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Abstract

This paper introduces new iterations type three steps as multi_ implicit Noor iteration,
multi_explicit Noor iteration and multi_Picard S-iteration, and defines a generalized quasi-
like contractive mapping in convex metric space. Also, the convergence and stability of it are
studied. On the other hand, the multi_ implicit Noor iteration is faster than the multi_explicit
Noor iteration and multi_Picard S-iteration
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1. Introduction

The Banach contraction principle, introduced in 1922, is a powerful tool in
nonlinear analysis. It is well known that this principle plays a central part in
existence, and uniqueness theorems play an important role in finding fixed
points. Because of this, the result for contractive type mappings has been
extensively researched. In this paper, we assume S is a nonempty closed convex
subset of the convex metric space C (CMS). Represent for the set of the fixed
point (f-point) of the function V by F(V), for all r,sin S if d(Vr,Vs) < d(r,s)
then say V is non-expansive when x € F(V) say V quasi non-expansive if
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d(Vr,x) < d(r,x). In complete metric space, Banach[1] proved that V have a f-
point if there exist 0 < g < 1 such that d(Vr,Vs) < qd(r, s). The iterative

Vi =1 n=20
namely Picard iteration and its convergence to x with contraction mapping, but
its failure converges to x with non-expansive mapping.

Definition 1.1 [2] The Mann iteration with initial 7,
Ty, = (1 —a)r, + a,Vr,; n = 0, where (a,,) is a real sequence in [0,1]

Definition 1.2[3] The Ishikawa iteration with initial r,
Tner = (L= a)dty + anVr, s = (1= bp)n, + bV
Where {a,,) and ( b,,) are real sequences in [0,1] with n = 0 and proved its
convergence to f-point x with non-expansive mapping. According to a remark
by Rhoades [4], the Mann iterative scheme for decreasing functions converges
faster than the Ishikawa iterative scheme.

Definetion 1.3 [5] the Noor iteration with initial r,
T = A —a)n +a,Vr, s, = (A = by, + b,Vz,,
z, =1 —cn +c,Vr,

Where {a,) , {b,) and {(c,,) are real sequences in [0,1], with n > 0.

Over the years, new iterations have been defined, such as Agarwal et al.
[6], Abbas and Nazir [7] and Thakur[8]. In the last years, defined a more general
concept for contractive mapping.

Imoru and Olatino[9] came up with a more generalized concept of what
they previously called contractive-like

Definition 1.4 [9] The operator V:S — S namely contractive-like if there exists
constant £ € [0,1) and @: R* —» R* with @(0) = 0 then
d(Vr,Vs) < (Z)(d(r, Vr)) +&d(r,s)Vr,seS

Definition 1.5 [10] The operator VV:S — S namely Suzuki contractive if
Vsatisfying the below condition

%Ilr —Vr|l < |lr — s|| implies ||Vr — Vs|| < ||r — s|| forallr,s € S

Suzuki proved the existence of f-points for these mappings and achieved
convergence findings. Moreover, Suzuki proved that the concept of mappings
satisfying generalized non-expansive mappings is more general than the concept
of non-expansive mappings. In 2011, Phuengrattana [11]used the Ishikawa
iterative approach in uniformly convex Banach spaces to verify convergence
findings for Suzuki's generalized non-expansive mappings. In addition, a lot of
research has been published over the past years about finding new types of
iterative schemes with different functions and proving convergence, rate of
convergence, and stability (see[12]-[18]).



ON ANALYTICAL CONVERGENCE OF MULTI ITERATIVE PROCEDURE 1637

In this paper, we introduce generalized quasi like contractive with three
new iterative schemes from a three-step type. We will study converges, rate of
convergence and stability for each of them.

Below is a set of important definitions and lemma to reach our main results

Definition1.6 [19] A map X:C X C x [0,1] — C called convex structure on C
when d(z, X (r,s,0)) < od(z,v) + (1 —0)d(z,5),Vr,s,z€ C and g € [0,1].
Called for C with convex structure X’ CMS and denoted by (C,d, g), say
for S convex subset if for all r,s € S then X (r,s,0) € S.
Every normed space and subset of normed space is CMS, But the opposite
is not true see[19],[20].

