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Abstract

In this paper, we show that a multivalued random operator has a fixed point in
uniformly convex Banach space. In addition, the presence of a limit point in a multivalued
random operator is shown, and a new iteration sequence for determining convergence of a
multivalued random operator is introduced.
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1. Introduction

The random fixed point theorem (r.f.p) was started Prague School of
Probability in 1950. The probability function is the main mathematical branch
that is applied to solving problems; also, (zr. f.p) theory finds its roots in the
work of [1]and [2]. Let @ be a real Banach space. A subset Y is called
proximinal if Vu € @,3k € Ysuch that d(w, k) =inf{jlu—v|:veY}=
d(u,Y).1I(Y) the set of all bounded proximinal subsets of ¥, consistent with [3].
Let CB(Y) be the class of all nonempty bounded and closed subsets of Y. Let
B:¥ XY — [I1(Y)is called multivalued nonexpansive random operator if for all
eeVY, H(B(é, u), B(é, v)) < |lu — v||, we give some definitions

Definition 1.1[4] : A Banach space @ is called opials condition if for any
{S,(&} in @,5,(8) > u(é) implies that lim,_. supl|S, (&) —u(®)] <
lim,,_,o, sup||S, (&) — v(&)|| for all v(&) € @ ,v(&) # u(é).
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Definition1.2: [5] Let B : ¥ X Y — [1(Y) be a random operator, then B is called
demiclosed at {(€)) if {S,(é)} converges weakly to S(&) and {B(S.(é)}
converges to {(&) imply that S(€) € Y and {(é)eB(S(é)) for cach é € Y.

Lemma 1.3: [6] Let @ be a uniformly convex Banach space and 0 <p < t, <
q <1 for all n€ N. Let{S,,(8)}}, {0, (&)} are two sequence of @ such that
lim supn oISy} < a, lim sup, oI @)l < a and limy, o ||t,5,(8) +
(1 =t (&)l = a hold for some a = 0 .Then limy,_,., 1S, (&)} — {,(&)|| = 0

2. Main result
In this section, we have a convergence random fixed point.

Lemma 2.1: Let B:¥ XY = [I1(Y)be to multivalued random operator and
Mg (u(8)) ={¢(&) € B(&,u(é)) = d(u(é),B(& u(é))} Then the following are
equivalent : (1)- (&) € F(B) (2)- Mz(u(®)) = {u(®)} (3)-u(e) € F(Il)
Moreover, F(B) = F(Ilg)

Proof: (1) - (2) since u(é) € F(B) = d(u(é),B(u(&)) =0 for any y €
M (2(®) = l12(8) = @)l = d(2(8), B(u(8)) = 0 = u(8) = {(&). That is
mp(u(®) = {u@)}.2)~(3) Since u(@) =J(&)For any (&) €
ms(u(8) = u(e) € Nz(u(@) = u(e) € F(ITz) . (3)>(1)  since u(é) €
s (2(8) = d(u(@),B(u(@) =0 = u(@) € B(u(&)) then u(&) € F(B)

Theorem 2.2: Let @ be a normed space and Y a nonempty convex closed subset
of @, let B:W XY — II1(Y) be a multivalued random operator whereF (B) # @
and Ilg is a nonexpansive random operator, let { S,(€)} be defined by
S1(8)€YSp11(8) = (1 = D3 (&) + A6,(8), 1 (&) = (1 — ) S, (8) + u¢n(8) ,neN
where  {p € lg(S,(8)),6,(8) € Mz(n,(&)) and 0<Au<1.(2.1) .Then
lim,,_,» 1S, (&) — u(&)|| exists for all u(é) € F(B).

Proof: Let U(€) € F(B) thus u(é) € B(S(8))by lemma 2.1 follows from (2.1)
that
1Sn+1(&) — (@Il = 11 = DG (&) + A6,(&) —u(®)ll = (1 = DIIG, (&) —
2@ + Al (@ = 2(®)I(2.1) < (1 = DH(MT3(S.(8)), I (u(®)) +
AH (M (1n(8)), M5 (2(8)) < (1 = DI, (&) — 2(&) || + Allnn (&) — (@I
Bulln, (&) — 2@l = [(1 — 1)Sn(&) + ud, (&) —a@ll < (1 — wWIIS,(&) -
@ + ull, (&) —u@I <
(1= DIS2(®) — 2@t (115(5, (), T (1(®))) (22) < A = WISa(&)
@ + ullS, (&) — 2@l = lIS.(&) — u (@)l
Thus||S,+1(&) — (@)l < (1 = DS, (&) — u(@Il + S, (&) —u (@l =
[1S,, (&) — u(é)]land lim,,_, ||S, (&) — (é)|| exists for each U(é) € F(B) .

Theorem 2.3: Let @ be a uniformly convex, separable ,Opial’s condition and
Banach space and @ and Y.B, F(B) # @, Igsatisfytheorem?2.2 and {S,(é)} as
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defined in (2.1). Then such that F(B) # @ Let 1 — Ilgsatisfy definitionl.2 with
zero then {S,,(8)} converges a point in F(B) also weakly.

