbe a v —
contractive. I[F F :== Ni_, VI(X, M) Nz(M) = 0 {/11} be a real number in (0,
24;) and {v,.}, {8}, {{n} be a seq in (0,1) such that {x,} be a seq define by
z, €EC
Wi = Jrn_i (Zn - iiMizn) (])
Bny1 = Dy Z?:l pc,i(zn) + 2311Jf(zn) + Zn Zirzl DiWhi
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Where || Wi — Jrn,i(zn - iiMizn)” < e,; , where lim,_,, ||@n,i|| = 0 for
each 1 < i < r satisfy:
@0, +8B,+, =YX p=1,vn=>1.
(b) limn—»oo by = 0 'Zf:1 D, = 0.
Then, the sequence {z,}converges to fixed point and to unique solution
variational inequality.

f)—pp—aq)=0,Vq€T

Proof: For any 3, w € C, we have

(1= AM)z — (1— AM )| = ||z — AMiz — 2 + AMo|”
= “Z —w — Mz + iiMiw”Z
=|lz — w||? = 2A4M;z — Mywr , 5 — w ) + A?||M;z — M ||?
<llz — wll* — 24,4 IMiz — Miawr||? + A2 |Miz — Moo ||
< llz —wll* = 4 (24 — 4;) IMiz — M| < ||z —wl|?, 4; € (0,244)
So, (I — A4;Mj) is nonexpansive.Now , we have
2041 = 271l = [lon By Pei (B) + Buf(zn) + G Biny v — 3°
= |lon Tici Pei (&) + Buf(zn) + o Ticy viwis — (0 + B, + ) 5"
< 0, 25 |Pei(z) — 77| + Bulliz) — 27 I + & Xicy v lwns — 2|l
< 0, 21| Pei(30) = Pei(@)|| + an||Zict Pei (87) — 27| + Balli(z) —
3+ G By v || — I (B = AM;z%)
< oy 12y = B + 04| 2oy Pes (87) — 57| + 0B, llz, — 7|l
T(n Ty |l + Jrn_i(zn - AMiz,) — Jtn‘i(zn - AMiz,) — I (3 —
AMiz7)
< oy llzn = (@) + 0|11 Pe; (37) — 27| + 0Byllze — 27|l
+n 2i=1 i ”en,i” + G i1 D ”Jrn,i(zn - j’iMiZn) -z
< 0, 120 = @) + 04|20 Pei (&) — 27| + 0B,z — 27l
o Xiny i [|enill + G 2y vi ]| (30 — AMiz,) — 57
< 0y 120 = @) + 04|22y Pes (37) = 57| + 0Bullz, — 27|l
+ 2o i ||ens|| + G Ziey v |z, — 271
= (0, + B, + Iz, — 27| + Un”Zir:l Pei (3") — 37|+ Ca 2ica s ”@n,i”
< (1= B,(1 = 0)llzy = 2"l + 0, [|Z0ey Pey (27 = 2°|| + G Zicy v [len
< (1= B,(1 = )13y — 57l + Tecov, (1 — v, B i EO2']

(1-vy)
+ ez o Zimy 0 [lensll
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< (1= B,(1 —0)llzo — 2| + Ty 0, (1 — v,) Em s =]

+ an=0 (n Zir=1 D; ”en,i”

21 Pe;i 5=z
(1-0q)

By mathematical induction we have

”Zn+1 - Z*” <

< max{|lzo — 27|, } + ie=o Gn X Ui [|en|

[2i=1 Pei (22|

(1-1y) } + ZnIKZO (n Zir=1 0; ”@n,i”} <

{max{llz — 2",

So, {z,} is bounded

||wn+1,i - wn,i” = ||wn+1,i - Jr"+1_i(zn+1 - j'iMIiZn+1) + Jrn+1,i(zn+1 -
AMiZ,41) — ey (B0 — AMiz,) + Jrn,i(zn — AiMiz,) — |

< || wrsri — Jrn+1,i(zn+1 — AiMiz,41)|| + ||(7rn+1'i(zn+1 — AiMiz41) —
Jrn,i(zﬂ - iiMiZn)” + ||‘-7rn,i(zn - ZiMizn) - wn,i”

< lensaill + 1znss = zall + [|ew]

Putting w,, = Yi_, n; w,; , we have

”wn+1,i - wn,i” = ||Zit=1 Di Wiy1i — Di=1 Vi ’Wn,i”

< Die1 i ”wn+1,i - ’Wn,i”

= Zf:l D; ”wn+1,i - Jtn+1_i(zn+1 - iiMizn+1) + Jrn+1_i(zn+1 -
AMiZ41) — oy (20 — iMiz,) + Jrn,a(zn — AiMiz,) — |

< T 0 (lenesill + llenll + l1znes — z4ll)

Putc¢, = % , forall n > 1. that is

n

(1 -8B = Bnse1 — Budn = Znpr = 1 —B )¢, + Bz, foralln = 1.

