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Abstract

This paper aims to introduce the concept of the fuzzy homotopy and give some results.
It is shown that the fuzzy homotopy is an equivalence relation between two fuzzy functions.
In addition, we proved the fuzzy fundamental group, some theorems and properties.
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1. Preliminaries

We recall some definitions, properties, and theorems for any fuzzy set A €
F(X) and any I=[0,1], defined as the following.

Definition 1.1 [1][8]: A fuzzy set in X is a function with domain X and the
codomain is valued in /= [0 ,1], which is an element of /*. The membership is
denoted by: A={(x,uz (x)) | x € X }.

Definition 1.2 [2]: Let (X, ) be topological space, A € F(X) and t* € F(X) .
Let[t'={G:v—1|vet},t,={G,| G€ 1"}, @ €l]. The pair (4, 7%)is
called fuzzy topological space if and only if:
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a) @,X et
b) G,Het"ThenGNHET.
c) If{G;}ic,ct"ThenUy, G; €.

Definition 1.3 [2]: Let € F(X),B€ F(Y)and C € F(Z).Rc AXB,Q c B X
C are fuzzy relations from A to B and from B to C respectively and put Q o R =
Ueer (Q; © Rp). Itis called the composition of Q and R.

Definition 1.4 [4]: Let € FR(X). Then R is said to be:

1) Reflexiveif R(x,x) =1,Vx€X.

2) Symmetric if R(x,y) = R(y,x),Vx,y € X.i.e.R =R!
3) Transitiveif RoRCR.

If R satisfies (1,2 and 3), then we say R is a fuzzy equivalence relation on
X. We will denote the set of all fuzzy equivalence relations on X by FER (X).

2. The Concept of Fuzzy Homotopy

Definition 2.1: Let (4,7;) and (B,t,) be fuzzy topological spaces, and
u,v : A - B are fuzzy continuous functions. u is a fuzzy homotopy to v if there
exists a fuzzy continuous function which is a family of maps h;: A — B, such
that for all t € I.

he(x) = ue(x) , ho(x) = u(x) and hy (x) = v(x)
If u and v are fuzzy homotopic functions and we write u~v .

Theorem 2.2: Fuzzy homotopy relation is a fuzzy equivalence relation.

Proof: Let A,B,C be a fuzzy set, and let:tA > B ,v:B »Candk:A - C

be a continuous fuzzy function. Let (4,1,), (B,7,) and (C,t3) be fuzzy

topological spaces. To prove:

1) Reflexive: Let u : A —» B be a fuzzy function, let A, B be two fuzzy sets,
then there exist; h, : A — B,V t € I, be a continuous fuzzy function such
that satisfies the conditions:

he(x) = up(x) ,forall € I, hy(x) = u(x) and h,(x) = u(x)
Thus h, is reflexive.

2) Symmetric: Let u: A - B and v : B > A be a fuzzy function such that
there exist h, : I4 — B such that:
he(x) = up(x),Vt el, hy(x) =u(x) and hy (x) = v(x)
And there exist hj: I® - A such that:
he (x) = u(x,1—1t), hg (x) = hy(x) = v(x) and hy (x) = ho(x) = u(x)
Thus h is symmetric.

3) Transitive: Let u:A > B , v:B -»C and k: A—-> C , be fuzzy
functions, then there exists a fuzzy continuous function h;: A — B, such
that:

he(x) = us(x), Vvt el, hy(x) = u(x)and hy(x) = v(x)
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And G : B - C, such that:
G:(x) =v(x),Vtel,Gy(x) =v(x)and G,(x) = k(x)
And let H, : [* — C, such that
hae () if 0 <t <
Gor1 () if ; <t<1

Such that the following are holds:
Hy(x) = ho(x) = u(x) and H, (x) = G,(x) = k(x), Thus h is transitive.

He(x) = (1)

Properties 2.3: If (X, T) be a fuzzy topological space, let A, B and C be a fuzzy
setand letu,v : A — B be any two fuzzy continuous maps, then:
1) Letk:A — B bea fuzzy continuous map. If u~v and v~k, then u~k .

Proof: Since u~v and v~k then there exist two fuzzy continuous maps h; , G; :
A — B,for all t € I, such that:

ho(x) = u(x) , hy(x) = v(x) and Gy (x) = v(x), G, (x) = k(x)
Define a function H, : A — B by:

hy () if 0<t <3
Goer () if <t <1

This is a fuzzy continuous map and has a property such that:
Hy(x) = hy(x) = u(x) , While
H;(x) = G;(x) = k(x),forallt € I, Thus ~k .

2) Ifu~vandk:B->CThenKou~Kov.

H(x) = 2

Proof: Let A, B and C be fuzzy sets and let u,v: A > B,k : B — C.To prove
kou~ kov.Since u ~ v, then there exists a fuzzy continuous map h, : I4 —
B , such that:
ho(x) = u(x) and hy(x) = v(x),Vt el
Define G,: A — C such that G,(x) = ko h,(x), be a fuzzy continuous
mapping such that:
Go=kouand G, =kov,foralltel,Thenkou~kov

Theorem 2.4: Let A € h(x), B € h(y) and € h(z), be fuzzy topological spaces
and u € AXB , v € B XC be fuzzy continuous functions. If v ~ k, then v o
uand k o u are fuzzy continuous and v ou ~ k o u.