Examplel.7[21] Let S = {(r;,3) € R%: 1,1, > 0}. For each 7= (1,13),
s = (s1,5;) € Sand u € [0,1]. Define X: 5% x [0,1] by

nr, + (1 —u)s;s
X(r,s,y):(yr1+(1—,u)sl,”1 2 ( 'u) = 2)

pry+ (1 —p)s;
and define a metric d: S X § = [0, o) by
d(r,s) = |ry — 5| + [y — 515,
We can show that (S, d, X) is convex metric space, but it is not a normed
space.

Definition 1.8 [22] Let V be any mapping, x € F(V), {r,}o-, be a sequence
defined by an iterative scheme depends on V such as r,,.; = f(V,7,),n = 0.
where f some function and r, € C the initial value, if {r, };>_, converge to x and
{sno © C with €, = d(Sp41, f(V,5,)),n = 0, so the iterative is called V-
stable if lim,,_ €, = 0 implies lim,,_ S, =x provided that the opposite is
true.

Lemma 1.9 [23] For the sequence of positive numbers {€,};-o such that
limy,_ €, = 0 and the real number 9 such that 0 <9 < 1, for the positive
sequence {z, }x_, satisfying
Zpy1 <92, + €,,n = 0. Then we have lim,,_,,, z, = 0
Rhoades[24]say {r,}x-, better than {s,}x_, when it converges to a
certain f-point x of the operator V if
I — x|l < lls, —xIl,Vvn =0

Definition 1.10 [25] Let {a, }r-, and {b, };-, be two sequences of real numbers
such that lim,,_,,, a,, = a and lim,,_,,, b,, = b, let the limit exists
|an - al
£ =lim ———
ne b, — b
say {a,}n-o converge to a faster than {b, };—, converge to b if £ = 0 and say
{an}mo, {bnimz, have the same rate if 0 < £ < 1.
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Let the two f-point iterative schemes {r,};_,, {Sp}no converge to the
same f-point x of the operator V, the error estimator
7 = xIl < an, lls, — x|l < by Vn. 20
where the sequence of the real number {a, };_, and {b, };-, both converge to
zero. If {a, };-, converge faster than {b, }5_,, then {r, };-, converge faster to x
than {s, }ro-

2. Main Results

This section defines a generalized quasi-like contractive operator and three
new iterative from a three-step type. On the other hand, we state and prove the
convergence, stability and rate of convergence between the last iterative with a
given operator.

Definition 2.1 The operator V: S — S namely generalized quasi-like contractive
when there exists a function @:R*™ — R*with #(0) = 0 and the constant
£ €[0,1),B,y =0, then foreachr,s € S
d(Vs,Vr) < &d(s,7) + p8(d(s,Vs)) + ymin{d(s, Vs),d(r,Vr)} )
If we putin V, & € [0,1),8 = 1 andy = 0, then we have the contractive-
like mapping.
Now, we define three new iterative schemes from a three-step type
I.  The multiimplicit Noor iteration (MINI) define as follows :
Th = nogTn-1 + Z?:l QAni Visn s Sp = bpotn + (1 — bnO)Votn
tn = CnoPosth + 2y e RisVin in = 0 (2)
If k = 1 then we have an implicit Noor iteration
Where V' are generalized quasi-like contractive mapping such thati =
0,1,2, ..., k, and Ryg, Ry, Py, ..., By, are projective metric mapping and g
nonexpansive mapping, {a,), (b,) and (c,,) are real sequences in [0,1].
II. The multi_explicit Noor iteration (MENI) define as follows :
h = Z?:l A Pigtnq + anOVOSn »Sp = (1= bpo)PRosgrn_1 + bnovotn
tn = 2ot Cni PisgTn1 + CroPosVTnog im0 20 3)
If k = 1 then we have explicit Noor iteration
Where Vi are generalized quasi-like contractive mapping such thati =
0,1,2, .., k, and Py, Ryg, Py, ..., By are projective metric mapping and g
nonexpansive mapping, (a,), (b,) and {c,,) are real sequences in [0,1]
III. The multi_Picard S-iteration (MPSI) define as follows:
o = RosSns Sp = AnogTn-1 + 2?:1 QAni 1QOSVitn
tn = X0 by PisTnoy + bV %11 i1 =0 4)
Where Vi are generalized quasi like contractive mapping such thati =
0,1,2,..,k, and PRy, P, Py, ..., Ry, are projective metric and g
nonexpansive mapping, (a,) and (b,,) are real sequences in [0,1].
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Now, we prove the following.