Proof: From theorem2.2,lim,,_, ||S,(&) — u(é) || exists for each u(é) €

F (B). Let lim,_ 4 ||S,(é) —u(é)|| =cfor some c¢= 0. Since lim
SUPpes 1160 (&) — U@ = T sup,eoH (M5(5.(8)), Mp(u(®))) < lim
Supn—mo“Sn(é) - ﬂ(é)” = (,80 lirnn—wo sup ”(n(é) - ﬂ(é)” <c (23)

Similarly,  lim,_ sup |l¢, (&) —u(&)|| < c,Applying Lemma 1.3, we
getlim,, o, ||¢, (&) — ¢, (€)]] = O0.by lim sup of (2.2), then
limy, e, sup [|7,(&) — w(®)|l < ¢ 2.4,Als0[|S,41 (&) —2(&)|| = [|(1 -

) (&) + 25,(&) — @] = [1(Gn (&) —u(&)) + A(5n(&) — Cu(ENI] <
[162(&) — (@I + [[$n(8) —¢n(&)|| implies that ¢ <liminf|[, (&) —
A(é)[].(2.5) Combining (2.3) and (2.5), we havelim,,_, [|{,(é) —a(é)|] =
c.Thus|[¢, (&) —u@)|| < [[n(€&) = a (O] + llsn(&) — ()] < [[$n(8) —
sn(® + H(ITp(1,(8)), 5 (U(8))) < [16n(&) — cn(®] + [1n(8) —
U(8)||gives ¢ < liminf||n, (&) —u(é)]|(2.6) and, in turn, by (2.4), we have
lim, e |7, (&) —u(é)|| = c.By lemma 1.3 once again lim,_ ||S,(&) —

G@I = 0. @7Since  d($,(&,B(Su(®)) < I152(®) = G (@Il we
havelim,, ., d (Sn(é), B(Sn(é))) = 0.

Let w, (&) and w,(&) be weak limits of {S,;(&)}and {Sn j (é)} c {s. (&)},
respectively. By (2.7), there exists ,,(€) € B(Sn (é)) such that limn_)oo||5n e -
Cn(é)|| = 0. Since I — Il is demiclosed at0, thenw, (&) € F(IllIz) = F(B).we
show thatw,(&) € F(B).Next, suppose that w;(&) # w,(é), by Opial’s
condition, we have limn_,oo||5n(é) — W, (é)|| = limniquSni(é) —w, (é)|| <
limni—mo“Sni (é) — W, (é)” = llmn—»oollsn(é) — W, (é)ll = limnj—wo ||S‘n,] (é) -
02 @] < 1imy oo [[S2(®) = 01 B)]| = limyy]15,(8) — w3 (D)

Which is a contradiction. Then {S,(&)}converges a point in F(B)also
weakly.

Theorem 2.4: Let ® and Y. B, F(B) # @, Iy satisfy theorem2.3 and {S,,(€)} as
defined in (2.1). Then{S, (&)}converges to a point of F(B)also strongly if and
only if liminf,_,,d(S,(&),F(B)) = 0.

Proof:  Suppose that liminf, ,d(S,(&), F(B)) = 0.Bytheorem3, now
[1Sn41(&) — (@] < [15,(&) — u(&)]], then d(S,+1(8), F(B)) < d(Sn(8), F(B)).
Then lim,_, d(S,(8), F(B)) exists, liminf, .,d(S,(8),F(B)) = 0. Then
lim,_,,d(S,(&), F(B)) = 0. We show that {S,,(é)}is a Cauchy sequence in Y.
Let &> 0.Since lim,,d(S,(é),F(B)) = 0., mn=n, we have
d(S,(8),F(B)) <=In particular, inf {||sn0 @) — °1|(é)|| 1u(8) € F(B)} <=

There must exist a 2*(é) € F(B) such that ||Sn0 (&) - "I.I*(é)” < z., n > ng, then
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[1Sn+m (&) = Su®I] < [ISnem (&) =" @) + [IS2(&) — v ()| = 2[|Sy, (&)
—w' (@) < 2 (5) = & Then {5,(&)} is a Cauchy sequence in ¥ of @, so
converge in Y. Let lim,_ S,(&) = q(&). Now d(q(8),Tzq(&)) < [|S.(&) —
q(@®)|] + d(Sa(8),13S,(8)) + H(I13(S,(8)), Mz (q(8)) < [1S.(&) — q(&)I|

+115:(8) = GO + [152(8) = q(®)] » 0asn - oo then d(q(), T(q(é)) =
0. By Iy is a nonexpansive mapping so. Then, q(é) € F(Ilz) = F(B).

Theorem 2.5: In theorem2.4 if satisfy if a U: [0,00) - [0,00)non
decreasing,U(0) = 0,U(c) >0 for Vc € (0,0)and d(u(é),B(u(é)) =
U(d(u(é),F(B)) for each u(€) € Ythen {Sn(g)}converges to the point of
F(B) also strongly.

Proof: By theorem2.4 and, lim,,_,, ||S, (&) — u(&)|| exists for all u(€&) € F(B).
Suppose ¢ >0. Now ||S,41(&) —u@)|] < ||S.(a) —u(&))]| then
el 150418 = 2@ < infyerce) [15:E) ~ U@ And d(S,01(0)
F(B)) <d(S,(&),F(B)) and so lim,_. d(S,(&),F(B)) exists By and,
lim,_, U(d(S,(é),F(B))) = 0. SinceU is a non-decreasing function and
U(0) = 0, it follows that lim,,_,,, d(S,,(é), F(B)) =0

3. Unresolved Issue
Examine the fixed point of the results presented in paper [7]-[16] when a
multivalued nonexpansive random operator is used.

4. Conclusions

Fixed points under multivalued random operators have recently emerged.
We first look for iterations that are sensitive to non-expansive random operators.
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