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Abstract

We discuss methods for solving the second-class fuzzy nonlinear Volterra -integral
formula using novel error analysis and convergence techniques. The modified decomposition
method is utilized to investigate convergence in the solution of the second class of fuzzy
nonlinear Volterra integral formula. Moreover, some numerical examples were solved using
our fuzzy equation. The presented methods were discussed in detail, and we compared
the existing methods through the illustrative example that has been presented and applied
creation classes to all the programming in Maple version (22). The quantity demand and
investment in research and development, while the other model focuses on a more realistic
relationship between the quantity demand and the price.
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1. Introduction

An integral equation is an equation under one or more integration signs
unknown function appears; an integral equation is very important in applied and
pure mathematics. An integral equation does not have analytical solutions.
Numerical methods are used to solve them and approximate solutions. The fuzzy
integral equation is necessary for solving topics related to applied mathematics,
especially in medicine, geography, biology and other fields. The fuzzy number
is the parameter instead of crisp was the first fuzzy integral presented by wu and
Ma [4], those who studied the second kind of Fredholm integral equation
(FFIE); thus, he was able to find a unique solution for (FFIE). Dubois and Prade
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presented the fuzzy integral [6]; also, there were alternative proposals for
approaches by Goetschel and Foxman 1986 [2], and others specifically used
kaleva[3] fuzzy function integral and chose the Lebasque type numerical
algorithms can be developed to find out the fuzzy function when there are ways
to combine the fuzzy function by solving the kernel instead of fuzzy

Formulation 1 (fuzzy nonlinear Volterra integral equation )
We will discuss our formulation,

i(x) = fE)+A[,  k(xt,G(ta(0))dt (1.1)

Definition 1.1 [1]: A fuzzy set is one with the formulaM = {(x, £z (X)), x €
X}, &p(x) seems to be the membership function of a fuzzy. The expression M
is given as &g (x): X = [0,1]. The value of g (x) is referred to as a degree of
membership of x in X. This membership function, as just a function of crisp
value, is shown in the instance below.

Definition 1.2 [2]: A fuzzy set Mis called a-cut set M, if composed of
membership such that greater than or equal to a, M, = {x € X : {(x) =

al,Vx € X
All instances ofa € [0,1] satisfy the ensuing conditions.
i—(MUR), = M, UR, ii— (MNR), = M, NR,

v—M SR gives M, SR, iv — M=RXiff M, =RX,,Va € [0,1]
a <a' then M, 2 M, if Ais convex .

Definition 1.3 [2]: Convexity exists for a fuzzy set M on R iff
$i(Axy + (1 — Dxz) = Min{&y(x1), $a (x2)}, V x1,x, ER Y A € [0,1].
(1.2)

Definition 1.4 [3]: A fuzzy set or a map &: R — [{,¢] is a fuzzy number that
fulfils
(1) Upper semi-continuous function equals &.
(2) Outside of a specific interval [{, k] is &(x) = 0,
(3) Real valuesg and t, like{ < ¢ < < k, exist.
(i) A monotonically growing function on [, ¢]is called &(x).
(ii) €A monotonically decreasing function on [, ¢]is called & (x).
(iii) €(x) =1 Vx € [g1].

E1t represents the collection of all fuzzy integers and a convex cone.

Definition 1.5 [4]: A couple (i, {)of functions with é(a),i(a) and 0<a<1
are considered as a fuzzy number & in the parameterized form if they fulfil the
next criteria:

¢ (@) is a left-bounded, continuously non-decreasing function on the range

[0, 1.
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2) §(a) is a left-bounded, continuously non-increasing function on the range
(0, 1].
3) (@) <é(a) O<ac<l

Definition 1.6 [S]: The procedures are justified as following with every given
fuzzy number & = (¢(@),§(a),7 = @(@),v(a)), 0 < a < land scalar k:

L ()@= @ty (@), +v)(@) = (@) tv(a)),

ii. (€ =~ v)(@)= (§(@)-v (@), =~ v)(@) = ({(a)v(a)),

ii. ke=(( k(@) kE@)), k20 (kE(@), k@), k<0 (1.3)

£-5 = (£0(@) = max{E(@u(@), §(@u(@), £ (@@, §(@u(@)} fv(@) =
min(E (@ (@), (@ (@), (@@, § (@@}

(1.4)

Definition 1.7 [5]: For each random &, € E' fuzzy number
D(E,9) = max{supaepoy |£(@) — v(@)|, supacron € (@) - v(@)|3

Theorem 1,1 [6]: 1€ and ¥ are separated by this distance, and (E?, D) is a whole
metric space.

Definition 1.8 [7, 8]: The nonempty compact convex fuzzy subset of R™ is
represented by the class of E™ and I = [{, ¢] then:

E™ = {i: R™ - I} One that fulfils the criteria below

1) 1 is fuzzy convex,

il) 1 is normal,

iii) 1 is upper semi-continuous,

iv) [¥]°= cl{x € R™| ¢ (x) > 0} is compact.

and the a—level sets []” are given as [Y]*= {x € R"|Y(x) = a} for0 <a <1
and [y]° for @ = 0. Consequently, it implies that [)]* €E"V 0 < o < 1 from
(D)—(v).

Definition 1.9 [9]: When a fixed K > 0 occurs, a function F:I - E™ is
considered to be bound because D(F (x), 6) <M foreveryxinl.

Definition 1.10 [9]: A function F:I — E™ is considered continuous if for every
constant x, € [ and &> 0 there occurs § > 0 such that |x — x,| < § then

D(F(x),F(xo)) <eg.