Theorem 2.2: Let V' be a finite generalized quasi like contractive mappings, all
i =0,12,..,k and g nonexpansive mapping, If x € CF(V', P, g). Then, for
1o € S, the MINI {r,}_, defined by (2.2) with ¥.5-1(1 — a;o) = o, converges
to the f-point x of V!

Proof: Since x € CF(V', Ry, g), then from {r;,}32_ MINI
d(1, x) = d(X(gh, V'Sp, ano), x) )
= anod(grn—l'x) + 2{'{:1 QAni d(VLSn' x)
£ (s ) + Bi0: (A(Vix, ) ]
+ymin{d(s,,V's,),d(Vix,x)}
= anod(rn—l'x) + 2{'{:1 anifid(sn' x)] (5)
d(sp, x) = d(X(ty, VOty, byo), X)
< bod(ty, x) + (1 — byo)d(VOt,, x)
&od(tn, x) + Bo®o(d(VOx, x)
< bnod(tn' x) + (1 - bnO) ° 'n ﬁoo 0( 0 )
+y0mln{d(tn’ |4 tn)’ d(V X, x)}
< (bno + (1 = bpg)éo) (tn, x) (6)
d(ty, x) = d (X (Rosty, RisV'ir, Cro), X) _
< Crod(Rosty, x) + XK, i d(RigV'iny,, x)
£ () + B (A(Vix, ) l
+ymin{d(r, Vi), d(Vix, x)}

< (Cno + Zi'(':l Cnifi) d(rn,x) (7)
Take & = max{¢§;,i = 0,1,2, ... k}, from (5),(6) and (7) we have

d(r,, x) <
bno

Cno
anod 1)+ (EZ0 0 (% ) (e ) 400
d(rn!x)(l - 52 =1 am(bno + (1 - nO)E)(CnO + 521 1 Cnl)) <

anod(rn—lt x)

d(r,x) <

< anod(grn 1'x)+21 1 ani

< Cnod(POSrn' x) + Zl. 1Cni

anod(rn—lfx)
1- 521'(:1 ani(bno + (1 - bno)f)(cno + fZ{'(:l Cni)

Let o —
Sn 1- SZ 1 ani(bpo+(1- bno)f)(cno‘*le 16ni)

Rn < Ano + EZ =1 am(bno + (1 nO)f)(CnO + EZ =1 Cnl)
d(rn,x) <
[anO + ‘EZ?:l ani(bno + (1 nO)S()(CnO + Ezk 1 Cm)]d(rn 1 X)

< (@m0 +¢ (fan()) [(1 -6 - m)] [(1 -5 - cno)D (-1, %)
< (1= (= @)1 - H)dms.7)

A ) < TToa(1 — (1 = @) (1 — £))d (. )
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Take limit for two sides; we have lim,,_ d(#,,x) = 0 then the MINI
convergent to f-point x.

Theorem 2.3: Let Vi be a finite generalized quasi like contractive mappings and
g nonexpansive mapping, If x € CF(V%,R;s, g). Then, for ry € S, the MENI and
MPSI converge to the f-point of V'i.

Proof: We get the desired result by following the same proof structure in the
theorem(2.2).

Theorem 2.4: Let V' be a finite generalized quasi-like contractive mappings,
foralli=0,12,..,kandg nonexpansive mapping, Ifx € CF(VY, Ry, g). Then,
forry €S, the MINI defined by (2.2), is V' — stable.
Proof: Let {w,}_, C S is an arbitrary sequence
€n=d (Wn'x(gwn—lﬂ Vie,, ano))
where e, = X (f,, VO f, bo) and fy = X (Roswn, RisV W, o)
d(Wn, %) < d(Wn, X (gWn-1,V"en, Ano) + d(X(gWn-1,V'en, ano), x)

< €n + Anod(gWn-1,%) + Xy anid(Viey,, x)