Note that
”Cn+1 _ cn” — zn+21_2;;1+lzn+1 _ zn+11_sfnzn
TOn+1 —©n
onr1 Yiz1 Pei Bt ) +Bur1f@nt1) +nt1 Dizg Ditnr1i ~Br+18n+1
_ 1-Byt1
N Dy Zit=1 Pei (Z1)+Bnf(zn) +En Zir=1 DiWni —Bnn
- 1-8,
Onr1 Yiz1 Pei Bt 1) +Bnr1Bn+1+8n+1 Dima Di0nt1i —Bur1Bn+1
< 1-Byut1
- D Zit=1 Pei (Zr) +Bnzn+{n Zf=1 DiWni —Bnsn
- 1-B,
< Dnt1 Zir=1 Pei (Zn+1)+§n+1 Zit=1 DilUn+1,i _ D Zf=1 Pei (Zn)"'(n Zir=1 Ditn,i
- 1-Byyq 1-B,
< ||ont2 Tic1Pei Gua)+ne1  Pn Tizg Pei (Bn) +onwn
- 1-Bu+1 1-B,

Sincev, + 8B, +{, =1 = =1—v,—B,
Dn+1 P 1-Bp41—On41 oy .
=——)i= i — Wy — — D=1 Pei -
1B 4, =1 Cji (Zn+1) + 1841 n+1 1-g, 4i=1 Ci (Zn)
1-B,—vy
1-B, n
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_ _Pn41 yor ) 1-Bnt1 _ _ Ona ) oy _
- 1-%By4 Z'— :PC,I (Zn+1) + (1_%111_1 1-By41 Wht1 — 1-B, fPEt (Zn)
(1—‘8Tl by )
1-8B, 1-B, Wi
v v v
= Z :PC'I (Zn+1) -1 ;+1 W1 — 1_—;311 itzl?(,’,i (Zn) +
% 1 — Wh
< bt (Zi:l:_PC,i (Zn+1)> T ( irzlzDC,i (Zn)>+wn+1 —w,
1-Brtq Wiyt 1-%By Wy
It follows that
"C —c ” < Dnt+1 ( ir:1:PC,i (zn+1))||+ Dy ( irzljDC',i (Zn))”_l_
G ) —Wyiq 1-B, —uw,
"wn+1 - wn”
Since ”wn+1 - wn” < Zirzl D; (||(en+1,i|| + ||(en,i|| + ”Zn+1 - Zn”)
So,
< Dnt1 < §=1 :PC,i (Zn+1)>|| ( ir:1 ?C,i (Zn)) |
T 1Bt —Whyy 1- Q*n —Wy

+Z.ir=1 I)i (”@n+1,i” + ”@nt” + ”Zn+1 Zn”)

So, ”Cn+1 - cn” - ”Zn+1 Zn” Dn+1 ”(Z '(P(;’,i (Zn+1) - wn+1)|| +
o Pe (zn)
(2T G|y, <||en+1.i|| + el
So, we have lim, e 5UP ([¢ir1 — ull = 1Bne1 — 2al1) <O
Since, lim, o sup (||ws1 — will = 13001 — 2all) < 0.

Then lim,,_, o ||[w, — 3,4l = 0
It follows that lim,_, || 541 — Zall = 0 (2)
On the other hand,

(17, (1 = 4iM) 2,
AM)z, — z*)
:%(”(I - ZiMi)Zn - (I — A
||(I - iiMi)Zn - (I - /LM{)Z* - Jrn,i(l - /‘{iMi)Zn
<

- M)z, — (1= AM,)z", 3, (1—

(1= AMy)z,
)

Zn — Jtn,i(l - iiMIi)Zn
LMz, — Miz")
:%(HZn - Z*”z + ”Jtn,i(l - iiMi)zn — Jtn,i(I —
j'iMli)Zn”z + Zii(MiZn - M{Z* ) Zn — Jrn_i(I - j'iMIi)Zn ) - iizllMiZn -
Miz"||2)
So,

* 2_

)

;(”Zn - Z*llz + ”JIn,i(I - iiMi)zn -
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|7, (1 = M)z, — °
SillMiz, — Miz*||* (3)