Definition 1.11 [7]: It is a fuzzy number symbolized by the three points: M =
1,2, 3]
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Definition 1.12 "Fuzzy Number in the Trapezoidal "[10]: According to the
definition below, the trapezoidal fuzzy number M, M =[{;,{, {5, s]
Hypotheses:

1. f(x)isbounded ¥ x € [a, b].

|k (x, t, G, (x, t, f(t))) —k (x, t, G, (x, t, é’*(t))) | <

L¥| (61 (x, t, f(t)) -G, (x, ¢, 5*(t)))|
2. |k (.,.,G1 (.,.,é(.))) | <M, 16 [ G, (6sE())ds) <M.
3. 16, RB(tsée)ds— 6t [, F(ts)ds)l <

LU D(F (t5,8(s)) - Fy (65,8 (s))ds.

i G, (x, t, 5(:)),6”2 (t, s, é(s)) IxIxE"— E!

ii. [Gy (%601 = My, 16, (x,6.E®)) | = M,.

iii. |Gy (%, 6,80) = G (0 £ E@O DI < L 1E®) - £

G2 (65, 69)) = G, (65, 8O DI < 13 1E@®) = @)

4 0< A([(b—-a)a+ (b —a)M;B) < 1,0 = L'Ly(b—a),B = LL}(b — a)

The main result of the proposal fuzzy integral equation with fuzzy kernel
multiplied by nonlinear fuzzy integral is discussed as following theorems.

Theorem 1.2: Set the formula of fuzzy nonlinear integral to satisfy the
assumptions (1.1), has a special solution after that.

Proof: Suppose there are two distinct solutions to formula (1.2), £ and &*:

D(§.¢")
- o t
+/1f k((x,t, Gy (t,é(t))).A(t,f G, (s.()) ds)at ,

70 +/1fx k((x,t, Gy (t,é*(t)))-/l(t.ft Ga(5,£°()) dsydr )
D(£,§")
= max{supasx,tsb |£(x)

+,1f: k((x,t,@(t,i(t))).A(t,Lt gz(s,g(s))ds)dt
—i(x)+/1f k((x,t,gll(t,i*(t))).A(t,fat g2<s,§*(s)>ds)dt l,

X
a



NUMERICAL SOLUTION FOR SOLVING FUZZY VOLTERRA INTEGRAL 1587

Supasx,tsb| i(x) +

ALY k(o Gy ( t ,i(t))).A(t, [, G ( s ,i(s)) ds)dt —f(x) +
Af k(G Go (6, (). ACE, fat B (s.6°)) ds)de 1}

< max{A [f: | k((x, ¢, G, ( t ,i(t))).A(t,J- F, (s,§(s)) ds)dt

t
a

_f: k((x,t,G, (t,i*(t))).A(t,f QZ(SE*(S)> ds]ldt |
ALl; |k(<x, t,@(t,{(t))).A(t,f; gz(s,i(s)) ds)dt

- I k((x,t,gl<t,i*(t))).A(t,f; gz(s,g*(s))dsndt
< max{A[f] |k((x,t,@(t,g(t))).A(t,f; @(g,g(s))ds)dt —
K@tG (68ODACS G(s©)dslde +
k((x, t,G, (t,g(t))).A(t, I G <s,§(s)) ds)dt
7 ket G (65 OD6E S 658 0))dsde 1}
AUE 1 (@t 6 (bu® DA S G (sul)dsydt -
Kot (28@ODACS 6(s8@)dsde | +
k((x,t,@(t,i(t))).A(t, I g2<s,§(s)) ds)dt —
7 k@G (ae@DAcS 6 (s8®)dsd 1)

< max{ AJ: (e, t,@(t,g(t))n.m(t, fat G, (s,g(s)) ds)dt

k((x,t, Gy (t,i*(t)>)|.|A(t, Lt Q2<5’§*(s)) ds)dt |.|

k((x. A g(t))) - k((x, A §*<t))> .
SWaseean A J; (6.6 (£ € ODLIAGS G (560 ds) -
AGS, G (s.6))ds) |

66 S, G (s8)ds) 11 k(Cot G (68®) - k((x, A 5(t))> D
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< max{Supg<x,c<pAlk ((x tG <t' é(t)>)> :

7 AGL G(s50)ds) de= 7A@ G(s§®)ds)dd
TS 6 (58 0)ds) del (|k(<x A €(t))>
(e (6@ >)|
stpesenl (et 6 (£ @)L [ a6 [ 6 (s6©)as ar
[ e[ e(sew)a a
v e j B (5,£6)) ds) dl| k(Ce 1,6y (£.6°))
- k(( 6 (& f(t)))l
< I~ Dlsipaseeanlolt | E(5.£6)ds) ao
-, | Ce(sE@)doa
+(b = DM supaseess] ki, t,Ga (,6,6°(0)) - k((x 66t s(t)))|
RN~ lsipaseesnlolt | G (5£6))as) ao
6, f " 6 (s8®)ds
Hb = OMisupaal K0t B (16,6 @) = k(505 (51,60) )
AM; (b — @)a[§(0) =& @] + b — )MB1E" () = (O]
< AM:(b — a)o

+ (b — M3z D(E@®) - E©|0)
< AMi (b — @) + (b — DM3B)supazezD (D), £ (1))

Where 0 = L'L,(b — a) ,8 = LL7(b — a) We get: D(f,g*) < yD(f,g*) ,
So, (1-v) D(f, gg*) < 0. Because 0 < y < 1, hence D(f, f*) = 0. Thus,
§=¢"
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Conclusions

In this research, we employ a modified decomposition approach to resolve

the fuzzy Volterra integral formula that is 2 ™ —kind since it is quick and
straightforward to achieve convergence for any formula system and any value of
a. The exact answer must be a portion of a nonhomogenous function or set of
nonhomogeneous functions when using the modified admin approach.
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