§id(en, ) + 0 (dVx,2)) l

< €n + anod(wn—lv x) + Z{"t:l Ani . .
+y;min{d(e,,V'e,),d(Vix, x)}

<€, +adw,_g,x) +

$od(fn, x) + BoDo (d(VOx' x))
+yomin{d(fy, Vofn)' d(VOx’ x)}
< €n + anod(wn—l'x) + Z?:l anifi(bno + (1 - bno)fo)ocn' x)
< €p+ anod(Wy_q,x) +
;{:1 anift’ (bno + (1 - bno)fo)(cnod(POSWn' X) + Z?:l Cnid(piSViWn' X))
<é€p+ adw,_1,x)+

bnod(fn' x) +
;c=1 Qni fi (1 _ bno) :|“

CnOd(Wn' X)
§d(Wn, %) + Bi0; (A(V1x, %)) ]
+ymin{d(w,, Viw,),d(Vix, x)}

k bnO +
Di=10ni §i ((1 - bn0)€0> + Z?:l Cni

<

K bnO Cnod(wn' X)
€p T+ anOd(Wn—lr x) + Zi:l Api 'fi (+(1 _ bnO)EO) (_I_ Z?:l Cni'fid(wn: X))

Take & = max{¢;,i =0,1,2,...k},
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d(wy, x) < ) -
€p T anOd(Wn—l’ X) + Z?:l Ani f (+(1 _TLO n0)€> <+ Z " Cnlf) d(Wn; X)

-k 1“’”5(+(1— n0)€) (+Z 1cmf)]d(wn"‘)

< €p + anod(Wy_q,x)
En

d(wy, x) <
[1 - amf(bno + (1 - nO)E) (Cno + Zz 1 Cmf)]
Apod(Wp_1,X)
[1 - anzf(bno + (1 - no)f) (Cno + Z Cnif)]
d(Wn, x) Enano
[1 - amf(bno + (1 - nO)E) (Cno + Zz 1 Cmf)]ano
Anod(Wp_y,X)
[1 - amf(bno + (1 - no)f) (Cno + Z Cnif)]
But . Sapt§(1—an)(1—(1-

[1-35; ani&(bno+1-bno)é) (cno+Ti; cnid)]

(1= b)) (1 = (1 = (L — o))
Ano
d(wn, x) < n0[+f(1—ano)(1 (1= )1 = b)) (1= (1 —&)(1 - cno))]

QAno

(1 = ap0) (L = (1 = O~ bro)) (1 = (1 = )(1 = o)) 41D

By lemma (1.9) lim,,_,,, d(w,,_1,x) = 0 then lim,,_, ., d(w,,x) = 0.

Conversely, if lim,,_,, w,, = x, then by applying the contractive condition
(1), it's easy to obtain that lim,,_,, €, = 0.

Hence, by definition 1.8, the MINI defined by (2.2) is IV — stable.

Theorem 2.5: Let Vi be a finite generalized quasi-like contractive mappings,
Joralli =0,1,2, ...,k and g nonexpansive mapping, If x € CF(V%,R;s, g). Then,
the MENI and MPSI are V' —stable

Proof: By following the same proof structure in the theorem(2.4), we get the
desired result

Theorem 2.6: Let V! be a finite generalized quasi-like contractive mappings, for
alli = 0,1, ...,k and g nonexpansive mapping, If. x € CF(V',R;s, g). Then, for
1y € S, the {1, }m- With MINI converging to x faster than all of MENI and MPSI

Proof: Let x € CF(VL, R5, 9)
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from {n, };—owith MINI defined by (2.2)
d(1, x) = d(X (g, Visn' Ano), X)
= anod(grn—lr x) + Z?:l QAni d(ViSn' x)
< anod(rn—ll X) + Z{"t:l anifid(sn' x)]
d(s,, x) = d(X (tn, VOtpy, bpo), x)
< buod(ty, x) + (1 — byo)d(VOt,, x)
< (b + (1 = bp)&o) (tn, ¥)
d(ty, x) = d (X (RosT, RisV'ty, Cro), x)
= CnOd(POSTn' X) + Zf:l Cni d(PiSVirnrx)
< (Cno + E{'(zl Cnifi) d(rn' x)
Take & = max{¢;,i = 0,1,2, ...k}, From (8),(9) and (10) we have

®)

(€))

(10)

b, n
A0 0) < anod s )+ 8yt (% 1) (e, ) 40

i=1Cni

(1 - lel‘C:l ani(bno + (1 - bno)f)(cno + EZ?:l Cm'))d(rn' x) < anod(rn—l'x)

anod(rn—l' x)

d(r,x) <

Let Rn _ anod(rn-1%X)
>Sn 1-E3K | ani(po+(1-bno)E)(cno+E T cnp)

& S g + € Ty ani(bno + (1= o)) (Eno + € Ty i)