Where §; = max { 24|z, — J,,, (1 = AiM)z, ||: v = 1},
241 — 27117

2 lzy— 27112 = ||20 = Jo,, (1 — M)z, || +

Oy i1 Pei (Bn) + Bl (B0) + G Tiy ||
_(Dn + an + Zn)z*
2
Dy, Zitzlfpc,i (zn) - + | 5an(zn) _|| +
0,3" B.z"

2
Zn §=1 I)iwn,i
_(nz*

< (Zir=1 0, Pe; (3,) — 37, B,.f(z,) — 3"

a iz Diwr; — 37
Zit=1 Dn:PC,i (zn) - Z*) * (' %nf(zn) - Z*> * (

’ (n Zf:l DiWhni — 3

2

YiciPei (32) — 37, z,) — 3%,

<o ZE:Z ?sclt (znn) -z )+ By <§’((z:)) - Z*> 4

<o, ”Zir:l Pei (3,) — 2" ‘4 B, lf(z,) — z*11* + (n||2§=1 D — 3" ’

< 0, |25 Pes (@0 — 277 + Bulliz,) — 5112 + G| Timy i —
Jeyi (1= AM) 3, + Jp, (1= AM)z, — 27|

< 0, |25 Pes (@0 — 277 + Bulliz) — 2112 + Gy Xy 0 [l —
Jrn,i(I - j’iMi)ZnHZ + & Y= i ||<.7tn‘i(l - AiMy)z, — 3" ’

<o, ||Ty Pei (30) — 7 ‘4 B lIf(z) = z*11* + ¢y Xi=1 v; ||@n,i||2 +
G Shey 0 |20 — 27117 = 2A(Miz, — Miz” 3, — 27 ) + 4 1Mz, — Miz"||2

< 0, |25 Pes (@) —2°||° + i) — 2717 + & Simy v lewsl]” —

G X v (24, — A) IMiz — M|
Therefore,

Zf:1 1)i/“fn,i -3z" 1)
Di=1 DiWni — 3"

2

G 2o i (24, — 4) IMiz — My |12 < oy, || 202y Pei (30) — 27| +

20 — 2112 = Zns1 — 2112 + 8o Xy 05 ||
<

N 2 2
Dy ”Zf:l ‘{PC,i (zn) -z + ”Zn -3"+3" — Zn+1”2 + (n Z?:l D; ”en,i”
2
<o, ||Zy Pei (z0) = 2|7+ Ulze — 27l + 12" = Zue1 D120 — Zugall +

(n Z{:l D; ”@n,inz

From (2), we get lim,,_o,[|Miz — Miz*[[? =0,V1<i<t

llw, — .|| = i=1 DiWhi — Xi=1Di Jrn_i (I - /iiMi)Zn
i " +2i=1Di Jrn,i(l - iiMi)Zn — Zn
D1 DiWh
< :

; + ||2f=1 Di Jrn,i (I - iiMi)Zn
- ‘lr=1 Y; Jrn_i(l - ﬂiMi)Zn %y

< Xi=1Di ”@n,iHZ + 2= ”er(l - /iiMi)Zn - Zn”
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It follows from (3) that
Since ||J;, (1 — 4M;) 2,
/iiMi)ZnHZ + SilIMiz, — Mz*||?

- 217 = [z = J,, (1=

r

> 010, (1- 203,

i=1 -
<l = 2117 =l = 2l + ) v e

-
£ v SlIMiz, — Mz
i=1
Hence we have
Dy Ztr 1?61 (zn) + 23nf(zn) 2

+€n I 11)1 i Z*

IZ01 — 27117 =

CIPn Za Pes (3 + Buf(z) + G iy viwn|
N — (v, + B, + )z
Dy i= 1?61 (Zn) I 11)1 2
- _Dnz _%nz _(n
Zl 1Pei (B) — 3", f(z.) — 2"
< on 7 (30~ o By - T
-3z f

i=1Di <Zl 1t)‘wm 2

S oy i=1||?c,x (zn) — 2

< vy B [|Pes
an,i(l - iiMi)Zn + Jrn'i(l - )’L M. )zn

<0, igl|Pei (2) = 27| + 0B ||z,11 — 7+ in T o
eri([ - ZiMi)anZ + G Xi=1 i ”er(l A M, )zn

< v S| Pes (@) = 2 + 0%B.lla - 2 it lewl* +
On 2t i || T, (1= AiM) 5, —

Since Y1 ; ”er(l AM, )Zn — gz

T=1 0 lenil + Zizg v SillM; Zn M;z*||?