Proof: If u:A > B and v,k : B > C are fuzzy functions, and v~k , v o u and
k ou are fuzzy continuous. To prove vou ~ k ou. Since v ~ k, then there
exists a continuous fuzzy function h; : B — C, such that:

ho(y) = v(y) and hy(y) = k(y), for each t € ]
Define, G,(x): A - C be a continuous fuzzy function such that:
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G:/(x) = h(ulx),t),vtel, Gy(x) = h(u(x),0) = v, o u, and
Gi(x) = h(u(x),1) =ksou,, forallt el
Therefore:
viou, ~kyou;, forallt €1, Thus:ou~kou.

3. Fuzzy Fundamental Group

Definition 3.1 [3][6]: Let (X, ) be a fuzzy topological space and [ = [0,1]. A
continuous mapping. f : [ — X is said to be a fuzzy path in X if for any two
points x ,y € X suchthat: f(0) =x,f(1) =y.

Definition 3.2 [1][7]: Let (X, t) be a fuzzy topological space. Let a, 8 be any
two fuzzy paths in X with (1) = $(0) . Then the composition of the fuzzy path
is defined by:

a2t)if0<t <

1
= 2 3
pRt-1)if 2<t <1 )

(a°p)

Definition 3.3 [1][5]: Let (X,t) be a fuzzy topological space. For some
Xo € X, then the fuzzy fundamental group of X based at x, is the set of all fuzzy
homotopy classes of fuzzy loops in X based at x, if the following conditions are
satisfied:
1. [u]-[v]=[uv], (Associative)
2. [ul-[el=lul,and[u]-[u]=[c](so[u™]=[u]™

And denoted by 7, ( X, x, ) .

Definition 3.4: Let (X,t) be fuzzy topological space and I =[0,1]. A
continuous fuzzy mapping u : I' — X is said to be a fuzzy homotopy path if for
any two points x ,y € X then (0) = x,u(l) =y.

Theorem 3.5: A fuzzy homotopy is a group.

Proof:

1) Identity: Let A, B be two fuzzy sets, and let (A,1,), (B,1,) be a fuzzy
topological space. Let ay: A - {x,}, x, € B be a constant mapping such
that: e = [a,] is the identity element of h(x) with respect to (*) . To prove
[ao] * [a] = [ag * a] = [a], [a] * [ao] = [a * @] = [a],i.e[a]~[a * a)]
Define a fuzzy continuous function h,: A — B, such that:

2x 3
H.(x) = {“ (E) ift >2x—1 “
Xo if t <2x—1

Then, ¢ is a fuzzy continuous and h, is a fuzzy continuous mapping, and
we have:
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2)

3)

ax)if 0<x S%

ho(x) = ©)

xo if 7<% <1
And, hy(x) =a(x)if 0 <x <1
Thus ho(x) = (@ * ag) x) and hy(x) = a(x) , for all x € |
We have:

he(0) = a(0) = xg = [ap] = a(1) = hy (1), forallx €]
Hence:[a * ay]~[a] .
Inverse: We must prove for all fuzzy homotopy class [a] € h(x,) has an
inverse [B] € h(x,) such that: [a] * [8] = e = [x,], i.e give @ how to
find 8 = @~1, To find o * B~e,

Let B(t) = a(1 —t), forallt €.

Since (0) = a(1) = x, = a(0) = B(1)-
a2t)if 0 <t <7

(=) = pet-1if 1<t <1 ©)
We define fuzzy homotopy h, between ¢, « f and e :
% if 0 <t <7
a(Zt—x)ifESt < %
he(x) = 2 @)

BRt+x—1)if% <t 31—’2-‘
X if1-><t <1
Since ¢ and g are fuzzy continuous, h, is fuzzy continuous, and we have:
[ a@)ifo<t< %

hf(o)_{ﬂ(u—mfl/z <t<1 ®)

And h,(1) = x,,if 0 <t <1,thus

h:(0) = (@ *B); and h;(1) = ay(t) = x, for all t € I ,Moreover, we

have: hy(x) = xy = hy(x) forallx €1 ;

Hence o * ~e .

Associative: We need to show that: (a * ) * y~a * (8 * y), By definition
multiplication fuzzy path:

I a (4t)if 0 <t <=
[(a*p)*yI(®) =4 B4t -1 if - <t <~ ©)
ly(2t—1)if§3t <1

And
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((a@yifo<t<
[ax (B+P](®) =4 B4t —2)if <t
ly@t—-3)if 2<t <

We define a fuzzy homotopy between (a ) *y and a = (B xy) as

follows: h, : 14 - B, where A, B are fuzzy sets.
at

( a(—)ifx24t—1

IN -

(10)

3
4
1

1+x
ht(x)={ﬁ(4t—x—ir)if4t—1 >x =>4t—-2 (11)
t y(%)ifélt—Z >x

Since h, is fuzzy continuous and ¢, § and y are fuzzy continuous then:
a(4t)if 0 <t <:

he(0) ={ B (4t —1)if 1<t
yQt-1if 2<t <1

AN~

= (12)

And
a(2)if0 <t <
he(1) = ﬁ(4t—2)if§gt <
y(4t—3)if%$t <
Thus h,(0) = [(a * B) *y](t) and h,(1) = [a * (B *y)](t) , forallt € ]
Also, hy(x) = a(0) = x5 =y, = hy(x) foreachx €1
Hence; ([a] * [B]) = [y] = [a] = ([B] * [¥]) -

(13)

4. Conclusion:

In this paper, we have some results as shown below:

1-  We illustrated the concept of fuzzy topology, fuzzy set, fuzzy relation and
homotopy theory.

2-  We gave a new definition of fuzzy homotopy theory.

3-  We proved that the fuzzy homotopy relation is a fuzzy equivalence

relation.

4-  We defined a fuzzy fundamental group and proved that fuzzy homotopy is
a group.
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