1- fo:l ani(bno + (1 - bno)f)(cno + 52{;1 Cni)

d (1, %) < [@no + & 2% @i (Buo + (1 = byo)) (o + & They ) 1d (1, %)
1 1-— 1-—
< (- (o) =l - o nlla - -gu]) Jaso

d(rn; x) S

= (1 (o) (1 =¢la- o -nolla - o - cjo)D> 0. 2)

Now, consider the MENI define by (2.3)
d(r,x) = d(X (121, Vosp, 2K ayy ), x)
= Zi'(:1 Pis @i d(1_1,%) + @no d(V sy, %)
S Yy ani d(ry_1, %) + Ayoo d(Sy, %)
d(sp,x) = d(X(Ros gTy—1,Vtp, bno), x)
< (1 = bpo)d(Ros grn—1,%) + byod (Vtp, x)
< (1 = bpo)d (-1, X) + §obpod (ty, x)
d(ty, x) = d(x(Pis GTn-1, RosV 1, By Cni)' x)
= Zi‘(=1 Cnid(PRis gTn-1,X) + Cno d(RosV 1y, X)
= Zi’c=1 Cni@(Tn-1,%) + Croéod (-1, %)

an

(12)

(13)

(14)
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Put & = &, from (12),(13) and (14), we have
1 —bu)d(rm_q,
d(‘rn’ X) < Z;{:l Api d(rn—ln X) + anof +'Sbn0(z(l'€=1(cnioi CE:)E)l ;C()Tn_l,X))
S (1= ape(1—=8)d(rp-1,%)

d(r, %) < [1f21(1 = a;0(1 = )) d(ro, x) (15)
Now we will compare the rate of convergence between {r,}r_,MINI
(2.11) and {r, };7-oMENI (2.12)
{rn}m=o MINI
{rn}e=o MENI

“5’=1<1‘(—5jo)<1‘f [(1‘f)tz‘bj0)][(1—5)1(I‘Cj0)])>d(ro'x) _o (16)
[Tj=(1-ajo(1-8) d(ro.x)
By using definition (1.10), we have MINI faster than MENI when 1 —
ajo = ajo
Now, consider the MPSI define by (2.4)
d(1, %) = d(RgsSp, x) < d(sp, %) = d(X (g Tn_1, RosV tn, ang ), X)
< Apod(grn—_1,%) + X5, ay; d(RosV'it,, , x)
< Apod (11, %) + Zf:l Api&i d(tn, x) (17)
A(ty,x) = d(X (Pisry_q, Vorn—lt bpi), x)
< Z{'(:l bni d(PiSrn—lt x) + bnod(VOTn—lrx)
S B by A (11, X) + bro&od (r_1, %) < (1= bpo(1 = $0)d(r_y, x)  (18)
From (17) and (18), we have
d(rn,x) < [anod(rn—l' x) + Zf:l Ani f((l - bno(l - Eo)d(rn—lﬁx))]
< [ano + (1 - ano)f]d(rn—lrx)
<[ -1 =an)—8)]d(r-1,%)

lim,,_,

=lim; e

< ITa1 = (1 = aie)(A = §)]d (7o, x) (19)
Now we will compare the rate of convergence between {r,}r_,MINI
(2.11) and {r, };—, MPSI (2.16)

{rn}n=oMINI

limy, o {rn) o MPSI
1- 1-
lim H?=1<1‘(1_“10)(1'5[(1—f)(l—bjo)][(1-5)(1—610)]>>d(r°'x) —o (20)
n—o il1-(-aj0)(1-9]d(ro.x)

By using definition (1.10), we have MINI faster than MPSI. From the last
proof, it is clear that MINI is faster than MENI and MPSI.

Remark 2.7: Since the generalized quasi like contractive (2.1) is more general
than contractive-like mapping, then the converge rate result of MINI defined by
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(2.2), MENI defined by(2.3) and MPSI defined by(2.4) with the contractive- like
mapping can be easily accessible as special cases.

3. Conclusion

1- A new iterative scheme MINI, MENI and MPSI are convergent to the f-
point of a generalized quasi like contractive operator. We got to this
through theorems 2.2 and 2.3.

2-  MINIL, MENI and MPSI are V! — stable and proved this by theorem 2.4
and 2.5.

3-  MINI is faster than MENI and MPSI concerning generalized quasi-like
contractive operators and proved this by theorem 2.6.
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