< o 2| Pe — 2117 + & T v [lenil -
Gallwr, — zoll + 3 Xio1 v ||<em|| + .Y 1‘)15||Mizn — Mz ||?

Sullwr =zl < oy T |[Pe — 2112 = NZnes =
3 I+ 4B Sz, — i I + 26, K e

<o B 7o (@) = 2" +2llz, - 2"+ 2" =zl +

2 2
+D%n|lzn_z*”2 +€n ?:11% ”wn,i_z*
- z*llz + (n”Z{:lni Whii

*

*

*

2
< lze = 27117 = llws, — 2l +
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0 X1 i SilIMiz, — Miz*|1? + 28, Xioq i |||
* 2 * *
<o |21 Pei &) = 277 + 201z — 27l + 13" = Z0salD Iz, —
Bupall + G Xioy 0 SillMiz, — Miz 112 + 24, Xicy v || enil|
Hence, lim,,,o ||, — 3,l| = 0.Let 5= Pf (3)
Now , we show
limsup(§(z) — 5,2, —3) <0
n—-oo
Choose a sequence {zni} of {Z} such that
[oYee)

n—-oo

Since {z,,} is bounded. So, there exists a subsequence {zni } of {z,} s.t
7

converges weakly to .

Suppose that z,, — Z . Define a mapping R: X — XK by

Rz = Nie1 91 Je (1= M)z, , ¥ 2 € K and ||R,, — || = 0

Using lemma (1.1) , we get, W is nonexpansive
StZ(R) = Nisy Z(Jy,,(1— AM;)z) = Ny VI(K, M), But limy,_,o0 |12, —
Rz,|| = 0. We obtain that 5 € Z(R), we see that Zz € Z(S). This proves that
£ € Z(R) = NI, VI, M),
so, limsup(f(3) — 2,2, —3) <0

n-oo
1241 — 3| = (Bn+1 = %, Bns1 — 3)
< (nn Zgzl ?C,i(zn) + SB11f(zn) + {n Zrizl Dl — z, Zn+1 — Z_>
< (Dn Z?:ljj@,i(zn) + ﬂ?’nf(zn) + (n Z?:l t)i/urn,i - (Dn + 2311 +
(n)z_'zn+1 - Z_)
< (Dn Z?:ljp(,’,i(zn) — 043, 3n41 — Z_> + (%nf(zn) - 2?'nz_»zn+1 - Z_> +
(Zn $=1 DiWni — an_tzn+1 - Z_)
< 0,21 Pei(Bn) = 3, 8n41 — 2 ) + 0By l1z0 — Zlll|2041 — 211 +
Zn”wn,i - Z_””Zn+1 - Z_”
< 0, (X1 Pei(Bn) — 2, 2041 — 3) + 0Byllz, — 3llllz04s — 21l +
Gallwy = Zlllznes = 2l + Gl 2 — 21+ Xisy 0; [|eni| [ 20er — 21
< By(Xiz1 Pei(n) = 2, 8041 — 5) + 0By llz0 — Zlll|z041 — 2l +
(nn + (n)"zn - Z_” + ||Zn+1 - Z” + Zn"zn+1 - Z_” Zf:l D; ”@n,i”
IZ41 = 2117 = (1 =B, (1 = )z, — 51> + BB Pei(0) —
Z_'Z11+1 - Z_) + (n”zn+1 - Z” Z?:::l i ”@n,i”
By Lemma (1.2), one has lim,_,, ||z, — Z|| = 0.

Theorem 2.2: Let M;: K — H be [i; — inverse stronglyM-mapping for each
1<i<r, where >0, S and | be like contraction mappings. If F =

VI, M) Na(M) = 0, {/11} be a real number in (0, 2(i;) . and {x,} be a
seq define by
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z1 €EC
Whi = Pe,i(zn - AiMizn)
Znt+1 = Dy {:1 Jtn,i (zn) + SBnlf(zn) + (n Zirzl DilWhi
Where || Wi — ?C,i(zn - ZiMizn)” < e,; , where lim,_,, ||(en‘i|| = 0 for
eachl<i<r.If
@v,+B,+, =Xi_p=1,vn=>1.
(b) lim, o0, =0 ,){_; 0, = 00.

Then, the sequence {z,,} converges to a unique fixed point.

Proof: We get the desired result by following the same proof structure in the
theorem(2.1).

3. Conclusion

A new algorithm is introduced to find a solution for a family of maximal
monotone operators. Also, we established some convergence theorems to the
unique fixed point and zeros of finite maximal operators.
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